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ABSTRACT

In the this work, we investigated the behavior of the static structure
factor, S(k), for adense classical insulating liquid based on an analytical
expression for the hard-sphere radial distribution function (HS-RDF).
Although HS-RDF gives a good description for the large angle behavior
of §K) over a wide range of densities, it fails to predict the low angle
behavior of S(k) at low densities. A correction to the DCF for HS fluids,
originally suggested by Henderson et al., is given, which removes this
shortcoming. The applied DCF involvesareliableinteraction, and allows
one to obtain a good accuracy for the low-k behavior of Sk) over low
densities. The closure considered here provides very well the Ornstein-
Zernike (OZ) behavior of SK) at low-k for monatomic fluids, and shows
the regularity that a minimum S(k) varies linearly with density, which is
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correct just for insulator fluids.

INTRODUCTION

The classical theoriessuggested for the structures
and thermodynamic propertiesof hard-sphere(HS) flu-
ids have been stabilized in the 1960sand early 1970s
on the basis of two parallel but complementary ap-
proaches: the scal ed-particletheory and theintegral
equation theory>Z, Thefirst theory was devel oped by
interpolating classica and Satistica considerationson
the free energy for the creation of spherical cavities
(scaed particles) inaHSfluid. Thermodynamic prop-
ertiesand the contact valuesfor the pair distribution
functionsfromthisgpproach areingood agreement with
thesmulationresults. Theintegral equation theory, on
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the other hand, is primarily based upon the Ornstein—
Zernike (OZ) equation coupled with the Percus-Yevick
(PY) closure®®l. Andytical solutiontothe PY equation
wasfirst developed by Thield?, and independently by
Wertheim for uniform HSS®, and by Lebowitz and
Rowlinson for HSmixtures3. Thepair distributionfunc-
tioninthePY equationisin good agreement with the
smulation results(except for near-contact) but thether-
modynamic propertiesderived from different routesdo
not always agreewith each other.

Theradia distribution function (RDF) and the di-
rect correlation function (DCF) withitscloserelative,
thestatic structurefactor k), arethe basic quantities
used to discussthe thermodynamic propertiesand struc-
tureof aliquid®*¥, Theimportance of correlaionfunc-
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tionsarisefrom thefact that, given theform of potentia
of theintermolecul ar forces, if theRDF isknown asa
function of the density p and temperature T, the stan-
dard methodsof statistical mechanicsallow for thede-
termination of al theequilibrium propertiesof thefluid.
Thequantity of Sk), asoneof theimportant properties
characterizingaliquid, isameasureof interparticlecor-
relationsinthereciproca space. An accurate knowl-
edgeof thisquantity iscrucia for studying numerous
thermodynamic and transport propertiesof any fluid
system. The static structure factor is experimentally
measured by the use of the neutron and X -ray scatter-
ing techniques®.

Itisclear that prediction of thestructural and ther-
modynamic propertiesof densefluidsrequiresan ac-
curate knowl edge concerning theinteratomic poten-
tid™>1%, Themost direct probeof arealistic potentia is
intheexperimenta observation of the static structure
factor closaly related to density fluctuations, and con-
tainsuseful information about short- and long-range
partsof the pair and higher-order potentials. Clearly,
the short-range part of interaction potential is better
understood than thelong-range one, and the outcome
of thestructurd propertiescannot befully attributed to
the effect of thetwo-body interactions a one because
suchadescriptionisnot strictly valid sincetheinterac-
tion between two particlesisdisturbed by the presence
of aclosethird particle. Therefore, acorrectionto the
pair potential established a an el ectronicleve and sus-
pected to bethethree-dipoledispersioninteractionis
required. Theimportanceof aquantitativeinvestigation
of thelong-range part of interaction potentid, including
two- and three-body dispersion forces, has been em-
phasized for long time22,

Inthiswork, weused an analytical expressionfor
HS-RDF to calculate k) over awiderange of kfor
real monatomicliquids. Theapplied HS-RDF model
can not satisfy thethermodynamic stateswith low den-
sitied?, Thuswe cons dered another approach for this
region. It isbased on aknown definition of the DCF by
Henderson et al.?2 which may be used to predict the
behavior of Sk) for monatomicfluidsat low densities.
Inthismodel, alinear combination of the PY function,
applied for the core of the DCF, and anon-linear ex-
pressonfor itstail isused. Also, thismodel improved
under an effectiveintermol ecular parameter. Inthisway,
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weinvestigated the behavior of SK) for awiderange
of thermodynamic states.

This paper isorganized asfollows. In Sec. 2, we
start by briefly describing themethod used to indicate
theanaytical expressionfor theHS-RDF model in or-
der to predict the behavior of SK) for theargon and
xenon liquids at high densities. In Sec. 3, thelow-k
behavior of Sk) isevaluated for low densitiesusing a
known definition of the DCF. Moreover, weatempt to
assessthat thefirst minimum SKk) varieslinearity with
dengity, asaregularity, inmonatomicfluids. The paper
isclosedin Sec. 4, wherewereview our findings, and
provide some concluding remarks.

PREDICTION OF S(K) OVER HIGH DENSI -
TIES

SincetheHS-RDF modd isfrequently usedto pro-
videreferencefluid propertiesinthe perturbation theo-
riesfor smpleliquids, we used an expressionfor HS-
RDF presented by Smith and Henderson?! in order to
predict the behavior of SK) versuswave vector k for
monatomicfluids. Thismodd indudesthefollowingfor-
mulafor spherica particlesof uniformsize, o, withthe
scaled distancevariablex=r/o:

904 = X H(x-)g, () &
where H(x-n) isthe Heaviside step function, as.

H _Jo X<n

*=M=1 x>1 @)

Thefunctionsg, (x) are pi ecewi se continuous compo-
nentsof RDF, defined as:

_(lagrte L dt (L)Y _
X000 = 2 im e {(t 2 t[S(t)) expl(x ”)]} ©)

wherey isthe packing fraction, and thefunctionst,
S(t) and L(t) havethesamedefinitionsasin Ref. 24, In
summary, the calculated dgorithm for HS-RDF (Eq. 3)
isfully describedin Refg22,

Theresultsobtained for the HS-RDF ca culations
for liquid Xe at the three densities 8.38, 16.35, and
18.46 mol/L areshownin Figure 1. For thethreefirst
shellsin Figure 1, we considered that the RDF values
increasewith dengity, whichisexpected.

We may usethe HS-RDF model to calculatethe
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Figurel: Hard-sphereradial distribution function, g(r),

versusr for Xeliquid at several densities: 8.38 (E%), 16.35

(£%) and 18.46 mol/L (*).

structurefactor k) from aFourier transform as:
S()=1+4mp] [91)-1 S
Figure 2 showsthe cal culated resultsfor the behavior

of §k) at awiderangeof kfor liquid Xeat thedensi-

tiessmilartothoseinfigure 1 (upper part of Figure2),

and for liquid Ar at the three densities 16.75, 24.58,

and 33.51 moal/L (lower part of Figure2). Accordingto

Figure 2, the qualitative behavior of SK) iscorrectly
generated, and the numbers and heights of bumbings
areincreased with density, which isexpected™.

Figure 3 givesacomparison betweenthe RDF cd-
culated on thebasisof thismodel and theYarnel’smo-
lecular dynamic cal culationson alennard-Jones (LJ)
fluid®. It is clear that the agreement is rather good
over awiderangeof r, wherer > ¢.

Theresultsobtained for theHS-RDF cal cul ations
at low-densities such asreduced density p*=0.01is
showninFigure4. Accordingtothisfigure, a low den-
sities, the shape of g(x) seemsmuch poorer around the
shell positions, and the results may be meaningless
around thefirst shell.

Figure5 showsthebehavior of SK) for similar fea
turesin Figure4. Clearly, whilethe shapeof Sk) seems
thesameasthat a high densities, thequalitativefeature
for the OZ behavior of Sk) can not beclaimedfor the
low-k region. However, athough the applied HS-RDF
givesuseful resultsfor g(r) and Sk) for smplefluidsat
high-densities, it fail sto describethestructurefactor at
low-densities, most noticeably at low-k, whereattrac-
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Figure2: Sructurefactor S(k) in wide range of k for Xe
liquid at several densities: 8.28(...), 16.35 (—) and 18.64
mol/L (—), upper part,and for Ar liquid at several densities:
16.75(...), 24.58 (—) and 33.51 mol/L (—), lower part.
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Figure3: Comparison of thetheoretical (line) and Yarnel’s
molecular dynamic® calculations(symbol) for HS-RDF.

tiveforces are important, and aHS repulsion alone
seemsto be unableto describethisfeature correctly.
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Figure4: Hard-sphereradial distribution function, g(x),
versusreduced distanceat low reduced density p#=0.01.
Thenext sectionisconcerned with how theHS model
can beimproved so asto removethisdiscrepancy.
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Figure 5 : Behavior of the structure factor for the same
featureof figure4.

PREDICTION OF S(K) OVER LOW DENSI-
TIES

Asmentioned earlier, different pathshavebeenfol-
lowed to obtain animproved expression for the struc-
ture and thermodynamic properties of HSfluids. The
main gpproachisfocused ontheintegrad equationtheory.
Thistheory isprimarily based onthe OZ equation as:

g(r)-1=c(r)+pj: h(r") c(r =r')) dr’ ©)

where pisthe number density, and h(r) = g(r)-1isthe
total correlation function. Henderson et al./= haveim-
proved more accurate representation of theHS-RDF

= Pyl Paper

model so that the equation of state derived from the
Viria theorem and the fluctuation theorem consisted
each other. They obtained thefollowing expressionfor
the DCF:

Cpy (r)(1—0.127p*?)
c(r)=

(6)
Bexp[20(1-r/o)]/r

r>c

wherec,, (r) isthe DCF of the HS referencefluid that
isexpressed by the PY equation for theHSfluid, p* =
poisthereduced density, and Bischosento givethe
correct discontinuity of theDCF at r = ¢. We consid-
ered asmilar termin Eq. 6to predict the Sk) behavior
at low densities. Wemerely claim that it may be suffi-
ciently accurateto permit reliable of the DCF for more
realistic systemswith attractive forces. We obtained
parameter B in Eq. 6 under the cons stency inthermo-
dynamic conditionsusing the pvT dataas:

1 (a_PJT= 1-4mp [ “c(r)rdr 7

" kgTlop
where B, denotesthe reduced bulk modulus, Pisthe
pressure, and k;, isthe Boltzmann’s constant. On the
other hand, parameter B (eg. 6) is astate-dependent
quantity that can be cal culated in any thermodynamic
state.

Asmentioned above, by obtaining parameter B,
wemay caculatethec(r) function at all therangeforr,
and then calculate c(k) and S(k) using thefollowing
equations.

c(k)=4npj:c(r)SiErkr r2dr ®)

where c(K) isthe Fourier transform of DCF, and:
S(k)= (- pe(k)™ ©)
Itisclear that al the approximationsused inthe model
may be exaggerated in the Fourier transform. There-
fore, we evaluated accuracy of themodel viapredic-
tion of the behavior of JK).

In Figure 6, we present the behavior of SK) at a
widerangeof kfor fluid Xeat thedensity 0.33 mol/L.
Our resultsshowed that thequalitativebehavior of SK)
was correctly generated at thelow density region. Ac-
cordingto Figure6, our calculations are capableof pre-
dicting the OZ behavior of SK) at the low-k region
with aminimum value of §k). Thisbehavior verifies
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that thelong-rangeattractionforceshavecorrectly been
taken into account inthe DCF model (Eg. 6).
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Figure6: Behavior of thestructurefactor at widerange of
reduced wavefactor (ko) for Xefluid at density p=0.33mol/
L.

However, our ca culationsdenote good quditative
resultsat awiderange of k over low densitiesbut the
prediction of low-k behavior of SK) isaconsiderable
result. In thisway, we showed the low-k behavior of
SK) for fluid Xedongtheisochor 2.28 mol/L inFigure
7.Aswecan observeinthisfigure, when thetempera-
ture reduces and approachesthe thermodynamic state
with low repulsioninteractions (or considerablelong-
range attractions), thevaluesfor §K) divergeat k! O.
Thisisexpected becausethethermal density fluctua-
tionsof atomsor moleculesinasystemincrease, where
thelong-range correlation length increases .
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Figure 7 : Small-k behavior of S(k) for Xefluid along the
isochor 2.28 mol/L: 260 (®), 285 (0) and 300K (v).
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Furthermore, in order to eval uate the behavior of
thefirst minimum Sk), we cal culated the small-angle
structurefactor for Xeat T =300 K over therange of
low densities. Theresultsobtained show that our model
iscapableof giving agood qualitativedescription of the
OZ behavior for SK) at low-k, in which thereisan
observable minimum of §k) whose valuesand posi-
tionsvary with thethermodynamic states. In Figure 8,
we plotted thevariation of SK) . versuspat T=300
K.Accordingtothisfigure, thevaluesfor §K) , vary
withalinear relation with dengity. It seemsthat theva-
uesfor §k) . arerelatedtotherangeand valuesof the
attraction forces, and so they should be decreased with
increasein density. Infact, thelong-range attractive
contributionwasaccurately takeninto account by com-
puting a state-dependent parameter B (eg. 6) in our
closure.
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Figure8: Linear behavior of S(k)
300K.

versuspfor Xeat T =

min

CONCLUSION

Thisarticleisconcerned with thestructural proper-
tiesof argon-likefluidsat awiderangeof densities. In
thisstudy, weused an andytica expressonfor theHS
RDF mode to cal culatethe structurefactor at high den-
sities. Sincethevaluesfor §K) at alow wavefactor is
very senditivetotheattractiveforces, which areimpor-
tant at low dengities, the HS-RDF modd failsin these
thermodynamic states. Thusweapplied amodified DCF
model based on the thermodynamic consistency for
predicting the behavior of K) at low densities. Inthis

A udéan Journal



PCAIJ, 8(4) 2013

Hossein Nikoofard et al.

131

model, aPY expression for the DCFinsidetherepul -
sivecore(r < o) wassofted with along-ranged inter-
action by anon-linear expression.

It wasfound that our closure provided very well
the OZ behavior of SK) at low-k. Furthermore, it was
found that thereisaminimum SK) at low-k for awide
rangeof thermodynamic statesinamplefluids, inwhich
thepositionsand va uesfor thisminimumvary linearly
with density. Thisbehavior was a so observed in the
experimenta measurements.
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