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ABSTRACT

Chemical compounds and drugs are often modeled as graphs where each vertex represents
an atom of molecule, and covalent bounds between atoms are represented by edges
between the corresponding vertices. This graph derived from a chemical compounds is
often called its molecular graph, and can be different structures. In this paper, we
determine the total eccentricity, adjacent eccentric distance sum and Gutman index of fan
molecular graph, wheel molecular graph, gear fan molecular graph, gear wheel molecular
graph, and their r-corona molecular graphs.
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INTRODUCTION

Wiener index, edge Wiener index, Hyper-wiener index, Geometric-arithmetic index and Zagreb
indices are introduced to reflect certain structural features of organic molecules. Several papers
contributed to determine the distance-based index of special molecular graphs (See Yan et al.,™! and®,
Gao and Shi*® for more detail). Let P, and C, be path and cycle with n vertices. The molecular graph
Fr={v}v P, is called a fan molecular graph and the molecular graph W,={v}v C, is called a wheel
molecular graph. Molecular graph I, (G) is called r- crown molecular graph of G which splicing r hang
edges for every vertex in G. By adding one vertex in every two adjacent vertices of the fan path P, of
fan molecular graph F;, the resulting molecular graph is a subdivision molecular graph called gear fan
molecular graph, denote as Ifn. By adding one vertex in every two adjacent vertices of the wheel cycle

C, of wheel molecular graph Wy, The resulting molecular graph is a subdivision molecular graph, called
gear wheel molecular graph, denoted as W, .
The molecular graphs considered in this paper are simple and connected. The eccentricity ec(u)

of vertex ueV(G) is the maximum distance between u and any other vertex in G. Then the total
eccentricity of the molecular graph G (see!®), denoted by £ (G), is defined as the sum of eccentricities of

all vertices of molecular graph G, i.e.,

£(G)= ), ec(v).

veV (G)

Fathalikhani,™ determined the total Eccentricity of some molecular graph operations.
Sardana and Madan™® introduced a novel topological descriptor adjacent eccentric distance sum
index (AEDS), which is defined to be

_ ec(v)D(v)
deg(v)

Sardana and Madan!” investigated the relationship of Wiener index and adjacent eccentric
distance sum index with nitroxide free radicals and their precursors. Hua and Yu'® derived some upper
or lower bounds for the adjacent eccentric distance sum in terms of some graph invariants or topological
indices such as Wiener index, total eccentricity and minimum degree.

The graphs considered in this paper are simple and connected. Then the Gutman index of G is
defined by Gutman! as

Gut(G)= > d(u)d(v)d(u,v).

{uvieVv(G)

¢"(G)

Andova et al.,"% showed that among all graphs on n vertices, the star graph S, has minimal

Gutman index. In addition, it presented upper and lower bounds on Gutman index for graphs with
4

minimal and graphs with maximal Gutman index. Mukwembi™! proved that Gut(G) < §—5n5+0(n4).

Feng™ characterized n-vertex unicyclic graphs with girth k, having minimal Gutman index. Knor™!
studied the relationship between Gutman index and edge Wiener index of graph.
In this paper, we present the total eccentricity, adjacent eccentric distance sum and Gutman index

of I,(F,), I,W,), I,(F,) and 1,(W,).

TOTAL ECCENTRICITY
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Theorem 1. £(1,(F,))=r(4n+3)+(3n+2).
Proof. Let Py=viV,...V, and the r hanging vertices of v; be v{, v*,..., v/ (1<i<n). Letv be a

vertex in F, beside P,, and the r hanging vertices of v be v*, v, ..., v". By the definition of total

eccentricity, we have

n r

c(.(F))= eC(V)+ZeC(V)+Zec(V)+22ec(v) =2+3n+3r+4nr=r(4n+3)+(3n+2). [

i=1 j=1

Corollary 1. £(F,)=2n+1.
Theorem 2. £ (I, (W.))=r(4n+3)+(3n+2).

Proof. Let Ch=viV...vp and v, VZ,..., v/ be the r hanging vertices of v; (1<i<n). Let v be a
2

vertex in W, beside C,, and v', v?, ..., v"be the r hanging vertices of v. By the definition of total
eccentricity, we have

g“(l,(\Nn)):ec(v)+Zn:ec(vi) +Zr:ec(v‘)+zn:iec(vij):2+3n +3r+4nr=r(4n+3)+(Bn+2). L[

i=1 j=1
Corollary 2. £(W,)=2n+1.
Theorem 3. £(1,(F,)) =r(11n—2) +(9n-2).

Proof. Let Ph=v1V,...vy and v,, , be the adding vertex between v; and vi.s. Let v, v7,..., v/ be

i,i+1

V2

i+l ||+l

the r hanging vertices of v; (L<i<n). Let v/ be the r hanging vertices of v,;,, (1<i<n-

ii+1"

1). Let v be a vertex in F, beside P,, and the r hanging vertices of v be v', v?, ..., v". By virtue of the
definition of total eccentricity, we get

n r r

£0,(F)= ec(v)+zec(v)+zec(v)+zzec(v )+Zec(v..+1)+zzec(v,,l

= =
=3+4n+4r+5nr+5(n-1)+6r(n-1)=r(1ln-2)+(9n-2) . [J

Corollary 3. £(F,)=7n-2.

Theorem 4. £(I,(W.))=r@1n+4)+(9n+3).

Proof. Let C,=v1vy...v,y and v be a vertex in W, beside C,. v.., be the adding vertex between v;

i,i+1
and vi.1. Let v', v?, ..., v" be the r hanging vertices of vand v/, v*,..., v be the r hanging vertices of

V2

i+l ||+1

and V'

i,i+17

Vi (1<i<n). Let v

nn+1 1n

be the r hanging vertices of v,;,, (1<i<n). In view
of the definition of total eccentricity, we deduce



3840 Total eccentricity, adjacent eccentric distance sum and gutman index of certain special molecular graphs BTAIJ, 10(9) 2014

¢, W)= ec(v)+2ec(v)+Zec(v)+ZZec(v )+Zec(vI -+1)+ZZeC(VJ
=3+4n+4r+5nr +5n+6nr=r(lln+4)+(9n+3). 0
Corollary 4. £ (W )=7n+2.

ADJACENT ECCENTRIC DISTANCE SUM

2r+ n+2rn] 6[(5r+2)+(2+3r)(n-2)]

Theorem 5. &%(1,.(F)))= r+2

+ 3r[(2r-1)+2n+3nr] +

| 3(n=2)[(7r +3) +(2+3r)(n-3)]
N r+3
4n=2)r[1+2(r-1)+3(2+3r)+(3+4r)(n-3)]].

+[8r[1+2(r—-1)+2(2+3r) +(3+4r)(n—-2)]+

Proof. By the definition of adjacent eccentric distance sum index, we have

sv _D(v)ec(v) | < D(vi)ec(v) D(V' )ec(v) D(v )ec(v )
(1 (R)= deg(v) +i§' deg(v;) .21: deg(v') .Z‘,Z_;‘ deg(v)

_2r+n+2m] N 6[(5r +2)+(2+3r)(n—2)] N 3(N=2[(7Tr+3)+(2+3r)(n—3)]
- r+n r+2 r+3
[2r x4[1+2(r =1 +2(2+3r) + (3+4r)(n—2)]+ 4(n—2)r[1+2(r —=1) +3(2+3r) + (3+4r)(n-3)]] .U

+3r[(2r -1 +2n+3nr]+

2r+n+2rnj N 3[(7r+3)+(2+3r)(n-3)] N
r+n r+3
3r[l+2(r —1) + 2n+3nr]+4nr[1+2(r -1) +3(2+3r) + (3+4r)(n-3)].

Theorem 6. £¥ (I, (W,)) =

Proof. By the definition of adjacent eccentric distance sum index, we have

o _ D(v)ec(v) , < D(v.)ec(v.) . <~ D(v)ec(v') | <<= D(v))ec(v))
SOMD=" 000 L deg) A degv) o degv)

_2[r+n+2rm] N 3N[(7r+3)+(2+3r)(n-3)]
- r+n r+3
anr[l+2(r-1) +3(2+3r) +(3+4r)(n-3)].

+[1+2(r -1 +2n+3nr]rx3+

Theorem 7. &(1, (F)) 3[r+n+2rnn+(: D(2+3r)] 8[(3r+1)+(2+3r)(n 1r)+§1+2r)+(n 2)(3+4n)]
+ +
+4(n—2)[(3r+1)+(2+3r)(n—1)+2(1+2r)+(n—3)(3+4r)]
r+3
[L0r[1+2(r =)+ (2+3r) + (3+4r)(n—1) +(2+3r) + (n—2)(4+5r)] +5(n —2)r[1+2(r 1)

+[(2r-1)+2n+3nr +(n—1)(4r +3)]4r +
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5[r+2@+2r)+(2+3r)+(n—2)(3+4r)]

+(2+3r)+(3+4r)(n-1) +2(2+3r)+(n-3)(4+5r)]] + —

+6(Nn—-Dril+2(r-1)+2(2+3r)+(3+4r)+(4+5r)(n-2)].

Proof. By virtue of the definition of adjacent eccentric distance sum index, we get
sy &y DV)ec(v) | <= D(v;)ec(v, D(v')ec(v D(v))ec(v)) = & D(V;;,1)ec(vi )
é:(lr(Fn))z () ()+Z (.)()z()()zz +z i+l ,1+
deg(V) i—1 deg(Vi) -1 deg(V) i=1 j=1 deg(V ) i=1 deg(vi,i+1)
v D) Jec(v))
i1 j1 deQ(V:M)

_3r+n+2rm+(n-1)(2+3r)] N @r+1)+(2+3r)(n—1) +(1+2r)+(n—2)(3+4r)]
- n+r r+2
N 4n=2)[Br+1)+(2+3r)(n-1) +2(L+2r) +(n—3)(3+4r)]
r+3
[LOr[1+2(r =) +(2+3r) +(3+4r)(n—=1) +(2+3r) + (N—2)(4+5r)] +5(n—2)r[1+2(r -1)
5[r+2@+2r)+(2+3r)+(n—2)(3+4r)]
r+?2

+[(2r —1) + 2n+3nr +(n—-1)(4r +3)J4r +

+(2+3r)+(3+4r)(n-1) +2(2+3r)+(n-3)(4+5r)]] +

+6(Nn—Drl+2(r-1)+2(2+3r)+(3+4r)+(4+5r)(n—-2)]. U

3[r+n+2rn+n(2+3r)]
r+n
An[(3r+1) +(2+3r)(n=1)+2(1+2r) + (n—2)(3+ 4r)]
r+3
5nrfl+2(r -1+ (2+3r)+(3+4r)(n—=1) + 2(2+3r) + (n—2)(4+5r)]]
N 5[r+2@Q+2r)+(2+3r)+(n-1)(3+4r)]
r+2

Theorem 8. &% (1. (W,)) =

+[1+2(r-1)+2n+3nr +n(4r +3)J4r +

+onr[1+2(r-1)+2(2+3r)+2(3+4r)+(4+5r)(n-2)].

Proof. In view of the definition of adjacent eccentric distance sum index, we deduce

sv = D(v)ec(v) | - D(v)ec(v)) . <~ D(v')ec(v') | <« D(V )eC(V) D(V;;..)ec(v;;,,)
& (1, W,)) = deg(v) +iZ:1: deg(v) +iZ:l: degv) +,Z_1:JZ_;‘ deg(v) Zl: deg(v, ) +
n, & D(v) Jeev))

22

i1 j1 deQ(V:M)

_ Jr+n+2m-+n(2+3r)] N 4An[(3Br+1) +(2+3r)(n-1) +2(1+2r)+(n—2)(3+4r)] N
r+n r+3
[L1+2(r—=D)+2n+3nr +n(4r +3)]4r +5nr[1+2(r —=1)+(2+3r) +(3+4r)(n-1)
5[r+2@1+2r)+(2+3r)+(n-1)(3+4r)]
r+2
+onr[l+2(r—-1)+2(2+3r)+2(3+4r)+(4+5r)(n-2)]. 0

+2(2+3r)+(n—=2)(4+5r)]]+
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GUTMAN INDEX
Theorem 9. Gut(l, (F,)) =r?(4n* + 4n+3) + r(15n* —14n + 3) + (21n* =53n + 39) .

Proof. By the definition of Gutman index, we have

Gut(l,(F,)) = er:d(v Yd(v)d(v',v )+Zd(v)d(v )d(vv)+Zd(v)d(v)d(v v,) +

iid(\/)d(vij)d(V’Vij)+ZZd(Vi)d(Vj)d(vi’Vj)+ZZZd(Vij)d(Vk)d(Vij,Vk)+

HZ_: Zn: d(Vi)d(Vj)d(Vi’Vj)+Zn:2r:d(Vi)d(vij)d(vi,vij)+Zn: Z Zr:d(Vi)d(V';)d(vi,v?)+
i=1 j=i+l i1 =1 =g P,
IPILTDLISLIVRIES 3D IPN WIS LIALIGRD

=(r2=r)+(r+n)r+(r’n+r(n*+3n-2)+(3n?-2n)) + 2nr(r + n) + 2r(rn+ 3n— 2) +3nr’+

BTAIJ, 10(9) 2014

(r’(n*—2n)+r(6n° —16n+8) +(9n* —30n + 25)) + nr(m+3n—2) + (r(3n*=5n+2)+(9n° —21n+14)) +nr (r-

1)+r? (n-1)(2n-1)

=r?(4n* +4n+3) +r(15n* —14n +3) + (21n* —=53n +39) . [J

Corollary 5. Gut(F,)=21n? -53n+39.

Theorem 10. Gut(l, (W,)) =r?(6n* +2) +r(18n° —15n-1) +(12n* —18n) .

Proof. By the definition of Gutman index, we have

Gut(l,(W.)) = ZZd(v ydvHd(v',v )+Zd(v)d(v)d(vv)+2d(v)d(v)d(vv)+

i=1 j=i+l

n r

D> dw)d(v)d(v,y, )+ZZd(V)d(V )d (v, v’ )+ZZZd(V Yd(v)d(v),ve)+

i=1 j=1 i=1 j=1 i=1 j=1 k=1

n r

i > d(v)d(v,)d(v,,v, )+ZZd(V)d(V )d (v, v, )+Z > Zd(vi)d(v'j‘)d(vi,v'j‘)+

i=1 j=i+l i=1 j=1 i=1 jefl,2,-,n}i k=1

>

r—. r

22 AW+ S S S S d () )d (v

i=1 j=lk=j+1 i=1 j=i+1 k=1 t=1

=(r’=r)+r(r+n)+n(r +n)3+r)+2nr(r +n)+2nr(3+r) +3nr’+ (3+r)*(n’* - 2n) +nr(3+r) +

r(3n? —5n)(3+r) +nr(r-1)+r’n (2n-3)

=r?(6n°+2) +r(18n° —15n-1) + (12n* —18n) . [I
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Corollary 6. Gut(W. )=12n*-18n.

Theorem 11. Gut(l (F,)) = (r?(30n* —45n+40) + r(63n* ~131n+106) + (50n* —137n +114)).

Proof. By virtue of the definition of Gutman index, we get

Gut(l, (F)) = ZZd(v Yd(v)d(v',v )+Zd(v)d(v )d(vv)+Zd(v)d(v)d(v V) +

;;d(v)d(vij)d(VaVij)+iz_l:jz_l:d(vi)d(vj)d(vi,vj)+iz_l:jz_l:kz_l:d(\/ij)d(vk)d(vii,Vk)+
nzlléd(vi)d(vj)d(vi,vj)+ggd(vi)d(v§)d(vi,vii)+;E{l;n}|krzld(\,i)d(\,§)d(\,i,V?)
+ZZZO‘(V () (v, )@;légdw )d(v})d (v v, )+Zd(v)d(v, DAV +
Z;d(V>d(vi‘ﬁm>d(v,vi’;ﬁ)+EZd(vi)d(vj,j+1>d<v‘,v,-,m)+§Z§d(vi)d(vjm>d(vi,vjm)+
IHVTOEISTIRARI B R ITRAN I N YLD IR TRAOR
g;zgdw)d(";m)d("ij"’kr,m)+Zjid(Vi,m)d(V;,,-+1)d(Vi,i+11Vj,j+1)

DR VIIRLTBLIPIRE M YD WIS LIUASLUSESE
zzzd(v A A v )+zzzzd(v A AR v )

=(r?=r)+r(n+r)+(r’n+r(n’ +3n-2)+ (3n* = 2n)) + (2nr + 2r2n) + (2r’n? + r(6n? — 4n)) +3nr’+
(r’(n*=n)+r(6n*-10n+4) +(9n° —21n +14)) + (r’n+r(3n - 2)) +(3r°n® +r(9n* —6n)) +nr(r-
1)+2r’n(n-1)+ (2r2 + r(2n+4) +4n) + (3r2(n—1) + 3nr) + (3r>(n—1) + r(6n—6)) +4r’(n-1)+

(r*(3n® =7n+4) + r(15n* —41n +30) + (18n* —54n +44)) + (r (4n® —8n + 4) + (12n* —32n + 24)) +

(r?(4n* —8n+4) + r(8n —16n +8)) +r’(5n-4)(n-1)+ (r>(2n* —8n+8) +r(8n* —32n+32) +(8n* —32n+32)) +
(r’(n=) +r(2n-2)) + (r?(5n% =19n +18) + r(10n — 38n + 36)) +r(n-1)(r-1) +(n-2)(3n-5)r

=(r?(30n* —45n + 40) + r(63n* =131n+106) + (50n* =137n +114)) . [
Corollary 7. Gut(F,)=50n*-137n+114.
Theorem 12. Gut(l, (W,)) = (r*(32n” —16n+2) + r(3n° +63n” —54n —1) + (6n° +16n° — 25n)) .

Proof. In view of the definition of Gutman index, we deduce
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Gut(l,(W,)) = ZZ dv)dvHd(',v )+Zd(v)d(v)d(v v)+2d(v)d(v)d(v v,) +
Zr:d(v)d(vij)d(v,vij)+22d(vi)d(vj)d(vi,vj)+222d(vij)d(vk)d(vij,vk)+

j i=1 j=1 i=1 j=1 k=1

M:

[N

5 =
LN

r

> d@)A)dMY) + X Y d@WdEd )Y Y Y dw)dEd (v +
T+l i1 j=1 i=L jefL,2,-n}—i k=L

d(v))d(v)d(v',v, )+Z Z sz(v )d(vpd v,V )+Zd(v)d(v. ) (Vo Vi) +

k=j+1 i=1 j=i+l k=1 t=1

d(V)d(V‘ Dd(v,v! )+ZZO|(V )A(V; . )d (VY J+1)+ZZZd(v YA Hd(v v )+

i=l j= i=1 j=1 i=1 j=1 k=1

i=1

EETN
- —
I} g N

=]
-

1]

>
>

n r n

PHYINLIABCIIRARED 2 ) NI RARED ) WA OLINIRE

DR HRIDLIRLIVRINED 3 ILTRLIVIREIVIN

+ sz (V| |+l)d (VIJI )d (V| |+1’V,JH1) + Z Z Zd (V| |+1)d (V )d (V| |+1’

jj+ Jj+l
i=1 i=1 je{l,2,--,n}-i k=1

)+

n r—. r

P39IP IIURLIUBLIGRUMRED 30303 RIGBLIGRLUIRA®

i=1 j=1k=j+1 ' ' ' ‘ i=1 j=i+l k=1 t=1 ’ ‘ ' ‘

=(r>—r)+(r’>+nr) +(r’n+r(n® +3n) +3n?) + (2r’n+2rn?) +(2r’n + 6rn) +3nr’+
(r2(n?=n)+r(6n>=6n)+(9n>-9n)) + (r’n+3rn)+(r2(3n=3n)+r(9n>-9n)) +nr(r-1)+2n(n-1)r’+
(2r’n+r(2n% +4n) +4n?)+ (3r’n+3rn?) + (3r’n + 6rn) +4r’n+

(r*(3n* —4n) +r(3n* +2n° —8n) + (6n° —8n?)) + (r* (4n* —4n) +r(12n* —12n)) + (r*(4n” — 4n) +r(8n° —8n))
+r’n(5n-4)+ (r?(2n% —4n) + r(8n? —16n) + (8n> —16n)) + (r’n+2rn) + (r?(5n*-9n)+r(0n? —18n)) +nr(r-
1)+(3n*-5n)r

=(r?(32n*-16n+2) +r(3n®* +63n* —=54n —1) + (6n* +16n* — 25n)) [
Corollary 8. Gut(W, ) =6n°+16n° —25n.
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