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ABSTRACT

Thenotion of BCK-algebraswasformulated firstin 1966 by K. 1s¢ki Japanese
Mathematician. In this paper we will discuss Sub-algebras of Hilbert

Algebrasin BCK-algebras and its proposition.
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INTRODUCTION

BCK-agebraisoriginated fromtwo different ways.
One of themotivation isbased on set theory, another
motivationisfrom classica and non-classical proposi-
tiond caculi. Thenotion of ided sinBCK -dgebraswas
introduced by K. Iséki in 1975.The ideal theory plays
afundamental roleinthegenera development of BCK-
algebras, Y. L. Liuand J. Meng discussed fuzzy idedl,
fuzzy pogitiveimplicativeand fuzzy implicativeided in
BCl-dgebras. Wedsogiveafuzzy ided of Hilbert Al-
gebrasin BCK-algebras, and some propositions. The
notion of BCK-algebraswasformulatedfirstin 1966
by K. I1s¢ki, Japanese, Mathematician. There are many
classesof BCK-agebras, for example, sub-agebras,
bounded BCK -adgebras, positiveimplicative BCK -al-
gebra, implicative BCK-a gebra, commutative BCK -
algebra, BCK-algebraswith condition (S), Griss(and
semi-Brouwerian) a gebras, quas-commutative BCK -
algebras, direct product of BCK-algebras, and soon.
Herewewill discuss Sub-algebrasof Hilbert Algebras
in BCK-algebrasanditsproposition.

Definition
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Let H be a set with a binary operation— and a

constant 1. Then(H,—1)is called aHilbert Alge-
brasin BCK-agebraif it satisfiesthefollowing condi-
tions
BCI-l(y > 2) > (z—>XxX)> (y > X)) =1,
BCI-2y > ((y > x) > x)=1,
BCI-3x —»x=1,
BCl-4y » x=1andXx > y=1limplyx=Y,
BCK-5x »>1=1.
Inwe can defineabinary operationby if andonly if.
Theniscaled aHilbert Algebrasin BCK -dgebraif
it sati fiesthefollowing conditions:

BCl-1 (z>X)> (Y2 X)Sy—>2z
BCl-2' (y &> X) > x<y,

BCI-3' x<x;

BCl-4* x<yandy < ximplyx=Yy,
BCK-5" 1<x,

BCl-¢' x<yifandonlyif y > x=1.
Proposition

InaHilbert Algebrasin BCK-algebra(H,— 1),
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we havethefollowing properties:
(1) x<yimpliessy—>z<x— 2z,
(2) x<yandy<zimplyx< z.
Proof

Let x<vy,thenbyBCI-1',wehave
X>2)>(Yy>2)Sy—>X

Since x < yimpliesy — x =1, weobtain
xX—>2z)»>(y—->2)L1

Combining BCI- 4’ and BCK- 5' wehave
xX->2z)>»(y—->2)=1

Thisis y — z< x— z,hence(1) holds.

By (1) , y<zimplies z—>x<y—>x. If
x< ytheny —» x=1,hencez —» x<1,ads0 x< z,
therefore (2) holds.

Proposition
For aHilbert Algebrasin BCK-algebra(H ,— 1),

wehave
Zo> (Yo X)=y—>(z>X).
Proof
ByBCl-2' ithas (z— x) - x< z, Making use
of
Proposition
(1) and BCI-7’
Z> (Y>> X)<((z=>Xx) > X)
> (y2>x)Ly->(z>X)
Since X, Y, 2 arearbitrary, interchanging Y, zinthe
aboveinequdity itobtains
zo>Y—-ox2y—>(z->X%
ByBCl-4 ithas z— (y > X)=y—>(z—> X),
Theproof iscomplete.
Proposition
For aHilbert Algebrasin BCK-algebra(H,— 1),
foranyx,y,z in H , thefollowinghold:
1) yo>x<zimpliesz—> x<y
@ (z->y)>E>0<(y>x)
(3) x<yimplies(z—> xX)<(z—>Y)
(4) y—>x<x

B) 15 x=x

Pr oof

(1) isdirectly consequenceof Propositionl.2.

(2) follows from BCI-7’ and (1) Let x<y. Then
y — x=1, and henceby (2)
(z>y)>(z>Xx)<y—>x<L1. Hence
Z—>x<z-Y,(3)hald.

By virtue of (1), BCI-3 and BCK-5, it
hasx > (y > X)=y—>(X—>X)=y—>1=1
Consequently y — x< x, proving (4). By BCI-

2" ithas (1— x) » x<1,
that is x<1— x. Moreover by (4), it gets

1 x< x, henceby BCI- 4/, (5) hold.

For anyx,yeH, we denote

XAYy=(X—>Yy) >y, XAYis alower bound of
xandy,

and xAXx=X,xAl=1Ax=1, but in gen-
gaXAy#YyAX.
Proposition

Inany Hilbert Algebrasin BCK-algebras, wehave
(YAX) > X=y>X.
Proof

Since y A X<y, by Proposition1.2(1) we get

y > XL (YAX)>X
Ontheother hand, by BCI- 2’ wehave
YAX)=2X=((Yy 2> X) > X) > XYy X
Thismeans (YA X) &> X=Yy — X.

SUB-ALGEBRAS

Definition

Let (H,—,1) beaHilbert Algebrasin BCK-alge-
bras, and let H ,be anonempty subset of H .Thenis
called to be a Sub-algebras of H if for any
X,yeH,,y—>xeH,.
Theorem

Suppose (H,—,1) isaHilbert Algebrasin BCK-
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algebras, and let H, beaSub-agebrasof H ,thenthe
followinghold:

(1) 1eH,,

(2 (H,,—))isdsoaHilbert Algebrasin BCK-alge-

bras,
(3) HisaSub-agebrasof H ,

(4) {1} isaSub-algebrasof H .
Theorem

Given a Hilbert Algebras in BCK-alge-
bras(H,—1),leth, =1, then ({1 h};— 1) isaSub-
algebrasof H .
Lemma

InaHilbert Algebrasin BCK-algebras(H ,— 1),
forany x,y,ze H , thefollowing conditionshol d:
(1) if x= ythenx — y=1whenevery — x =1,
(2 y— x=zimpliesx —» z=1.
Proof

Suppose x#=yand y —» x=1.1f x—> y=1, by
BCl-4weobtain x =y, which contradictsto. Hence

(2) holds.
If y— X=2z,itfollowsfrom proposition 1.4(4)

that X > z=x— (y > x)=1.
Thisshowsthat(2) istrue. Theproof iscompl eted.

Definition
For a n—sequence a,,a,,---,a, of aHilbert Al-

gebrasinBCK-adgebras (H,— 1) ,the (n—1) x nma-
trix

a,—>a, a—ra, -+ a=—ra,
H az;—>a; az=—a, -+ az—ra,
a,—>a; a,=—>ra, - a;1—ra,

iscalled the adjoint matrix relativeto the n — sequence
a,a,,-,a,.
Theorem

Given n-sequence a,,a,,:--,a, (n>2) for a
Hilbert Algebras in BCK-algebras(H,— 1), if

BioTechnology —

g # a;whenever i # j(1<i, j < n)thenthereexist at
least acolumnintheadjoint matrix H whichconsgtsof
non-oneelement.
Proof
H=(a, >a;,a; >a,)
Suppose a, —» a =a, —»> a, =1, then we have
a, = a, . Hencetheassertion holdsfor n=2.
Supposethat the assertion holdsforn = k. Fora

k+1_swumcealla2"“’ak’ak+lof H.

Let & = a,wheneveri = j(1<i, j <k+1)andits
adjoint matrix

a, »>a,; a, —>a, a; > a, a; >,
a;—>a; az;—a, a, > ay a, >ay
Hia= : : :
ay—>a; @ —a, - YDA A1 DA
Qi1 > Ay D8y o A > A D>y,
Denote
a, —>a; a —>a, a; > ay
d; —>ad, ag—a, dz —> ay
H kK = . . .
a —>a; g —>a, N P - T

Obviously H, isthe adjoint matrix of the k -se-
quencea,, a,,- -+, &, . By thehypothesisof inductionwe

know that thereisat least acolumninH, , which con-

sistsof non-one e ements, without lossof any generd-
ity supposethat it isthefirst column, thus

a,>a; #1
a;—>a; #1
a »>a; =1

Ifa,, —> a = 1theneach elementinthefirst col-

umnof H,,isnot equal to 1, and consequently the
assertionholdsfor n=k +1.
Ifa,,, —a =1, then by Lemma 2.4 we obtain

al_)ak+1¢16661¢ak+1'
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Wecanverify a — a, , #1for 2<i<k.

In fact, if there is i (2<i, <k)such that
a —>a,, =1, by Propositionl.2(2) we get
a —>a =1lasa, —a =1 Thisisimpossible. This
shows that each element in the first column of H,,,isnot

equal to 1, and so the assertion holds forn = k +1. This
finishes the proof.

For aset H denotethecardinal of H by|H|. For
aHilbert Algebrasin BCK-algebras(H,—,1) , |His
called to bethe order of thisalgebra. If [H| < oo, then
(H,—))iscaledtobeof finiteorder; if |H| = n, then

itissaidtobeof ordern; if |H| = o0, thenitissaid to
beof infiniteorder.

Theorem

Any Hilbert Algebras in BCK-
agebras(H,—,1) with order n + 1 must contain asub-
agebrawithordern(n>1).
Proof

SupposeH ={l,a,4a,,---,a,} is a Hilbert Alge-
brasin BCK-algebras(H,— 1), withordern+1,in

which & # a; wheneveri = |, andlet

a,—>a; a;—>a, a; —>a,
H dz—>a, az—>a, dsz —>a,
a, —>a; a,—>a, N - ™

bethe adjoint matrix of the n-sequencea,, a,,- -, a, .

By Theorem 2.6 there exists at least a column in
H which cong stsof non onee ements, without |oss of
generality, we can supposeitisthen-th columnof H ,
that is,

a—a,#1 i=12--,n-1.

We now show thatH,={1a,a,,---,a,,}is a
sub-algebra of 4 . In fact, if not, then there are
iand j(1<i, j<n-1)such thati = j and

a; » g =a,.ByLemma2.4(1) wehave

a»>a,=1 i=12--,n-1.

Which contradicts to
a —>a, #l(i=12---,n-1). This completes the
proof.
Theorem

LetH be a Hilbert Algebras in BCK-
agebras(H,— ) withordern(>1) . Thenwehave
1<N@)<Cy,i=12,n,

Where N(i) denotesthe number of sub-algebraswith
orderiinH .
Proof

We know that any sub-algebra with
orderi(1<i <n)consistsof 1 and j —1non one ele-
ments, it followsthat N (i) < C!~;. Ontheother hand,
by Theorem 2.7H at least contains a sub-
algebrasH  ,with ordern—1,H, , contains a sub-
agebrasH , ,withordern — 2, repeatingthisargument
wegetthatl< N(i) fordli(1<i < n).Thisfinishesthe
proof.

Example

Let H ={1,a,b, c} inwhich— isgivenby thetable:

- 1 a b C
1 1 a b C
a 1 1 a C
b 1 1 1 c
C 1 a b 1

Then (H,—,))isaHilbert Algebrasin BCK-alge-
bras, thelattice of sub-algebrasinH isasfollows:
Itisnot difficult to seethat

N(i)=Ci},i=1234.
Thisexampleshow thatin
Theorem
N()=cizy may hold.
Example
Let H ={1,2} inwhich—isgivenby:
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{J" {?_,b} {]..LG.LC} {l‘b C}

> >

{l.a; {15} L.¢j

\ / (6]
t v

151=2->1=2->2=1and1—-2=2.
Then (H,—,1)isaHilbert Algebrasin BCK-age- (8]

bras, and1= N(i) =C.?,i =12.
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Then (H,—,))isaHilbertAlgebrasinBCK-alge-
bras, and1< N(3) = C;;.

This example show that in Theorem 2.8,
N(i) >1andN(i) <C/ .
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