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Introduction

In [1] introduced the concepts of A-potent elements, A-divisor elements and N (A)-semigroups for a given ideal A in a
semigroup and characterized N (A)-semigroups for a pseudo symmetric ideal A. He proved that if M is a maximal ideal
containing a pseudo symmetric ideal A, then either M contains all A-dominant elements or M is trivial. In this paper we

extent these notions and results to M (I)-ternary I"-semigroups.

Experimental
Preliminaries
Definition 21: Let T and I be two non-empty set. Then T is said to be a Ternary

I'-semigroup if there exist a mapping from T x I' x T x I' x T to T which maps (Xl, a, X, B, X3) —>[x1ax2ﬂx3]
satisfying  the condition:I:[Xiaxzﬂx3]7x4éx5]=[X1a[X2,BX3]/X4]5X5]:[)gaxzﬁ[xgyxﬁxs]] VX, e T,

1<i<5and &, fB,7,0 €. A nonempty subset A of a ternary I'-semigroup T is said to be ternary I'-ideal of T if b, ¢, €

T, @ F€T,a e Aimplies bacBa € A, baafic € A, aabBc € A. A'is said to be a completely prime T-ideal of T provided X,
Y,z € Tand xI'yI'z €A implies either x e Aory e Aorz € A. and A is said to be a prime I'-ideal of T provided X, Y, Z are
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Ternary I'-ideals of T and XITYTZ c A= X c AorY c Aor Z c A. A ternary I'-ideal A of a ternary I'-semigroup T is said
to be a completely semiprime T-ideal provided x e T, (XF)""lx < A for some odd natural number n>1 implies x € A.

Similarly, A ternary I'-ideal A of a ternary I'-semigroup T is said to be semiprime ternary I'-ideal provided X is a ternary I'-

ideal of T and (XTI") ™1 X < A for some odd natural number n implies X € A [2-6].

Definition 2.2: A ternary I'-ideal I of a ternary I'-semigroup T is said to be pseudo symmetric provided X, y,z € T, xI'y['z c
| implies xI'sI'yI'tl'z c | for all s,t € T and | is said to be semi pseudo symmetric provided for any odd natural number n, X

T, D"xcl=(<x>D™<x>c .

Theorem 2.3: Let | be a semi-pseudo symmetric ternary I'-ideal of a ternary I'-semigroup T. Then the following are
equivalent.

1) 1,=The intersection of all completely prime ternary I'-ideals of T containing I.

2) IllzThe intersection of all minimal completely prime ternary I'-ideals of T containing I.

3) |111 =The minimal completely semiprime ternary I'-ideal of T relative to containing I.

4) I;={x e T: (xI')"*x <l for some odd natural number n}

5) 1;=The intersection of all prime ternary I'-ideals of T containing I.

6) I§:The intersection of all minimal prime ternary I-ideals of T containing I.

7) I311 =The minimal semiprime ternary I'-ideal of T relative to containing I.

8) l.={x € T: (<x>I')™< x > c | for some odd natural number n}.

Theorem 2.4: If | is a ternary T'-ideal of a semi simple ternary I'-semigroup T, then the following are equivalent.
1) I is completely semiprime.
2) | is pseudo symmetric.

3) | is semi-pseudo symmetric.

Results and Discussion
M (i)-ternary gamma-semigroup
We now introduce the terms I-dominant element and I-dominant ternary T'-ideal for a ternary T-ideal of a ternary I'-

semigroup [7].

Definition 3.1: Let | be a ternary I'-ideal in a Ternary I'-semigroup T. An element x € T is said to be I-dominant provided

there exists an odd natural number n such that (XF)"le < | . A ternary I'-ideal J of T is said to be I-dominant ternary I'-

ideal provided there exists an odd natural number n such that (JT)"*J 1.
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Note 3.2: If I is a ternary ['-ideal of a ternary I'-semigroup T, then every element of | is a I-dominant element of T and | itself

an l-dominant ternary I'-ideal of T.

Definition 3.3: Let I be a ternary I'-ideal of a ternary I'-semigroup T. An I-dominant element x is said to be a nontrivial I-

dominant element of T if x & 1.

Notation 3.4: M, (1)=The set of all I-dominant elements in T.
M3 (I)=The largest ternary I'-ideal contained in M, (1).

M (I)=The union of all I-dominant ternary I'-ideals.

Theorem 3.5: If I is a ternary I'-ideal of a ternary I'-semigroup T, then | = M, (1) = M, (1) = M,(1).

Proof: Since 1 is itself an I-dominant ternary I'-ideal, and M (l) is the union of all I-dominant ternary I'-ideals. Therefore, |
< Mz (). Let x € M3 (I) = x belongs to at least one I-dominant ternary I'-ideals = x is an I-dominant element. Hence, X e

Mo (I). Therefore, Mz (I) < Mo (I). Clearly M» (I) is a ternary T'-ideal of T. Since M; (I) is the largest ternary I'-ideal
contained in M, (1), we have M, (1) = M, (1) = M, (1) . Hence, | = M, (1) = M, (1) = M(I).

Theorem 3.6: If I is a ternary I'-ideal in a ternary I'-semigroup T, then the following are true.

1. Mo (|):|2.
2. My (1) is a semiprime ternary I'-ideal of T containing I.
3. Mz (D)=l.

Proof: (1) M, (I)=The set of all I-dominant elements={x € T: (XF)"’lX | for some odd natural number n}=I,.

(2) Suppose that (< X > F)"’l < X>c M, (1) for some odd natural number n. Suppose, if possible x M (1). M1 (1), < x >

are the ternary I'-ideals implies M1 (1) U < x > is a ternary I'-ideal. Since M (1) is the largest ternary I'-ideal in Mo (1),

We have My (I) U < x> & Mo (I) = < x> & Mg (I). Hence, there exists an element y such that y € < x >\Ng (I). Now
(YI)’yc (< x>T)? <x>c M, (1)=M, (1 ):>(yF)2 yc M, (1)=(yr)?y)"*(yI)’y< | for some odd
natural number N=>((yI')’yI)"*(yI)?yc I =yeM, (I ) It is a contradiction. Therefore, x € M; (1). Hence, My (1)

is a semiprime ternary I'-ideal of T containing I.

(3) Let x € Mz (I). Then there exists an I-dominant ternary I'-ideal J such that x e J.

J is l-dominant ternary TI-ideal implies there exists an odd natural number n such that

(D" cl= (xx>D)" <x>c(ITN)"™Jc | forsome odd n e N = X e ls. Therefore, My (I) < l. Let x € 14
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Xel,=(<x>I)""<x>c| for some odd ne N. So < x > is an I-dominant ternary I-ideal in T and hence, < x > ¢

M: (1) =xe Mz (I). Therefore, 14 = M (1). Hence, M2 (1)=l4. It is natural to ask whether My (I)=Is. This is not true.

Example 3.7: In the free ternary I'-semigroup T over the alphabet X, y, z. For the ternary I'-ideal I=TIXIXI'XI'T, Mo (1)={x}
U TEIXOXOXIT? and My ()={xI'xI'x} W TIXTXTXTT=T* IXCXTXITL But TOXDXDXIT is a prime ternary I-ideal, let I, J, K

are three ternary I'-ideals of T such that ITJTK < TIXI'XIXI'T, implies all words containing XI'XI'x < | or all words
containing xI'xI'x < J or all words containing XI'xI'x ¢ K = | < TIXIXIXI'T or J < TIXIXIXI'T or K < TIXIXIXI'T.
Therefore, TTXIXIXI'T is a prime ternary I'-ideal. We have Is=TI'XI'XI'XI'T, so My (I) # ls. Therefore, we can remark that the

inclusions in Is = M1 (1) € Mg (1)=1> may be proper in an arbitrary ternary I'-semigroup [8-11].

Theorem 3.8: If | is a semi pseudo symmetric ternary I'-ideal in a ternary I'-semigroup T, then Mo (1)=Mz (I)=M2 ().

Proof: Suppose I is a semi pseudo symmetric ternary I'-ideal in a ternary I'-semigroup T. By theorem 3.7, Mo ()=l and M;
(1)=la. Also by theorem 2.10, we have 1=l Hence, Mo (1)=M. (1). By the theorem 3.5, | = M, (1) = M, (1) =M, (I).

We have M (I) € My (I). Now let x € M1 (I) = x € Mo (I) = x € M2 (I). Therefore, Mz (1) < Mz (I). Hence, My (1)=M2 (1).
Therefore, Mo (1)=M1 (I)=Ma (I).

Theorem 3.9: For any semi pseudo symmetric ternary I'-ideal I in a ternary I'-semigroup T, a nontrivial I-dominant element

X (X ¢ 1) cannot be semi simple [12,13].

Proof: Since x is a nontrivial I-dominant element, there exists an odd natural number n such that (XF)HX <l .Sincelis
semi pseudo symmetric ternary T-ideal, we have (< X>T)"" < x> . If x is semi simple, then

<X >=(<Xx>T)% < x>and hence, < X>=(< x>T)"" < x>, this is a contradiction. Thus, X is not semi simple.

Theorem 3.10: If I is a ternary I'-ideal in a ternary I'-semigroup T, such that Mo (I)=I, then I is a completely semiprime
ternary I'-ideal and I is a pseudo symmetric ternary I'-ideal.

Proof: Letx e Tand (XI')*xc . Since Mo (1)=1, (XI')*X< Mg (1). Thus, there exists an odd natural number n such

that (XD))"H(XIN)*xc | =xe M, ( | ) = |. Therefore, I is a completely semiprime ternary I'-ideal. By corollary 2.11,

A is pseudo symmetric ternary I'-ideal. Hence, I is completely semiprime and pseudo symmetric ternary I'-ideal.

Theorem 3.11: If | is a semi pseudo symmetric ternary I'-ideal of a ternary semi simple I'-semigroup then I=Mo (1).

Proof: Clearly, | € Mo (I). Let x € Mg (I). If x & | then x is a nontrivial I-dominant element. By theorem 3.9, x cannot be semi

simple. It is a contradiction. Therefore, x € | and hence, Mo (1) € I. Thus Mg (1)=I.

We now introduce a left I-divisor element, lateral I-divisor element, right, I-divisor element and I-divisor element

corresponding to a ternary I'-ideal A in a ternary I"-semigroup.
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Definition 3.12: Let I be a ternary I'-ideal in a ternary ['-semigroup T. An element x € T is said to be a left I-divisor (a lateral

I-divisor, right I-divisor) provided there exist two elements y, z € T\ such that XI'YI['z | (yIxI'zc I, yI'zI'xcl).

Definition 3.13: Let I be a ternary I'-ideal in a ternary I'-semigroup T. An element x € T is said to be two-sided A-divisor if x

is both a left I-divisor and a right, I-divisor element.

Definition 3.14: Let I be a ternary I'-ideal in a ternary I'-semigroup T. An element x e T is said to be I-divisor if a is a left I-

divisor, a lateral I-divisor and a right, I-divisor element.

We now introduce a left I-divisor ternary I'-ideal, lateral I-divisor ternary I'-ideal, right I-divisor ternary I'-ideal and I-divisor

ternary I'-ideal corresponding to a ternary I'-ideal I in a ternary I'-semigroup.

Definition 3.15: Let I be a ternary I'-ideal in a ternary I'-semigroup T. A ternary I'-ideal J in T is said to be a left I-divisor
ternary I'-ideal (lateral I-divisor ternary I'-ideal, right I-divisor ternary I'-ideal, two sided I-divisor ternary I'-ideal) provided
every element of J is a left I-divisor element (a lateral I-divisor element, a right I-divisor element, it is both a left I-divisor

ternary I'-ideal and a right I-divisor ternary I'-ideal).

Definition 3.16: Let I be a ternary I'-ideal in a ternary I'-semigroup T. A ternary I'-ideal J in T is said to be I-divisor ternary
I'-ideal provided if it is a left I-divisor ternary I'-ideal, a lateral I-divisor ternary I'-ideal and a right I-divisor ternary I'-ideal

of a ternary I"-semigroup T.

Notation 3.17: Ry (I)=The union of all left I-divisor ternary I"-ideals in T.
R ()=The union of all right I-divisor ternary I'-ideals in T.

Rm (1)=The union of all lateral I-divisor ternary I'-ideals in T.

R (=R (I) ™ Rm (I) N R, (I). We call R (1), the divisor radical of T.

Theorem 3.18: If I is any ternary I'-ideal of a ternary I'-semigroup T, then M1 (1) < R (I).
Proof: Let x € My (1). Since M; (I) < Mo (1), we have Xe MO(I ):>(XF)”‘1X c | 1 for some odd natural number n. Let n
be the least odd natural number such that (XI')" "X | . If n=1then x e I and hence, x € R (I).

If n>1, then (XI')" " Xx=(XD)"*X[XI'X< |, where (XI)"*xcT /1.

Hence, x is an I-divisor element. Thus, x € R (). Therefore, M1 (1) < R (1).

Theorem 3.19: If I is a ternary I'-ideal in a ternary I'-semigroup T, then R (1) is the union of all I-divisor ternary I'-ideals in
T.

Proof: Suppose 1 is a ternary I'-ideal in a ternary I'-semigroup T.
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Let J be I-divisor ternary I'-ideal in T. Then J is a left I-divisor, a lateral I-divisor and a right I-divisor ternary I'-ideal in T.
ThusJc R (), JcRm(l)and J c R, (1)

SIcRONARn(MNRM)=R(I)=Bc<R().

Therefore, R (1) contains the union of all I-divisor ternary I'-ideals in T. Letx € R (I). Thenx € Ri (I) N R (I) N R (1). So
<Xx>c RN Rn (1) NR (D).

Hence, < x > is I-divisor ternary I'-ideal. So, R (l) is contained in the union of all divisor ternary I'-ideals in T. Thus R (I) is

the union of all divisor ternary I'-ideals of T.

Corollary 3.20: If I is a pseudo symmetric ternary I'-ideal in a ternary I'-semigroup T, then R (I) is the set of all I-divisor
elementsin T.

Proof: Suppose I is a pseudo symmetric ternary I'-ideal in T. Let x be I-divisor element in T. Then XI'Y['Z < |, wherey, z
e T\Il. XI'yI'z <1, I'is pseudo symmetric

= <x>I<y>I'<z>c | = <x>isl|-divisor ternary I'-ideal = <x>c R (I)

= x € R (I). Hence, R (1) is the set of all I-divisor elements in T. We now introduce the notion of M (1)-ternary I'-semigroup.

Definition 3.21: Let I be a ternary I'-ideal in a ternary I'-semigroup T. T is said to be a M (I)-ternary I'-semigroup provided

every I-divisor is I-dominant.

Notation 3.22: Let T be a ternary I"-semigroup with zero. If 1={0}, then we write R for R (I) and M for Mo (1) and M-ternary

I'-semigroup for M (I)-ternary I'-semigroup.

Theorem 3.23: If T is an M (I)-ternary I'-semigroup, then R (1)=Mj (1).

Proof: Suppose T is an M (I)-ternary I'-semigroup. By theorem 3.18, M1 (1) € R (I).
Letx € R (I) = xis an I-divisor = x is an I-dominant = x € My (). ~ R (I) € M (1).
Hence, M1 (=R (I).

Theorem 3.24: Let I be a semipseudo symmetric ternary I'-ideal in a ternary I'-semigroup T. Then T is an M (I)-ternary T'-
semigroup iff R (1)=Mo (I).

Proof: Since | is a semi-pseudo symmetric ternary I'-ideal, by theorem 3.8, Mo (1)=M1 (1)=M2 (I). If Tan M (I)-ternary I'-
semigroup, then by theorem 3.23, R (I)=Mz (I). Hence, R (1)=Ng (I). Conversely suppose that R (I)=Mo (I). Then clearly

every I-divisor element is an I-dominant element. Hence, T is an M (I)-ternary I'-semigroup.
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Corollary 3.25: Let I be a pseudo symmetric ternary I'-ideal in a ternary I'-semigroup T. Then T is an M (I)-ternary I'-

semigroup if and only if R (I)=Mo (1.

Proof: Since every pseudo symmetric ternary I'-ideal is a semi-pseudo symmetric ternary I'-ideal, by theorem 3.24, R (1)=My

().

Corollary 3.26: Let T be a ternary I'-semigroup with 0 and < 0 > is a pseudo symmetric ternary I'-ideal. Then R=M iff T is

an M-ternary I'-semigroup.

Proof: The proof follows from the theorem 3.24.

Theorem 3.27: If N is a maximal ternary I'-ideal in a ternary I'-semigroup T containing a pseudo symmetric ternary I"-ideal

I, then N contains all I-dominant elements in T or T\N is singleton which is I-dominant.

Proof: Suppose N does not contain all I-dominant elements.
Let x € T\N be any I-dominant element and y be any element in T\N.

Since N is a maximal ternary I'-ideal, N U <x>=N U<y >= <x>=<y >,

Since y € N, we have y € < x >. Let n be the least positive odd integer such that (XF)HXg | . Since | is a pseudo
symmetric ternary T-ideal then I is a semipseudo symmetric ternary T-ideal and hence, (< X > F)n_l <x>cl.

Therefore (yF)”’ly < | and hence, y is I-dominant element. Thus, every element in T\N is I-dominant.

Similarly, we can show that if m is the least positive odd integer such that (YI)™ ™y < I , then (XI')™"x < | . Therefore,

there exists an odd natural number p such that (XI)P*x < I and (XI)*°xU1 forall x € T\N.

Let X, y, z € T\N. Since N is maximal ternary I'-ideal, we have < x >=<y >=<z >,

Soy,z€<x>=yesIxt, zeulxI'v.So x € <y >and hence, x € sTyI't for some s, t € T*. Now since | is a pseudo
symmetric ternary I'-ideal,

we have, (XTyT'zl)P3=(xT'yT'zl')P* xTyTz=(XTyTzD)P4 XTI (sTxTt) T (UurxIv) € 1 = xIyI'z € N. Ify #xthens, te T. Ifs,t €N
thensIxItS N =y e N.

Which is not true. In both the cases we have a contradiction. Hence, x=y.

Similarly, we show that z=x.

Corollary 3.28: If N is a nontrivial maximal ternary I'-ideal in a ternary '-semigroup T containing a pseudo symmetric
ternary I'-ideal 1. Then Mg (1) €N.

Proof: Suppose in Mg (1) €N. Then by above theorem 3.27, N is trivial ternary I'-ideal. It is a contradiction. Therefore, Mg
(1) eN.
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Corollary 3.29: If N is a maximal ternary I'-ideal in a semi simple ternary I'-semigroup T containing a semipseudo

symmetric ternary I'-ideal I. Then Mo (I) €N.

Proof: By theorem 3.11, I is pseudo symmetric ternary I'-ideal. If x € T\N is I-dominant, then x cannot be semi simple. It is a

contradiction. Therefore, Mo (1) € N.

Conclusion

According to theorem 3.11, | is pseudo symmetric ternary I'-ideal. If x € T\N is I-dominant, then x cannot be semi simple.

Hence, is a contradiction. Therefore, Mo (1) S N.
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