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Abstract : Inthe present investigation the expres-
sionsof the superconducting order parameter and car-
rier densty using extended Hubbard modd under U—o0
limit within the framework of Hubbard projection op-
erator and ortho-fermionsformaism havebeen derived.
The present study showsthat the next-nearest-neigh-
bor hopping and inter-siteinteraction play animportant

INTRODUCTION

Onthebasis of the planer el ectronic structure of
cuprate superconductors Andersont! predicted that
modd fulfillingthed ectronic structure and strong cor-
relation effectsthat existinhigh-T_cupratesisthetwo-
dimensiona Hubbard model™@. It was further empha-
szedthat toformulateamicroscopic model of cuprates
onehastotakeinto account the orbital structureinthe
conducting CuQ, planes, themain building blocks of
cupratesand strong €l ectron correl aion effectsaswell.
Mainly, one has to concentrate on the orbitals

Cusd , ,, O2P, andO2P,in the CuO, plane of

cuprates subject to hybridization and formation of asin
planeband.

roleinthesuperconducting state of high-T_cupratesin
which, there exists strong e ectronic correlationsand
virtudly U—oo limitisjudtified

K eywor ds: Extended Hubbard mode!; Supercon-
ducting order parameter; Hubbard projection opera-
tor; Ortho-fermionsformalism.

The recent photoemission experiments al so sug-
gested that thereisasignificant contribution coming out
of next-nearest neighbour hopping energy aswell as
inter-site Coulomb interaction, dueto existenceof the
long-range Coulomb corrdationsinthesematerids. The
meagnitude of Coulomb interaction at Cu 3d° Siteisvery
large (of theorder of 8-10 eV) in cuprates, in compari-
sonwith kinetic energy. Inthelight of the abovefacts
the researcher working on the theoretical aspects of
normal aswell assuperconducting state propertiesem-
ployed extended Hubbard model with nearest-neigh-
bor and next-nearest-neighbor interactions and hop-
ping energies.

Therefore during the last few yearsthe Hubbard
model containing nearest neighbor (N-N) and next-near-
est-neighbor (N-N-N) interactionsand hopping terms
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has been extensively studied** and withinthismodel
theemergenceof superconductivity hasbeenrigoroudy
demonstrated under some conditionsin these materi-
as. Though, theexact sol utionsof Hubbard model have
been reported for the only one-dimensional version of
Hubbard model by Lieb and Wu*? and as well as
Muller-Hartman® and within theinfinite dimensional
limit by Kotliar and Ruckenstein*¥. In genera for two
andthree-dimensiond extended Hubbard modd, which
isrelevanttohigh-T_superconductivity incupratesand
strongly correlated €l ectronic systems, thereissofar,
no sati sfactory and mathematically tractabl e theoretica
approach for realistic values of the electronic band-
structure parametersin cuprates. Therefore, to study
the Hubbard model, many approximate sol utionsand
methods have been proposed?151¢l, There have also
been severa numerical simulationsfor finite system
within theframework of Hubbard model* anditsex-
tensons.

For thesystem like cupratesinwhich intra-atomic
interaction U isvery large (=10 eV), the calculation
under U — oo limit have a so been attempted. Initialy,
Balserio and Foglio*® have considered themodel in
which attractiveinter-siteinteraction arisesfromthe
highly correl ated € ectroni ¢ structure of the supercon-
ducting ceramic. They studied the Hubbard model in
thelimit of infinite Coulomb repulsion (i.e. U — o) by
employing standard decoupling techniqueswithinthe
framework of Green’s function formalism. They have
derivedtheexpressionsof trangition temperature T_and
the superconducting energy gap as afunction of the
various parameters of themodel in superconducting
state. Hirschand Marsiglio® shown that superconduc-
tivity in these materialsexists evenin the presence of
large Coulomb repulsionand trangtiontemperature (T )
increaseswith the hopping amplitude. They havedis-
cussed thevarious propertieslike tunneling density of
states, specific heat, gap ratio and short coherence
length asafunction of hole density and various param-
etersof the Hamiltonian. Zhou et al.™ have presented
amean-fidd cdculation of thetwo-dimensiona single-
band Hubbard model based on Mori-projection op-
erator formalism and cal cul ated the various physica
propertiesincluding theenergy gap, effective hopping
matrix element, loca moment and fermi surface. They
have also compared the results with those of the

Hubbard-I approximation. Boer et al.? have also
considered the extended Hubbard model and have
shown that large class of these model shasasupercon-
ducting ground state. They a so studied the complete
phasediagram of cupratesand concluded that theground
state of these systemsishighly degenerateasisknown
for the U—o0 Hubbard model. Nazarenko et al .Y have
considered atwo-dimensional fermionic mode with
attractive interaction for the underdoped high-T_
cuprates. They found that the exact solution leadstoa
two particle bound stateinthe d ,_, subspace. They
havea so ca culated the carrier density (holes) depen-
dence of thetransition temperature and suggested that
the transition temperatureincreaseswith increasein
carrier density but after aparticular density, further in-
creasein carrier density decreasesthecritical tempera
ture. Harriset al .2 on the basis of theangle-resolved
photoemi ssion spectroscopi ¢ measurements of the ex-
citation gap in underdoped superconducting thinfilm of
Bi,Sr,Ca_Dy Cu,O,, concluded that thetransition
temperatureisreduced substantidly on decreasing car-
rier concentration, whilethe decreasein the supercon-
ducting energy gapisvery dow, which pointstowards
aviolation of theBCS mean-field results. Marsiglio®
has considered the attractive Hubbard model in one-
dimension and ca cul ated the ground-state energy and
energy gapinthefirst excited gateusing both, the Bethe-
Ansatz equation and thevariational BCSwavefunction
approach. Hefound that the ground-stateenergiesare
adwaysinvery good agreement with experiment. Later,
Maskad?! onthebasisof theinfinite-U Hubbard model
calculated the €l ectroni ¢ self-energy by projecting out
thedoubly occupied sites. Szabo and Gulacsi® have
anaysed the superconducting phase diagram of theex-
tended Hubbard model supplemented with inter-site
interaction and the next-nearest-ne ghbbour hoppingterm
inamean-field gpproximation. They haveemphas zed
theimportance of different superconducting gap sym-
metriesinthe superconducting state and concl uded that
thethermodynamic propertiesare strongly influenced
by next-nearest-neighbour contributions.

Therefore, most of thetheoreticd investigationsat-
tempted so far on the superconductivity in cupratesare
within the extended Hubbard model*#2% as mentioned
above (with on-siteand inter-gteinteractions). Some
of theauthorshave considered both these interactions
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repulsivewhile some other havetakeninter-siteinter-
action attractiveand on-gteinteraction repulsivein one-
band and two-band Hubbard like mode swithin mean-
field aswell asbeyond mean-field approximations. The
2D-gtrongly interacting systemslikecupratesinthelimit
U — oo have also been studied using Hubbard projec-
tion operator formalism to avoid doubl e occupancy
because under thislimit theremay beonly oneparticle
either of spinup or of spindowninany orbita state. As
in cuprates, there exist very strong on-site Coulomb
correlationsinthe superconducting stateaswell, there-
fore, to study the superconductivity inhigh-T_cuprates
one hasto take care of these strong el ectron correla
tion effects. To take care of strong correlation effects
Mishraand Rgjasekarani®! have constructed the a ge-
braof the creation and destruction operatorsfor spin
72 particles obeying a new exclusion principle which is
modified Pauli’s exclusion principle. If the on-site Cou-
lomb interaction becomesvery large, virtualy U—o
limit may beapplied asin cuprates, thenan orbita state
shdl not contain more than one particle (whether spin
up or spin down). These authors have also discussed
theapplicability of thisortho-Fermionsagebrafor infi-
nite U-Hubbard model and emphasi zed itsapplicability
for strongly correlated €l ectronic systemslikehigh-T_
cuprates. Recently, Mishra?? have al so demonstrated
thetwo-main methodsthe Gutzwiller projectiontech-
niqueand the Nested-Bethe ansatz, to handlethe el ec-
tronic systemswith very large electronic correlations.
Heconcluded that in U—co limit the Bethe-ansatz so-
|ution leadsto decoupling between the spin and charge
degrees of freedom. Whereas in the Gutzwiller ap-
proach, the usual antisymmetry of space and spin co-
ordinatesismaintained.

Morerecently, Kishore and Mishrad®® studied the
thermodynamicsof infinite U Hubbard model within
ortho-Fermionsgtatistics(i.e. Fermionswithinfinitely
large Coulomb interaction). They have shown that at
least in one-dimension the fermionswith exclusion of
double occupancy of particles behave asfree ortho-
Fermions They havefurther emphasized to extend these
onedimensional result of infinite U Hubbard model to
ascertainthe accuracy of existing approximate solution
of theHubbard mode for higher dimensionsapplicable
for thestrongly correlated electron systemlikehigh-T
cuprate superconductors.

ORIGINAL ARTICLE

Thus, inthelight of abovefactstheam of the present
paper isto study the superconducting stateinhigh-T_
cuprate superconductors by considering an extended
Hubbard mode Hamiltonianwith U — oo limitwithin
Hubbard proj ection operator formalism aswell asthe
ortho-Fermions quantum approach and obtain the ex-
pressionsof superconducting order parameter and car-
rier density asafunction of various parametersof the
modd Hamiltonian.

THEORETICAL FORMULATION

Super conductivity in theextended Hubbar d model
in U—oo limit (Hubbard projection operator for-
malism)

Theélectronic structure of CuO, planes, thebasic
building blocks of high temperature cuprate supercon-
ductors, can bedescribed wdl withintheframework of
tight-binding Hubbard Hamiltonian®®”. Further, it has
been pointed out that in cupratesthereare strong elec-
tron correlations at Cu 3d° site even in the supercon-
ducting state. Besidesthisthe e ectronic band structure
and corelevel photoemission experimentsal so predict
asgnificant contribution of next-nearest-neighbour hop-
ping energy andinter-site Coulombinteraction® inthese
materials evenin the superconducting state. Thus, to
study the superconductivity in cuprateswewill con-
sider the extended Hubbard model with attractivein-
ter-gteinteraction. Themodd Hamiltonian may begiven
&s

H=>1tCiC,+2t', . CiC. +UD n.n_
ijo i

ij'e
1 . "
~5 2 VN —uX C.C, D
ijos’ o

where, V, isan attractive nearest neighbour inter-site
interaction, and we have not goneto discuss about the
originof thisattraction, t, isthe nearest-nei ghbour hop-
ping energy, s isthe next-nearest-neighbour hopping
energy, U istheon-site Coulomb interaction, pisthe
chemica potentid of the system.

In cupratestheon-site Coulomb interaction U is
very largein comparison with the hopping energy and
inter-siteinteraction, therefore, virtually U — oo limit
may be an approximate starting point. Under thislimit
wewill diminatedoubly occupied sitesandleft with the
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singly occupied lower band. Because of theexclusion
of doubly occupied states, the on-site Coulomb inter-
action serveto reducethe phase spaceavailableto the
electronic system. In order to formulatethiseffect (U
— ), we use the a gebraof the projection operators
whichwill avoid double occupancy of the tates.

Let a, and a?, betheprojection operatorscorre-
sponding to the operators C,, and c:, . It can be

shown!®! that theoperators a,, and a*. satisfy thesuch

algebraicrelationsso that only singleoccupied Steare
takencareof as.

alﬂ = (1_ nl-ﬂ) CIG (2a)
[a,. ,a*k,o, 1=[6,. —n_(k'-Kk)B_. +8__.n__(k'-k) (2b)
Inthe absence of long range magnetic order these

Hubbard projection operators satisty thefollowing sm-
plified anti-commutationrelation as:

[akc’a;c'] = (1_(nfc)) Scc'skk‘ (20

[a.. ’ak'c' 1= [afko 'aL'c' =0 (2d)
Thus, inU — oo limit (thedoubly occupied Stesare

excluded) theHamiltonian given by equation (1) trans-

formedto:

A=Y, -waa, + Xt 2, -2 Tv,aaa.a, @3)

The above Hamiltonian (3) can bewritteninthe
momentum space by performing usual Fourier trans-
formationas.

7 _ +
H= kZu:(EK 1) 84 — 2N %akc (40,0 kc A g %)

Now theHamiltonian given by equation (4) may be
linearizewithinBCSmeanfield gpproach as.

~ ~ . 1 .
H =kz€k akuaku_E kZ{Akua’-k-oa +A, a a—k-c} (5)

where,
Eme, — 1-(n)-n

€= —2t(Cosk .+ Cosky)—4t' Cosk,Cosk, ,

* V + +
A = N Z (akvs afkfvs) ) A
ko

Where A" isthe superconducting order parameter.
Now, inour present analysiswithin Hubbard pro-

=% IRCHENDIING

jection operator formalism, to obtain the self-consis-
tent expressionsfor superconducting order parameter
and carrier density asafunction of various parameters
of themodel Hamiltonian, we apply the Green’s func-
tion equation of motion technique™ and drivetheequa:
tion of motion for Greenn’s function

G (ko) = ((a]a)) as

1 ~
06" ko) = (. a )+ (o Ale)) @
Weobtain [akc , F|] within Hubbard projection op-
eratorsfor Hamiltonian (5) and findly obtain:

- )+E (1-(n_ e (c.0)
4, (- () (an et ) ®

InEquation (8) thereisoneadditiona Green’s func-

tion ((ar,..
&
w<<aik_., a:,>> = [a a, )+ <<[a H]|a;6>> 9)
andfindlyobtanthefollowmgequatlon:

A, (1-(n_))G" (k@)

oG°(k,0) =

aZ, )}, now wedefinethis Green’s function

(@ .fa)) = 0rl—(n ))E. (10)
Substituting Equation (10) into (9) weget:
o (k)= - (1—¢n_))
o= (—(n )z, - A= FAl* gy

o+(1-(n.))E
Substituting: (1-(n_))&,=€,, ad @-(n_))A, =

into Equation (11) wehave:

I 1 (1_(n7 )) (0)+-ék )

G k’ = o n
R E 12
Whichwecan rearranged in thefollowing form:

1 (2—(n ) (e+E,)
on (0-E,,) (@+E,,)

A,

G’(k,®)=

(13)

A

2

where, E,, =,/(€. ) +

k

From Equation (13) using the standard procedure
for correlation function® thedistribution of thecharge
carriersmay beobtained as.
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(n,)= %Z(l—m,n)) (1—i tanh—C ]

: E.  2k,T (14
Subgtituting (13) into (10) wecan dso have:
D U1 A (-
o)) =2 ook ) @se) @9

From Equation (15) the superconducting order pa-
rameter may beobtained inastraight forward way as.

* K*k Ekn
A _—; v(1—<nq,>)2E tanh [ZKBT]

kn

(16)

From Equations (14) and (16), we study the su-
perconducting order parameter asafunction of inter-
Siteinteraction, carrier concentration, hopping param-
eter aswell astemperaturesin high-T_cuprates. Eq.
(16) isjust the modified BCS-superconducting order
parameter form. A close examination of equation (14)
and (16) reveal that these are coupled integral equa-
tionsand required asalf-cons stent numerical compu-
tation.

Thesuperconductivity in extended Hubbard model
inthelimit U—o0 : (Ortho-Fermionsapproach)

As pointed out in the introduction the Hubbard
model and itsvarious extensions are suitablefor the
study of superconductivity in high-T_cupratesinthe
high-T_cupratestheon-site Coulombinteractionisfound
to bevery large ascompared to other parameters. Thus,
under such situation U—co limit may beapplicablein
cuprateswhichimposethe condition that no two holes
canresideonthesamesite. Therefore, inthelimit of
U—oothePauli’s exclusion principle, will be modified,
accordingtowhich, “two electrons having opposite spin
can occupy the sameorbita state” and mathematically
expressed as:

ara, =0
where, o =c or .

Recently, for thesystemslikethe high temperature
cuprateswherethelimit U— isjustified, anew exclu-
sion principleapplicablefor U—oo limit casewas de-
veloped by Mishraand Rajasekaran’?!. According to
which “an orbital state should not contain more than
even one particle, whether spin up or down’ and math-
emdaicdlygivenas

a,a, =0 where, a,p=cor o

Mishraand Rajasekaran?®! al so developed theal -
gebrafor such Fermionic system and named as ortho-
Fermionwhich satisfiesthefollowing anti-commutation
rddions

aitxajl5

&8, = Saﬁ(sj -2 ajvan
K

where, o, andy will be o (up spin) G(down spin) and
represent amodified Pauli’s exclusion principle. These
anti-commutation rel ations show that in the ortho-Fer-
mions Stati sticsthere can be only exchange of particle
sitesand the spin degree’s of freedom get frozen. So
whileagpplying thisortho-Fermion gpproach for strongly
correlated e ectronic sysemsonehasto be careful about
thisfact during the decoupling approximations used.

Now inour present analysis, withintheframework
of ortho-Fermionsapproach in U—co limit we obtain
the sdlf-cons stent expressionsfor superconducting or-
der parameter and carrier density asafunction of vari-
ousparametersof themode Hamiltonian given by equa
tion (1). We apply the Green’s function equation of
motion technique for the Green’s function <<
Ckc|C+kc>> &

a{(c.lcc)), = o fow i)+ (Al )

Where § isthefourier transformed Hamiltonian of
equation (1).
To solvethe Equation (18) wefind [¢, . /] . During

the cal culation to decouplethe higher order Green’s

functiontermswe have used thefollowing rulesMishra

and Rajasekaran'®:;

() Fromthegiven string of the operators product ex-
pression, weform al compact anti-normal pairs.
The compact anti-normal pair (CAP) isdefined to
beananti-normal pair betweena_anda’ suchthat
no unpaired aor a" appears betweena_and & .
We denote CAP by the symbol \_/ e.g.

= oy b
Apdpdy

+a,a,=0 (17a)

(17b)

(18)

5 ok utk
Apdady d

(i) Ifthespinontheaand a® appearingin any of the
CAP are not matched the given string of the opera-
tors product vanishes and so doesitsnormal prod-
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Wesolve [Cks , ﬁ] within ortho-Fermions algebra

using normal product rules as abovefor Hamiltonian
given by Equation (1) and findly obtained theequation
of motionas.

offeufer)), = =t e (feufei) 2 (el )
<<c:.ulck+q,ck.-q,lc:,>>+ZVN%

Welinearizethe higher order Green’s functions in
Equation (19) intolower oneby retaining desired cor-
relationsimportant in the superconducting phase, and
findly obtained:

c..))

of(c. o)) = 5 - W & (e
A (e fer))

Where, Ek:ek —%(1—(%,))—!1 and A =

<<C:1010k_q Ch 4o 1‘ +">> (19)

(20)

ST aa) (2

In Equation (20) thereisone additional Green’s

function << e |Clc >> . Now wedefinethis Green’s func-

tionas.

offetalen)) =t ds (rales)) @2

andfollowing the earlier procedurefinally obtainthe
equation of motionas:

o)<<cﬁk,s (o >> =-¢, <<Cﬁk,0

CZG>>+A1 G (k,@) (23

\%
ﬁ < ke -k-o> (24)

ko

Substituting the value of << o
tion (23) to (20) the final expression for
G (ko) = ((c.

Gtk )_Zi(tminé G)()C.EMEG))

>> from Equa

>> Green’s function comes out as:

(25)

where,

E, =& 4/, [ (26)

From Equation (25) on applying the standard pro-
cedurethedistribution of the charge carriers may be
givenas.

1 = E,
) _Eg(l_m“))( E 2kBT]

k

(27)

Againtofind the expression for superconducting
order parameter we solve Equations (23) and (25) to

obtain << s c;,>> as.

<<Ctk75 C;ﬁ>>= AK (1_(nkfn))
2r (0+E, )(@—-E,)
From the Green’s function given by above Equa-
tion (28) using the standard procedure we cal cul ated
the superconducting order parameter as.

(28)

[ Ek
A= Z v(i-(n_ >,2E tanh(ZKBT] 29)

From Equation (27) and (29) one can study the
superconducting order parameter asafunction of in-
ter-steinteraction, carrier concentration, aswell astem-
peraturesin high-T_cuprates. A close examination of
Equation (27) and (29) reveal that these are coupled
integral equation and require aself-cond stent numeri-
ca computetion.

RESULT AND DISCUSSION

We have derived the expressions of the supercon-
ducting order parameter and carrier density using ex-
tended Hubbard model under U—oo limit within the
framework of Hubbard projection operator and ortho-
fermionsformalism. Theexpress on of superconduct-
ing order parameter given by Equation (16), just have
theBCSform but it depend on carrier concentration,
inter-siteinteraction energy and temperatureaswall. It
can be seenfrom thisequation that at exact haf-filling
i.e. (<n_>=1), the superconductivity vanishes (i.e.
A—0). Thisisin accordance with the observed ex-
perimenta factswhereinthe absence of doping (there
isoneparticular site), the cupratesbehave asinsulator
dueto very strong e ectron co-relation at Cu 3d° site.
Now to study the superconducting order parameter as
afunction of temperaturewe solve Equation (16) self-
consistently, numericaly, by extending the summeation
over k-vauesinto anintegration. Duringthenumerica
calculation we have considered, = A, (Cosk —Cos
K ) i.e. d-wave symmetry inthe superconductl ng or-
der parameter as suggested by several workerg®l*2,
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InFigure 1, we have plotted superconducting or-
der parameter (A) vs. temperaturefor different values
of hole concentration, keeping t = 350 meV, t”= 30
meV and V = 4325 meV, fixed. It is clear from the
Figure 1, that initially the A and hencethe transition
temperature (T ) increasesonincreasing hole concen-
tration (n=0.15-0.18). But, for the further increase in
hole concentration (n=0.19), away from optima dop-
ing, thetrangition temperature again starts decreasing.
Thisisinaccord with theexperimenta and thetheoreti-
cal results of the Bal serio and Foglio*® and deMello

25 4

20

A tmeV)
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et al."? for the extended Hubbard model with an at-
tractiveinter-gteinteraction.

In Figure 2, we have plotted superconducting or-
der parameter (A) vs. temperature, for different val-
ues of the attractiveinter-site interaction (V), keep-
ingt=355meV, t’=30 meV andn=0.2 fixed. It is
clear from Figure 2, that on increasing theinter-site
interaction thetransition temperatureincreases. This
is in accordance with the results of Balserio and
Foglio® as well as experimental observationsin
these systems.

15
10
5 4
Q T T T —M T * & - M d
0 20 40 (=] a0 100 120 140 1650
T{¥)

Figurel: Thevariation of Avs. T with (a) n=0.15 (cross), (b) n=0.16 (cir cle), (c) n=0.19 (triangle), (d) n=0.18 (square), (€)
n=0.17 (tar). Theother parametersaret=350 meV, t'=30 meV and VV=4325 meV.

2 S

AlmeV)

(1]

T T T
0 20 40 80 a0

* T d
100 120 140 180

T(K

160

Figure2: Thevariation of Avs. T with (a) V=4475meV (cross), (b) V=4500meV (circle), (c) V=4525meV (triangle). The

other parameter saret=355meV, t’=30 meV and n=0.2.
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In Figure 3, we have plotted the BCSratio (2A /
K, T.) vs. hole concentration around optimal doped re-
gimein cuprates, keepingt =350 meV, t’=30 meV
andV =4325meV, fixed. Itisclear from Figure 3, that
intheoptimal doped region, theratio (2A /k, T ) comes
out to bevery closetothe BCSratio (3.52) but inthe
under-doped and over-doped regimetheratio (2A /
k,T ) deviatesfrom theBCSratio, instrongly corre-
lated high-T_cuprates. Theseresultsarein accordance
with theresults obtained by Szabo and Gulasci®! for
extended Hubbard mode.

Inthe section 2.2 we have derived theexpressions
of thesuperconducting order parameter and carrier den-
sty using extended Hubbard model withintheframe-

4 -
8.9 ¢
384
374

3.6

2-50" kB TD

3.5

3.4 A

3.3

3.2

work of ortho-Fermionsapproach. The expression of
superconducting order parameter in ortho-Fermionsap-
proach Equation (29) resembleswith the expression of
superconducting order parameter obtained in Hubbard
projection operator formalism Equation (16). At T =
0°K, these two results just become identical. While in
thesetwo approaches, the temperature dependence of
thesuperconducting order parameter isquitedifferent.
Thisisbecausein Hubbard projection operator formal-
ism we consider the Fermions distribution and then
project out the doubly occupied siteswhilein ortho-
Fermions approach the doubly occupied Stesaredimi-
nated using new anti-commutation rel ationsby modified
exclusion principlewhicharemuch moremicroscopic.

0.156 0.18

0.17 0.18

Figure3: Thevariation of 2A /k T . Theother parametersaret=350 meV, t’=30 meV and V = 4325 meV.

Finally, it can be concluded that next-nearest-
neighbour hopping and inter-site interaction play an
important rolein the superconducting state of high-T_
cupratesinwhich, thereexistsstrong electronic corre-
lationsand virtualy U—oo limitisjustified.
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