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ABSTRACT

Inthispaper, wewill show that Jarzynski’s equality isonly suitableto the classical systemthat remainin quasistatic
equilibrium with the heat reservoir through the switching process. We then give out a generalized formulain the

linear regime for the rapid varying nano-system.

In 1997, Jarzynski proposed an equality!™ which
relatesthe equilibrium freeenergy difference AG with
the nonequilibrium work W :

AG =-B""In < exp(-pW) >, where <--> denotes
theaverageover dl irreversible paths z(t) in phase pace,
B =1kT withk,the Boltzmann constant and T the

temperature, then Liphardt et al.!? carried out an ex-
periment of stretching RNA molecule to check
Jarzynski’sequdity (JE) in 2002. Based on JE, Crooks
further presented arel ation (Crooksre ation)®4 which
gives complementary information on the dissi pated
work. JE wasa so established within theformalism of
master equation®. Severd authorshad giventheir com-
ments on JE®, It should be pointed that JE isonly
applicabletothefiniteclassical systemthat remainin
quas gtatic equilibriumwith thereservair.

Theaverage < exp(— W) > isdefined as¥
<exp(-BW) >= [dzf (z,t) exp[-Bw(z,1)] )
wherew(zt) isthework performed onthetraectory
Z(t) in phase space, and f(zt) isthedistribution func-
tion which evolves under the Liouville equation

of
EH f,H,} =0, with H, the Hamiltonian of the
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system parameterized by A. Liouvilleequationishighly
non-trivia and difficult to solve, but Jarzynski gave out
asolutionfor thefiniteclassical sysemwhenthereis
no reservoir accordingto Liouville’stheoremt®,

f(z,t)=1(20.0)= Z5" exp[-BH,(Zo)] 2

wheref(z,,0) isthe canonical distribution at initial con-
ditionz,, whichleadsto JE. However, Liouville’stheo-
remi® only tellsusthat the phase space density is con-
served whenwefollow adongthetrgectoriesof thesys-
tem points, it never statesthat the density f(zt) remain
unchanged whenwe stand still. Thetotd derivatived/

dtinLiouville’stheorem (df /dt = 0) istheconvected

derivative, whilethepartid derivative ¢/ ot inLiouville
equationistheloca derivative, thegenera solution of
Liouville equation can not beaconstant distribution as
Eq.(2). Eq.(2) isonly suitablefor quasi static equilib-
rium system, if the system changesrapidly, the above
distribution function becomeinvalid becauseit should
vary withtime, wecannot find agenerd solutionfor the
Liouville equation except inthelinear region. Onthe
other hand, JEisonly vadidinfiniteclassica system, it
failsinthe nano-system system (i.e. cluster) because
thetemperature cannot bewell defined for theweight-

ingfactor g2 innano-system®, thedistribution func-
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tion (2) can not be used to describe the nano-system.
In this manuscript, we try to extend JE to the rapid
varying nano-system.

If the external force applied to the system (what-
ever finiteor small) issmall, and the varying process
remain near equilibrium, theLiouvilleequation hasthe
followingsolution

f(z,t)=f(z,0)-[" & {A,f(z,0)}F(t")dt’ ©)
wheref(z,0) isthe canonical distribution of initia con-
ditions, iL istheliouville operator, A being the dynami-
cal quantity conjugate to the force F(t),
A(z) =-[0H (z,F)/0F];_, withH(zF) istheHamil-
tonian of system applied by theforce, thentheaverage
<exp(-pW)> becomes

< exp(-BW) >= [ dzf (z,0) exp[-Bw(z,1)]

— Jdz[*  exp[-pw(z, ) A f(Z,0F(t )dt D)
According to Kubo’s linear response theory,
<exp(-pW) > canberewritten as

< exp(-BW) >= exp[-BAG] +

J',dt' < BA exp(—Bw(z,_¢ JF(t') >g ®)
where <> representsaveraging over theinitia equi-
librium state, and z . denotes the phase point moving
according to Hamiton’s equation of motionfrom z to
z ... Theaboveformuladiffers JE from the response
term [ dt'< BA exp(-Bw(z,_, )F(t') >, , Whichisappli-
cabletothestudy of systeminthenear equilibrium re-
gime. Inthe specia caseof external force F(t)=0, the

second termin Eq.(5) will vanish and our formulawill
reduceto JE. Eq.(5) can aso betested by the experi-
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ment stretching RNA moleculebecause RNA isinfact
anano-system, it will help to understand thedeviation
of Liphardt’sexperiment with JE.

Inconclusion, wegeneralize JE to therapid chang-
ing nano-system and obtainagenerdized formulawhich
hasextraterm than JE, that isinduced by externd force
inlinear region, theformulacan befurther tested by the
experiment of stretching RNA molecule.
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