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ABSTRACT
The global bifurcation characteristics about motion state about
dimensionless frequency  and the mean meshing force P

m
 are studied

based on the classical nonlinear dynamical model of a gear pair with
clearance in this paper. The results reveals that Periodic motion is the gear
pair�s main motion state in the range of 0.5 2.5    and it just appears

chaos motion in a small range 0.62 0.92   temporarily; the way to
chaos is periodic-doubling bifurcation with dimensionless
frequency decreases; Periodic motion is the system�s main motion state

in the range of m0.1 1.4p   and it just appears non-periodic motion in

a small P
m
 range of m0.01 0.1p  ; the way to chaos is periodic-doubling

bifurcation with the mean meshing force P
m
 decreases.
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INTRODUCTION

Existing literatures about study on nonlinear dynam-
ics of gear pair are numerous. Kubo[1] observed a jump
phenomenon in the frequency response of a gear pair
with backlash even though the test set-up was heavily
damped. Comparin and Singh addressed subsection
nonlinear problem in [2] and pointed out that most tech-
niques available in the literatures cannot be directly ap-
plied to solving this problem. Kahraman and Singh[3]

made a review of nonlinear gear dynamics available in
current literatures. Kahraman and Singh find the mo-
tion of a spur gear pair with a set of special parameters
maybe chaos[4]. Their study also made contributions to
the nonlinear dynamics of a spur gear pair with back-
lash subject to the static transmission error.

For a nonlinear dynamical system, global bifurca-
tion study is an important target. The bifurcation prop-
erty of a gear system can provide important informa-
tion, such as stable parameter region, stable parameter
region, the way to chaos, for a designer. However, the
study on this aspect is still very limited.

The objective of this paper is to study gear system�s
global bifurcation characteristics about some param-
eters based on nonlinear dynamical model of a gear
pair with clearance.

NONLINEAR DYNAMICAL MODEL

The classical nonlinear dynamical model of a gear
pair with clearance[5] is adopted in this paper, which is
shown in figure 1.
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Where, bir , i , biI and iT (i=1,2) denote the base
circle radius, rotational motions, the inertia of and the
torque of the two gear in pair. ( )e  and ( )k   stand for
the static transmission error in pressure line and the time-
varying meshing stiffness respectively, is time; 2b is
the clearance of the gear pair in pressure line, c is damp-
ing coefficient.

The dimensionless differential equations of torsional
vibration of the nonlinear planetary gear system which
is shown as figure 1 can be established by using the
Lagrange principle as following

m a2 [1 cos( )] ( ) cos( )x x t f x P P t         (1)
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In the above formulas; x is dimensionless rotational
motions; b

c 
is character length; æ is dimensionless damp-

ing coefficient; m is equivalent mass of the gear pair; ù
n

is the natural frequency of the gear pair; is the time-
varying amplitude of the stiffness in the meshing pair; k

1

is the first harmonic term of the expanding rectangular
waves in Fourier series; k

0
 is the mean values of the

stiffness; f(x) is a nonlinear function in the relative gear
mesh displacement; P

m 
is the mean meshing force; á is

the pressure angle; P
a
 is the amplitude of the meshing

force; e
a
 is the amplitude of the static transmission er-

ror; t is dimensionless time; Ù is dimensionless fre-
quency.

BIFURCATION CHARACTERISTICS ABOUT
DIMENSIONLESS FREQUENCY

The bifurcation diagram of the system�s motion state

can be made through the following steps[6]:
(1) Obtain the system�s asymptotically stable numerical

solutions by using ODE45 to solving state equa-
tions corresponding to differential equation (1).

(2) Let the system�s Poincare section is

  )}(m),/2mod(|),{( 0 iTii
N xxaxxRRX  , where
)(m 0 iTii xxaxx   denotes the maximum of the i-th state

variables in a cycle of the external excitation force,
and the system�s Poincare map at a determined bi-
furcation parameter can be obtained.

(3) Change the bifurcation parameter constantly and
repeat the step 2 in order to obtain the system�s
Poincare map at different bifurcation parameter.

(4) Assemble all of the Poincare maps calculated in step
3 from small bifurcation parameter to large one.
The main parameters of the gear system in this pa-

per are: the number teeth of the two gear is z
1
=z

2
=25,

module M=3mm, face width B=25mm, the pressure

angle o20  , helix angle o0  , displacement factor is

0, P
m
=0.1, P

a
=0.2, 0.05  , 0.4  , the range of bi-

furcation parameter is .

Figure 1 : Nonlinear dynamical model of gear system with
backlash

Figure 2 : Bifurcation diagrams of the system�s motion state
about dimensionless frequency 

We can see from figure 2 that periodic motion is
the system�s main motion state in the range of

 and it just appears non-periodic motion in
a small range of  temporarily..

In order to make sure the specific shape of the non-
periodic attractor, the Poincare map, the displacement
curve and the phase diagram are calculated at different
bifurcation parameter.

The non-periodic attractor is chaos motion in the
range of  according to the topology
shape of the above six figures.

It is easy to conclude that the way to chaos is peri-
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odic-doubling bifurcation with dimensionless frequency
 decreases.

Figure 3 : Poincare map when 0.63 

Figure 4 : displacement curve when 0.63 

Figure 5 : Phase diagram when 0.63 

Figure 6 : Poincare map when 0.63 

Figure 7 : displacement curve when 0.63 

Figure 8 : phase diagram when 0.63 

BIFURCATION CHARACTERISTICS ABOUT
MEAN MESHING FORCE PM

According to the step to calculate bifurcation dia-
gram of , one can calculate the bifurcation diagrams
about mean meshing force P

m
 shown as figure 9.

Figure  9 : Bifurcation diagrams of the system�s motion
state about mean meshing force P

m

We can see from figure 9 that the bifurcation char-
acteristics about  is simpler than the one about P

m
.

Periodic motion is the system�s main motion state in the
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range of  and it just appears non-periodic
motion in a small P

m
 range of . In order

to make sure the specific shape of the non-periodic
attractor, the Poincare map, the displacement curve and
the phase diagram are calculated when .

CONCLUSIONS

The global bifurcation characteristics of motion state
about dimensionless frequencyand the mean meshing
force P

m
 decreases are studied in this paper. The re-

sults reveal two bifurcation laws.
(1) Periodic motion is the gear system�s main motion

state in the range of  and it just ap-
pears chaos motion in a small range 
temporarily; the way to chaos is periodic-doubling
bifurcation with dimensionless frequency  de-
creases.

(2) Periodic motion is the system�s main motion state
in the range of  and it just appears
non-periodic motion in a small P

m
 range of

; the way to chaos is periodic-dou-
bling bifurcation with the mean meshing force P

m

decreases.

ACKNOWLEDGEMENTS

The authors gratefully acknowledge the support re-
ceived through Natural Science Foundation of Anhui
Science & Technology University [ZRC2013382] and
Young talents Foundation of Colleges and Universities
in Anhui province [2012SQL139].

REFERENCE

[1] A.Kubo, K.Yamada, T.Aida, S.Sato; Research on
ultra high speed gear devices (reports 1�3). Trans-
actions of the Japan Society of Mechanical Engi-
neers, 38, 2692-2715 (1972).

[2] R.J.Comparin, R.Singh; Nonlinear frequency re-
sponse characteristics of an impact pair, Journal of
sound and vibration, 134, 259�290 (1989).

[3] A.Kahraman, R.Singh; Nonlinear dynamics of a
geared rotor-bearing system with multiple clear-
ances, Journal of Sound and Vibration, 144, 469�
506 (1991).

[4] A.Kahraman, R.Singh; Nonlinear Dynamics of a
Spur Gear Pair [J]. Journal of Sound and Vibration,
142(1), 49-75 (1990).

[5] M.J.Liu, Y.W.Shen, H.J.Dong; Research on numeri-
cal characters on the attractors in nonlinear gear
system[J]. Chinese Journal of Mechanical Engi-

Figure 10 : Poincare map when 0.63 

Figure 11 : displacement curve when 0.63 

Figure 12 : phase diagram when 0.63 

The non-periodic attractor is chaos motion in the
range of  according to the topology shape
of the above three figures.
It is easy to conclude that the way to chaos is periodic-
doubling bifurcation with the mean meshing force P

m

decreases.



Li Tong-jie et al. 291

FULL PAPER

BTAIJ, 8(3) 2013

BioTechnology
An Indian Journal

BioTechnology

neering, (in Chinese), 39(10), 111-115 (2003).
[6] T.J.Li, R.P.Zhu; Study on Stability about Motion

State and Bifurcation Properties of Planetary Gear
Train [J]. Journal of Central South University of
Technology, 6, 1543-1547 (2012).


