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ABSTRACT

In this paper, a delayed eco-epidem iological model with nonlinear
incidence is considered Firstly, the sufficient conditions of local stability
of the positive equilibrium arc given by analyzing the linearized system
characteristic value. Furthermore, conditions ensuring the existence of
Hopf bifurcation are obtained. Then, based on center manifold and normal
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form, we get the formulas for determining the direction of Hopf
bifurcation and the stability of bifurcating periodic solutions. At last,
some numerical simulations are carried out to support the analytical

results.

INTRODUCTION

Since Kermark and Mekendrick in 1927, thefirst
use of dynamic method to establish the mathemati-
cal model of infectious diseases (SIS), more and
more mathematics, biology, workersarefocused on
research of epidemic dynamics. Especialy in re-
cent years, many authors of alarge number of re-
search involvesthe modeling and analysis of the ap-
propriate mathematical model, to discuss the epi-
demic of infectious diseases and control.

In fact, on the one hand, alarge number of epi-
demic dynamics model is involved in various as-
pects of the epidemic and the corresponding popu-
lation, involvesthe epidemic of delay of stage-struc-
turewith theinfluence of the ecological model, and
even some impact on the population of the second
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generation. On the other hand, there are some dis-
eases spread between larvae only, such as cow
rinderpest, seals of the masses of canine distemper,
rabbit from the fluid tumor diseases and other dis-
eases. Speciesin nature are compete with other spe-
cies food resources, outside of habitats or prey on
other species, so it is necessary in the population
dynamics model on the basis of considering thein-
fluence of the disease, or is on the basis of the epi-
demic model considering the influence of the inter-
action between apopulation. We combine dynamics
and population dynamics of infectious diseases to
study is more accord with the actual situation of the
ecological epidemic, the purpose of thisresearchis
to explore the mechanism of the epidemic, combined
with their influence on the ecological environment,
how to improve the ecological environment in the
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popularity of to control the disease, improve the
quality of the survival of biological and population
isof great significance tol>%.

In the dynamic model of infectious disease pro-
cess, in order to facilitate the study, theincidence of
selected basic substantially traditional role of a
simple substance ratio, i.e., Bilinear form. But the
literature® described asimpler Bilinear function of
the incidence model, general nonlinear dynamic
model of the incidence of infectious diseases are
likely to become more complex. Based on theserea-
sons, the literature®>” considered the nonlinear dy-
namics model with general incidence of infectious
diseases, and has been a series of rich results. Lit-
erature”® analyzed the stability of the equilibrium
point and discuss the bifurcation!®. analyzed the lo-
cal stability and global stability of the equilibrium
point. [ France] studied the nonlinear equationswith
Delay global asymptotic stability, and discuss the
conditions and generate bifurcation of periodic so-
lutions. Literature™ consider a class of delay eco-
epidemiological model to study its stability and bi-
furcations discussion, the conditions have been gen-
erated™, literature to consider a class has a two-
stage structure two-delays epidemic model, get to
know positive and bounded nature, through distri-
bution analysisequation roots, two-delay parameters
discussed the balance point of stability and exist-
ence of thelocal branch. The use of canonical form
and the centra flow pattern theory, the decision to
branch direction and stability of the bifurcating pe-
riodic solutionsimplicit algorithm, using some nu-
merical simulationsto support the theoretical results
obtained to say.

Under the foundation works of*), by using of
method in literature™?, for a class nonlinear func-
tion of birth rate to establish Biological and epi-
demic dynamics model, to effort study the stability
and Hopf bifurcation problem. We consider Biologi-
cal and epidemic dynamics model as follows.

X=—6X"X(t)-eX'St),
S(t):lSe’*'X(t—r)+(kx'e’“f—K)S(t—r){K—[kéWx’+ﬁ|'[f'(s)—%s)]]]sm

—de®I(), (1)

I)=p1"(S)I'sw).
whereX (t) denotesthe prey population, theprey in
BIOCHEMISTRY  (mm—

the absence of any predator growsinaLogistic way.
S(t) and | (t)are susceptible and infected pests at

time t, respectively. The parameter r, istheintrin-
sic rate of increase, is the bulk restrict factor, the
parameter 3 denoted thetransmission coefficient, z is
the rate for gestation(incubation) of the prey popu-

lation in susceptibleyk, is transform factor,

letk = ke, whereO< k, <1,eis predation ratio, d, is
theratefor natural death rate of the prey population
in susceptible, d, istherate for natural desth rate of

the prey population at infected pests. f(S)is inci-

dence, it satisfy f(0)=0,f'(S)>0, K isfeedback con-
trol constants, it are positive constants.

Particularly when K < 0, said susceptible popu-
lation pregnancy number is greater than the number
of non pregnancy susceptible population; When
K > 0, said the number of susceptible people preg-
nancy less than the number of pregnancy of suscep-
tible population, obvioudly infected person will have
a direct impact to the next generation of survival
quality, the need for scientific prediction and effec-
tive control. In this paper, the model of correspond-
ing model (1) thaninthe past!™! better and more aca-
demic and application value.

Theinitial condition of system (1) asfollows:
X (0)=:(0),5(0)=,(0).1(9) = 5(0),0 <[+.0].4.(0).¢:(9) 45 (0) 20 (2)

This construction of this paper as followsjwe
will discusses these existence condition of locally
stability and Hopf -bifurcation for positive equilib-
rium point in second section; By using of Litera-
ture’¥ in three section, we introduce normal type
methodsyto give the direction of Hopf-bifurcation
of system(1.1), and the stability of bifurcation for
periodic solution and properties for compute for-
mula etc. we will pay numerical
simulation(experiments)will for the birth ratein not
same case stating in four section, to support the
theory and analysesthat resultsfor us.

BOUNDEDAND POSITIVE OFSOLUTION

In the following we give out the results of this
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section, from ecological significance,
weassumer, < 7.Let® = (y,4,,4, ) ,and system(1.1)satisfy initial value condition:

v. 4.4, C([-7.0], Rf) v (0)>0,¢,(0)>0,4,(0)>0 (3)
whereR’ ={(X,S,1): X 20,5>0,1 >0,i=12|.

Theorem 2.1 Assume that ast € [-7,0], and®(t) >0, then the any solution of system (1) is strictly
positive.

Proof. First, we show that ast > 0, X (t) > 0and | (t) > 0. By thefirst equation of (1) and integral for
the three equationywe get easy

t t
(n—r,X (s)-€S(s))ds (ﬂef"lr £(S(s))! (5)-d,! (s))ds

X(t) = X (0)e° >0 1(t)=1(0)e" >0t>0-
Next, showsthat whent > 0,that S(t) > 0 ,assumethat existst, ysuch that S(t, ) = Oyand assumeis

first value to suiteythat is let

t,=inf {t>0:S(t)=0} (4)
So,

S(t,) = ke " S(t, — 1) X (t, — 7) = BT (S(to)) 1 (t,) — d,S(ty) + K (S(te) — S(t, — 7)) = S{t, —7) (ke * X (t,—7) - K ) >0.
Hence, for sufficiently small ¢ > 0, S(t, —¢) > 0. Fromthe definition of t, , §t,—) <0.

Thisisacontradiction. Therefore, we haveS(t) > 0.

Theorem 2.2 Assume under e > k and initial condition (3), the solution of system (1.1) isin lasting
bound.

Proof.  Definitiong(t)=(X(t),S(t),1(t)) .,  letV(&(t))=X(t)+S(t)+I(t), here
V(&( ) R® - R..From(1.1) we have

V(t)=X()+S(t)+1(1)

(r,) X (@) = (d, — K) S(t) - d, | (t) - r, X (t) —eX (t)S(t) — KS(t - 7) + kS(t - 7)X(t - 7)
=tV (&(t))+2(r) X @) -r,X* () +(k—€) X (t)S(t)
(

E(1))+2(r) X (©) =1, X (1) +%e(X2(t)+ (1))

IN

<—-rV

__ (. ek (K)o
=1V (&(t))+2(r) X(t) (r2+ 5 Jx (t) - 5 S2(t)

Here,r =min{r,,d,,d,}, thenthereis M > 0, suchthaty/ 4+ rv < M . From compare
Theorem, thereis someaconstantC , suitesV (t) <(M /r)+Ce™ , here
V(t,)=V(0)<(M /r)+C. Check thepositiveconstant M" > (M /1) near them / r

sufficiently, and define Q:{(X,S, 1)e R :V(t)< M*} , therefore, 3 isin lastly bound region of
system (1.1). That isexistenceafinitetimeT, suchthat ift > T,

Et)e@,and  T=T(t,&(t)) =maX{In(C/(M*—M/r))m,O;, here
£(t)=(%(0),5(0),1(0)).
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STABILITY AND HOPF-BIFURCATION

We assumethe system:

X =-1,X X(t)-eX'St),

St =kSe ¥ X(t—7)+{Ke* K| S(t—r)J{K—(kede* + ﬁl*(f’(s)-%g)msa)

—de*1(),
[t)=p1'(S)I'S).
The parameter satisfy follows conditions:

kr, —d,r,e®
ke

(H1) ke ™ > dlr2;0<%edl’ < f L

then the system(1.1)exists unique positive equilibrium point E ( X,S, I*) , Where

* i _ * —oh *
n-eS o _ fl(ﬁe"ﬂ)l*:(kqe dr,—keSe ™ )s

X' = -
I prof(S)

the corresponding linear system at equilibrium point E’ (x* S, ) of (1.1) with form:

—1,X X 0
u(t)=| 0 K—kedlfx*—ﬂl*(f’(s*)—%g)j ~de® |u(t)
0 Br(S)I 0
0 0 0
+ kSe¥ (KX'e% -K) Olu(t—7)
0 0 0

Here,u(t) = (X (t), S(t), 1 (t))", and the character equation

A+0X e’ 0
et Se” l—(K—kede* —m*(f'(s)—%g)}(kx*edf«)eﬂf] de®|=0
0 (S|’ y)

13+(rzx* —(K —ke ¥ X" —ﬂl*(f’(s*)—%?)njiz
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+[dze_d”,3f'(8*)l* —rzx*(K ~ke ¥ X’ —,3|*(f'(3*)_ f(s?)jj]i

X dew pf (S +(—(kx*e-d1f ~K) A%+ (ke Sex’ — X (kKe - K))/l)e“ =0

A+mA%+mA+m +(nA2+ni)e” =0 (7)
where

m,=|r,X" —{K—kedl’x* —ﬂl*(f'(s*)—%é*)n],

R P! SV (SR § )
m=| d,e®pf' (S )" -r,X (K ke % X" - fI [f(S) < m

m, =1,X'd,e*Bf'(S)1",n,=-(kKX'e* -K),n = (ke‘dlfs*ex* —1,X (kX '@ - K));
Casel: Specia case whenz =0, the (7) implies that

A2+ (m+n,) A% +(m+n)A+m=0 (8)
We will give out lemmafor positive equilibrium pointto show locally asymptotic stable.

Lemma3.1If(H2): r,>ke™,S >1/gr,X" >d,e* /1, f'(S)> f(S)/S holds, then all roots
of (8) with the negative real part, and the positive equilibrium point g* of (2) islocally asymptotic stable.

v e ()
Proof: First, by (H 2) ,we have (M +1,) =1, X" + I (f (S)—%}O,

(m+n)=ke¥SeX +de®pf'(S)I"+r,X BI’ ( f '(S*)—%J >0;
(m,+n,)(m+n)-m,>0,

under the conditions (H 1) —( H 2) , we know by the criterions of Routh — Hurwitsthe al roots with
negative real part of equation (8) and positive equilibrium point g* of (1) islocally asymptotic stable.

Case 2: whent # 0, we study the general casefor (7). Wewill give following theorem.

Theorem 3.21f (H1),(H 2), hold, and suiting one of following conditions:

(1) A>O,z*=(\/X—p)/3<O;

(2) A>0,Z =(VA-p)/3>0,h(Z)>0,

Then this system with that positive equilibrium point g* of (1)is absolute stability, if 7 >0, grisalso
asymptotic stability.

Proof: Assume there existsz™ > 0, such that the roots of character equation(8)with negative real part.

Since A(r)is continuous function forz , thereis somer (O, r*) such that 2 =iw(w > 0) for root of (7).

Now, substituting 4 =i into (7), and divide thereal part and theimaginary part of it,
—n,w® COSw7 + NwSinwT = Mo’ —m,
N’ Sinw7 + NECOSOT = @ — Mo ©)
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By sguare the both side of (18)and additive we obtain:

° -2mao* + Mo’ + Mo’ -2mme’ +m? = e* + o
Further, we have

o’ + po’ +qo’ +r=0 (10)
where  p=m;—2m-n;,q=m’—n —2mm,r=m’.
Set z= w?, then rewrite (10) for that :
22+ pZ+qz+r=0 (11)
and writing h(z) = 2* + pz’ +gz+r, definedA = p?> —3q, combine condition of theorem ,we have
that, ifA>0,Z =(vA—p)/3<0; or
andh(z') > 0, it iseasy to know(10)has no positive root. Thus, we get the conclusion of theorem.

Assumethe (H3):A>0,7 = (\/K— p)/3> 0,h(z') <0, hold, by lemma3.2 of literaturé™ to know

the(10)at | east apositive rootthat equation(8)must exist apair of pureimaginary root : tim, . Here, from (9)
we have

2 2 3
70 :i{a,ccos(nza&(ﬁb_”%wk}-ﬂ}a;(%_m)wk)j_'_zjﬂ},k:lz =012, (12)
@ nLa, +Na

Lemma3.3 Thereal part of elgen-roots satisfies condition:

dr dz
Proof: Form the both side of (7) by derivative for z ,we get

daY" &(day"
(EJ _;(El (13)

where
(d_ﬂ}'l_(3ﬂz+2mzﬂ +ml)e“ (d_/lJ 24 4n, (ﬂj -1__£
dr ), (nA*+na)a  \dr ), (nA*+na)a \dz ), yl

By computing, it, and applying (9), check thereal part of it, we easy get

Re(%j_lzl{—a) (m—Ba)z)(nla) COS@, 7 + N, SN Z')
d’Z' ) Q k k k k k k

+2ma; (—nza)k2 00S®, 7 +Nw, SN a)kz')}

(14)
1
=5{3a)f+2(m§—2n1)a):+(n’f—Zm)mz)a)kz}
di) o1 AN
R el — —J_ 2 2_2 2 4 ,R e :O,
e(drl o e - 2noi] e(drl
Q=n’w! +n’w; (15)
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From(14)and(15), we have

di)" & AN
Rel — | =) Re|l —
(dfj Z:‘ (df j

By using of (10)we have

:é{%ﬁ+2(m§—Zm—nf)wf+(”f—2”})mz‘n12)“’k2}

da)"' 1
Re(aj =5{3w,f+2pa),f+q}a>,f

Taking sign of above equality, we get

dh(w?
dgn(dlj sign{M},jo,Lz,---.
) dz

T

By assumpti on( H2) dh(a),f) / dz # 0, thustransversa condition holdsyand from existence theorem of

Hopf-bifurcation, weknow system (1.1) at 7 =z, (j =0,1,2,--")
yields Hopf -bifurcationjwe have follows conclusion:

Theorem 3.4 1f (H1),(H 2) hold, we obtain that

(1) Ast e [O, 7@ ) ,all root of equation (7) with negative real part, that islocally asymptotically stable at
positive equilibrium point g*;
(2) As ;> @, equation(7) has positive real part of root, that isjunstable at positive equilibrium point
E
(3)Asr=7"D (j=0,1,2,---) areHopf -bifurcation value of system (1).
THE STABILITY OFEQUILIBRIUM POINT E, =(0,0,0), E, :(rl/rz,0,0)

Theorem 4.1 We have following conclusion:

(1) Foranyz,,7 20, E,isaunstable point;

(2) If £ =0 holds: asK <k(r,/r,), thenthisislocally asymptotical stability at E, ;
As K > (k+kr, +2r,)r [ (1+1,)r,, thenthisisunstableat E, .
Proof. It is easy know that characteristic equation of (1):

A2 +mA% +mA+m+(nA®+ni)e’ =0
Substituting the value of E, into above equation, weeasy getm, =-K,m =0
m, =0,n, =K, n, = K. Thenthe Character equation of (1.1) at E, withthat form

2 (A-K+Ke*)=0 (16)
The equation(15) hastwo real rootswith ;4 = 0. Noticethat if 4 — 0, then
—K+Ke* -0, If 1 -+, K +Ke™" ——K . Therefore, theequation ) K +Ke™ =0
has at |east one positive real root. Thus, thisE, isaunstable point.
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(2)Inthe same way, substituting value of E, into follows equation

22+ mA? +mA+my +(nA® +ni)e’ =0, we have

e P A e A ()

2 2 2 "
A(ﬂz+(rl+ki—Kjl+rl(ki—Kj—(ki‘Kj(’l”l)eM]:O (17)
r2 r2 r.2
Next, consider that
A2+ p(r)A+a(r)+(r(r)+s(z)A)e* =0 e
Here,
(1)~ it =t
r, P

I’(T):—I’l(er:—K],S(T) =—(er:—K],

When 7 = 0, from
A% +(p(0)+s(0))A+q(0)+r(0)=0 (19)
By solving it, we get

~(p(0)+5(0))/( P(0)+ (0))° ~4(q(0)+1 (0))

A= 2
:—(r1+(1+r1)[k::—KDirl ] (1”1)(: l‘Kj
2 —[2r1+(1+ rl)(kZ—KD
2

WhenK <k(r,/r,), we can get that two roots of (10) are negative numbers, 4, , <0 this is locally
asymptotical stability at equilibrium point E,; When K > (k+kr, +2r,)r, /(1+1,)r,, we can get that two
roots of (10) are positive numbers, 4,, >0yit is unstable at equilibrium pointE ; When
K >1,(K(1+1,)—2r,)/1,(1+1) k> 2r,/ (1+1,) , we can get that two roots of (10) areapositive numbersand a
negative number, 4, > 0,4, <0, we can get that it is a unstable point at equilibrium E, .we compl ete the

proof.

DIRECTION OFBIFURCATIONAND COMPUTING FORMULAFOR BIFURCATION OF
PERIODIC SOLUTION
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By normal form method and center manifold theorem, we givethat direction of Hopf-bifurcation of (1),
and stability of bifurcation for periodic solution and periodic computing formulaof (1)

—,X X’ 0
)| 0 Kot - 1(s) S e uy
0 Br(S)I’ 0
0 0 0
+ kSe® (KX'e*-K) Olu(t-7)
0 0 0

Where u(t) = (X(t), S(), 1 (t))" -
Letu =X—-X",u,=S-S,u, =1 —1",T (t) = u (¢t),7 = 7, +V; then system (1) may write
u(t) =L, () + (1), (20)

where: u(t) = (ul(t),uz(t),us(t))T eRu (0)=u(t+0),L,:C— R’ f:RxC— R® may can correspond-
ing expresses follow :

-, X’ —eX’
‘(g ¢.(0)
L, (W) =(z+4)| O K—ke‘%X*—ﬂl*(f'(s*)-—; )j ~de || 4,(0)
o ¢,(0)
0 BE'(S)! 0
0 0 0)( (1) (21)
+(ro+ )| k&S (KX'e%—K) 0| g,(-D |,
0 0 o\4(=1)
and
f1 _r2¢12 (0) - e¢1 (0) ¢2 (0)
f(%ut):(“'o"’”) f, :(To"‘:u) k¢1(_1)¢2(_1)_rl , 22)
fs Be71'(S")4,(0)4,(0)+I2
Here,
=
ﬁe—dlr

——(31"(S)£0+2"(S)£0)+31(S ) #£(0) (0)+2f"(S) £(0)4 (0)) + O(4),
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r2=
pe™

= (317(S) 1 ¢2(0)+2"(S)I"g3(0) +31"(S') 2 (0)s (0) + 2 "(S ) 42(0)¢, (0)) + O(4)

BCAIJ, 9(6) 2015

By therepresentation theorem, there existence a function 7 (6, 1), with bounded variation for

6 €[-1,0],suchthat

- [1(6.006(0). or gec.
Indeed, it be chosen
n(0,u1)=(ro+u)A5(0)—(7,+1)B5(0+1),

wheres expresses Dirac — delta function (Dirac—ddta). Forg e C([—l 0], R3) , define

49(0)
A(u)p(0)=1 , ©
[dn(s,u)¢(s),0=0.

0e[-10),

And
_[0,6e[-10),
R(ﬂ)¢_{f(u,¢),9:0.
Asp =0, (20)equivaent
uat) = A(p)u, + R(u)u,,

Here,u(t) = (u,(t),u,(t)) . w(0)=u(t+0),0[-10).
For ¥ GCl([—lO].(RS)*),define

d!//(S)

ds se(-10],

Ky (s)=1,

jdnT (t,0)y (-t),s=0.

And bilinear product:

(v (s).6(0)) 0)- | [ 7(&-0)dn(0)9(£)de,
~1£=0
where,7(8) =7(6,0).°« A= A(0), then pand A" are adjoint operator.

Lemmab.1 Vector
1(0)=(10,6,) €**.¢ (s)=D(Lg g, )&~
BIOCHEMISTRY ¢ mm—
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aretwo character vector for the iw,7,is eigen value of A(0) and the—iw,r,0f A",
respectively, and <q* (s),q(9)> =l<q* (s),q(9)> =0, where
1
1+ 00, +0,0, —(ke’dﬂS* +(kx*e"’lfl -K ) ql)q:e‘i%’f’ '

D=

Proof. Assume ¢(8),q (s)are Character vector A(0) for im,and o° for—ie, (from above section

discussion), respectively, thenwehave Aq(8) =iw,7,q(6). From definition of A and (24), we obtain that
satisfy

iy +1r,X exX’ 0 1 .
| O iab+kedlfx*+ﬁl*[f’(§)—%j—K de® | q |=( 0],
. %) \0

0 —Bt'(S)I i,

By calculating, we get

] (X' +imy)  petf(S)Ig)
q(0)=(14,0,) =[L veat o }
Inthe sameway,
q; = ex’ q Y dzl*cﬁf.
k—(ke“’l’1><*+ﬁ(f’(s*)—f(s*)/s*)l*—K)+iw0' f e,

Next, finding that.

- [ B(Lg.@)e " dn(0)(La,0,)" eds

-1£=0

0
_ 5{1+ 4% +9,0 — [ (LT )oe™dn (6)(L a0 )T}

-1

= 5{1+ a0 +40 (ke ®*S +(kKXe %K) g )ge }

Therefore, choose

= {1+ qd, +9,0, —(kS* +(kX" - K)ql)qfe’if“’(’“’}d, suchthat <q* (s),q(9)> =1,
In the same method, we obtain

0 @

(4 (9.00)-baga)aaa) -] [ BRa e ano)aqay o

~1£=0

=0.
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Following thea gorithmsexplained in®! and using acomputation processsimilar tothat in”, whichisused
to obtain the properties of Hopf bifurcation:

=Y * —2imgT, — 1—* " * — 7, l—* " * * _—0i7;
920=2DT0{—r2—a:]1+kq1q262 °°+ﬁq1q2q2—5ﬂqquf (S)e d“+Eﬂq2q12f (SHI ed“},
Oy = 2Dr, {-2r, —eq, — €5, + kG, + kG, @, + BTG, G, O, + BTG, & + BTG, ¢ F(S)e ™},

N = =* = 2iwgT =t o =* Ny = fMQ\q 0T 1 = =2 e Q*\q- 0"
902=2Dro{—0.5e—r2—eql+kq1q2e2 "o 1 BG,0, 0, — 8T, 9, f"(S)e "“—Eﬁqquf (S)e

+%ﬂ@qﬁ%svré%},

— 1
G =207, {1+ Se W (0)- (26, + WL (0)
—(e+ BT q, f"(S)e " - Ba,q, f"(S)"e ** )W, (0)

1 O N R
_E(e"'ﬂqlqlf (S )e d“_zﬂqzqz _Eﬂqquf (S)I ed“jwz(oa(o)

e WG (1) + S (1) S8, WE ()
ke e WY (<1) - A TG 6 f (S )e ™ —%ﬂﬁi o, f'(S)e ™
A4 T G f"(S)e ™ + fqq | f"(S)e™ %ﬂﬁ;of@ fr(S)e™ (26)
+p,6,G, 1"(S)e +%ﬂq;qvw<§) (0)+ AT,V (0) + AT, Wy (0)}
Where

W,, (49) _ 190 q(O) gleno? +3'S¢(—](0) g it | Elezmofoe ,

20 4
igll i w70 igll = —iwyTol (27)
W, (0)=—-—==-q(0)e“"™ + ===-q(0)e" ™ + E
1(0) wofoq( ) %Toq( ) 2
hereE =(E®,E®,E®) e R’,i =12, for constant vector.
Further, by calculating with thefirst equation of (27), we get

E11 eX * 0 _rZ - eql .
0 E22 dze—dlr1 El — 2 kq; qze—Zi(oorO _Eﬁq:qlz f ”(S*)efdlrl ]
0 -pt(s)I”  E,

N
ﬂqlqzqz Eﬁqquzf (S )l € o
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Here

f(S
E,=2iw,+1,X ,E,, = 2ia)0+£kedfx* +ﬁl*(f’(s*)—(—*)]— KJ, E,, = 2o,

S
—r,—eq exX’ 0
2 * —2i g7 1 = "\ 5T —0,7;
EY =2 faae ™ - pggfi(Set B de®),

P
ﬂqlq2q2+§ﬂq20u2f (S)'e —Bf(S)"  Ey

E, —-I, —eq, 0
E® _% 0 ko ge? —% PR (S)et —dets|,
0 fAGT, +5ATET(S) e Eg
E. exX’ -1, —eq,
E9=210 B, kgoe™-Zpgai(S)e
0 -pU(S)IT paad+ pTE (S et
where
ES e 0
A=l 0 E, —de %17,

0 -pi(S)I”  E

In the same way, from the second equation of (27) that we have

r,X’ ex’ 0 —2r,—2eRe{q,}
0 E,-20i deg* |E =2 2kRe{q,}
0o -pf(s)” 0 BRe{G q,}+BRe(G,q }+ G q f'(S)e™

Moreover, by computing it, we obtain
—2r,—2eRe{q,} ex’ 0
EY = é 2kRe{q,} E,-2wj deg
BRe{G q,}+BRe(G,q | +p5,q f'(S)e®™ -pf(S)I” 0
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, r,X’ —-2r, — 2eRe{q,} 0
E? =5 0 2kRe{q,} d,e %"
0 pRe(qq}+ARe(dq|+A5q f(S)e* 0
) r,X ex’ —2r,— 2eRe{q,}
E;”’:E 0 E,—2a, 2k Re{q, }
0 -pf'(S)1I" BRe{qq,}+pBRe{qq|+A5q f"(S)e*"
here
X ex’ 0

B=| 0 E,-2wj deg*|.
0 -pt(s)Im o

Substituting E;, E, into (27), then we get g,,. So we can compute these quality§y

' 1 Re{C,(0
Cl(o) - ﬁ(gzogn _2|911|2 _§|goz|zJ+%,lu2 = _—Re{{ﬁ'l((f ))}} ,
%o .

Im{C,(0)} + i Im {4 (=)}

WOyTy

T, = B, =2Re{C,(0)}.

Hence, we have following theorem,
Theorem 3Assumethat

BCAIJ, 9(6) 2015

(28)

(1) u,decide the direction of Hopf-bifurcationyIf 4, > 0(< 0), Hopf -bifurcation for with upper critical

(lower critical);

(2) u,decidethestable propertiesof Hopf-bifurcation, If B, < 0(> 0), thisbifurcation with periodic solu-

tion iswith orbit asymptotically stable (unstable);

(3) T, diced the periodic of periodic solution for Hopf-bifurcation. If T, > 0(< 0), this periodic is mono-

toneincreasealong to r (monotone decreasing).

NUMERICAL SSMULATION

In this section, we check nonlinear function of incidence f (s) = s?, to giveseveral class parametersby
using of previous computing method and Matlab to get stability of fixed point for system (1). The abased by

use of linear term of feedback control K (S(t)-S(t-7)), and this term holds action for two delay

pe* S(t—7) X (t—7) and occurs rate, combine parameters of (1) to discuss dynamic action of (1).

(1) Suppose factor of feedback control K = Q, choose as follows parameters

BIOCHEMISTRY (mm—
A Indéan ﬂo«/md




BCAIJ, 9(6) 2015 Ning Chen et al. 235

—=== Regular Paper

rl r2 beta e k di d2 tau
1 1.2 1 1.5 1.2 0.18 0.25 0.2

We may computefor E’ (0.1970 0.5091 0.1148) ,o =0.2953 7" =3.9879yand from theorem2 know

the positive equilibrium g*islocally asymptotic stability, Figure 1 by(a)(b), and from theorem2 know at
neighborhood of positive equilibrium g*yields bifurcating periodic solution as Figure 2 by(a)(b) ex-
presses.

(2) WhenK #0,7 # 0,7, = 0.2, choose as parameters

ri r2 beta e k di dz2
1 1.2 1 15 1.2 0.1 0.2

Wewill discusesat g yieldsconditionsfor Hopf-bifurcation, if K =0,z = 0, Leti¢ isroot of characteristic
equation 1%+ pA®+ gl +r =0, itmust suitebellow equation

2 +(0.1667+0.6449K —(K —03161)° ) 2
+((0.2369-0.3224K )" ~0.0382-(0.1122+ 0.3224K )" ) 2+ 0.0006 = 0 )

wherez — 2. Set p = 0.1667 + 0.6449K — (K —0.3161)°,

q=(0.2369-0.3224K )’ —(0.1122+0.3224K )" —0.0382 andr = 0.0006, Then we have
A= p*—30=K?+355729K —304.2539. So, we havea > 0if and only if K < -0.3498

orK > 0.0132. From above Theorem 3.2, we haveZ =(—p++/A)/3>0,A=p*~3q>0,
whenK > 0.3812, the equation (*) has positive root.
(1) Takingk =2,K#0,7#0,7, =027 =7, Wemay computefor E (0.2687,0.4517,0.5024),
o =1.4955,7; = 0.4562. By lemma3.3 and from formula of calculating method for (5.9), we have

0.5
X
X1 3 . 4 \
. \u
. 04 ]
L = 3 F
i .03 e
0.4k -
— Il \\'\.\
o ELA) i 0z. e
g
J >
o.zf "‘A\T"“‘*-—--- — 0.4
d L M
'
05 T~ 0.25
0.1
045 e 0.3
T 0.25
s -]
. ; . . ; . B e 2
o 50 100 150 200 250 300 0.35
. . 35
time v
(a) implies wave form of (1) (b) implies images of(1)

Figure 1 : When; = 2 < ¢, the positive equilibrium E* is asymptotically stable
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(b) expresses images of (1)

Figure 2 : When; =55~ ¢, bifurcating periodic solution fromoccur.
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Figure 3 : (a) implies wave form of(6.1).
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(a) implies wave form of (6.1).
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Figure 3 : (b) implies wave of(6.2).

(b) expresses images of (6.1).

Figure 4 : When bifurcating periodic solution fromoccur.

that as 7 = 7, these value of parametersReC, (0) <0,
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Figure 5 : When bifurcating periodic solution fromoccur
1(7;) o’ + o’ _ l(r;) ReC, (0)
R = 2 =1.8639>0,SgnRe;——~1>0 =———F>0
e{ dr } 30 +2pw’ +q s B P A He Reﬂ(rl) and
=2ReC, (O) <0, wemay get stability for positive equilibrium point (See Figure 3 (a)) of bellow system
X = X(t)(1-1.2X (t)) -1.5X (t)S(t),
S(t) =1.2e %% S(t - 7)x(t — ) — S*(t) 1 (t) — 0.1S(t) + 2( S(t) - S(t - 7)), 28

[(t) = S*(t)1 (1) —0.2- 1 (t).
and hold conclusion for periodic solution (See Figure 4(a),(b)).
(2) TekingK = 2,K #0,7 =7, =0.45§We may compute for E’ (0.2616 0.4574 0.4892) :

o =15148,7; =0.4500. By lemma3.3 and from formula of calculating method for (27), we have that

ast =1, , these value of parametersReG (0) <0

Alm)| _ (%)
Re dr =1.8639>0,3gnRe dr > oand,B2 = 2ReC, (0) < 0 ywe may get stability for
positive equilibrium point (See Figure 3.(b))of bellow system

X = X(t)(1-1.2X(t)) -1.5X () S(t),
S(t) =1.26°% S(t — ) x(t —7) — S?(t) I (t) — 0.1S(t) + 2(S(t) — S(t 7)), )
I (t) = S2(t)1 (t)—0.2- 1 (t).

and hold conclusion for periodic solution(See Figure 5. (a),(b)).
CONCLUSIONS

In this paper, an eco-epidemiology model with nonlinear incidence and susceptible (the predator popu-
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lation) pregnancy number delay of isformulated.

Sufficient conditionsof loca stability of the posi-
tive equilibrium arc given by analyzing the charac-
teristic value of linear system (1) and conditions
ensuring the existence of Hopf-bifurcation are ob-
tained. It is proved that when the delayis suitable
small, the positive equilibrium is locally stability
and the Hopf-bifurcations occur when thepasses
through a sequence of critical values (such as).

In the literature, however, the system (1), there
are few research. This paper from two aspects of
theory and numerical discussion for ecol ogical-epi-
demic model with delay, asyou can see, the numeri-
cal results and the theoretical research are same
meaning, so asto verify thevalidity of the theoreti-
cal for derivation. Through the discussion of this
paper, not only can reflect the behavior of the com-
plexity of the system dynamics, but also deepened
with the feedback of the general time-delay control
ecol ogical-epidemic model corresponds for its dy-
namic behavior.
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