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ABSTRACT

In this paper, a model to core-shell structured polymer nanofibers depos-
ited via coaxial electrospinning is presented. Investigations are based on a
modified Jacobi-Gauss collocation spectral method, proposed along with
the Boubaker Polynomial s Expansion Scheme BPES, for providing solution
to anonlinear Lane-Emden type equation. The spatial approximation has
been based on shifted Jacobi polynomials B'\” () with a, 8 € (-1,0),T >0
and n wasthe polynomial degree. The Boubaker Polynomials Expansion
Scheme BPES main feature, concerning the embedded boundary condi-
tions, have been outlined. The modified Jacobi-Gauss points are used
as collocation nodes. Numerical examples are included to demonstrate
the validity and applicability of the technique and acomparisonis made
with existing results. It has been reveal ed that both methods are easy to
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implement and yields very accurate results.
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INTRODUCTION

Polymer nanofibershavegained much attention due
totheir great potentia goplications, such asfiltration, ca-
tayss, scaffoldsfor tissue engineering, protectivecloth-
ing, sensors, e ectrodese ectronicsgpplications, reinforce-
ment and biomedical use*®.. Particularly, polymeric
nanofiberswith core-shell Sructurehavebeen dtractive
inthepast decades*?. Co-axid e ectrospinning, which
hasemerged asamethod of choiceduetothesmplicity
of thetechnology and itscost effectiveness, providesan
effectiveand versatileway to fabricate such nanofiberg®
8. Thistechniqueusesahigh electricfield to extract a

liquid jet of polymer solution from the bot core and
shell reservoirs. Theyielded jet experiences stretching
and bending effectsdueto chargerepulsionand, inthe
process, can reach very small radii. Co-axial eectro-
spinning can not only be used to spin the unspinnable
polymers (Polyaramid, nylon and poly-aniline) into
ultrafinefibers, but al so ensureskeeping functiondizing
agentslikeantibacteria and biomoleculesagentsinsde
nanofiberg®,

In this paper, a mathematical model to coaxial
el ectrospinning dynamics, in aparticular setup, ispre-
sented. Themodel isbased on solutionsto therelated
Lane-Emden equation on semi-infinitedomains:
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u"(x)+;u'(x) =g(x,u(x)); O<x<wo Q)

Lane-Emden type equations model many phenomena
in mathematical phys csand nano-applications. They
werefirst published by Lanein 18701*, and further
explored in detail by Emden(*3. In the last decades,
Lane-Emden hasbeen used to model severa phenom-
ena such asthe theory of stellar structure, quantum
mechanics, astrophysicsand thetheory of thermionic
currentsin the neighbourhood of ahot body inthermal
equilibriumand thethermal behaviourof anisothermal
gaseous spherd+ 8, Evenif Lane-Emden problemwas
numerically challenging because of thesingularity be-
havior at theorigin, severa methodshavebeenusedin
order to solveitin semi-infinitedomains. Boyd*? used
domain truncation method replacing the semi-indinite
domainwith[0,K] interval by choosingK, sufticiently
large, while Shen'®! used spectral -Gal erkin approxi-
mations based on Laguerrefunctionsto perform ana-
Iytical solutionsand demonstrated that they werestable
and convergent with spectral accuracy inthe Sobolev
spaces. Maday et al.!*! proposed a Laguerre type
spectra method, Siyyam(®@ agpplied two numerica meth-
ods using the Laguerre Tau method, and Guo'® refor-
mulated theorigind Lane-Emden problemtoasingular
probleminabounded domain by variabletransforma:
tion usngthe Jacobi polynomidls.

Thispaper isorganized asfollows: In Section2we
present anillustrated formulation of the problem, then,
in Section 3, wegivean overview of themodified Jacobi-
Gauss coll ocation spectral method dong withitsgppli-
cations, andin Sections 4, we present the fundaments
and the application of the Boubaker PolynomiasEx-
pansion SchemeBPES. In Section 5, resultsare plot-
ted and discussed al ong wirh comparison with some
existing solutions. A conclusionisgivenin Section 6.

PROBLEM FORMULATION
As per Spivak et al.[?*? mass balance, linear

moentum balance and el ectric charge balance equa-
tions describe polymer fibers e ectrospinning process:

V.i=0 ()
p(li.V)i = VF™ + VF® ()]
vJ=0 @

where {j istheaxia velocity, j isthedectricd current
density, pismateria density, mand pe areterms
which represent viscous and electric forces, respec-
tively.

Under the assuptions of a steady state jet and a
neglectiblethermal effort, thee ectrically generated force
isdominant, themonodi mentional momentum equetion
ishencer

ou(x) _ 20(X)E(X)
u x pr ©)
where u isthemodulusof theaxia velocity, r isthe
radiusof thejet at axia coordinate x (Figurel), o(x)

isthe surface charge density, and g isthe exogenous
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Figurel: Schemeof thestudied setup
eectricfiddintheaxid direction.
By introducing the charge bal ance equation:
2ra(X)u(X)+rkE(x) = (6)
wherel istheéectrical current intensity and kisacon-

stant which depend only on temperaturein the case of
anincompressiblepolymer, it gives.

J au(x) _ Ex)(l -1 ’kE(x))

ox preu Y
Then, by introducing thevariable:
y =-6Ln(u) 8)
itgives
8y _ BE(X)(I =r *kE(X)) ¥4
ox pr? e/ ©)
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By differentiating thelast equation, along with assuming wesk r-dependence of thevariablex, wehave:

dE(X) 12dE(x)
Oy | 7 ax i, dx s SECUI=TKEC) 0y |
oX pr P pr ox

6

(10)

and by choosing the exogenousel ectric field profile so that:

BE()(1 -1 *kE(X)) _ 2 2wy
pr X
6 JE() 12dE(x)
p?? e + ‘;X E(x)e’2 =—6Ln(u)(-6-4Ln(-6Ln(w)e 2

(1)

it gives, by annexing boundary conditions:

oy, 29y
x> X ox
y(0)=1&
y'(0)=0 (13

—6y(x) = 4y(x)Ln(y(x))

MODIFIED JACOBI-GAUSSCOLLOCATIONMJGC METHOD

Leta > -1, 8> -1and R““” bethe standard Jacobi polynomid of degree k . Wehave:

-1k +p+1)
KIT(B+1)
r'k+p+1) (13)
KIT(B+1)

PP (=x) = (1) PP (x), R (1) =

PP (D) =

Then, let T > 0, thenthe shifted Jacobi polynomial of degree k ontheinterva (0,T) isdefined by :

i 09-r o »
Consequently, wehave:

'k+p+1)

KIT(B+1)

DTk +B+1) (K +a+p+1)q (15)
TT(k-g+1)r'(q+p+1)

PED (0= (-

DR (0)=

For o = g onerecoversthe shifted ultraspherica polynomias(symmetric shifted Jacobi polynomials) and for
a=p= 1% .a = =0 theshifted Chebyshev of thefirst and second kinds and shifted L egendre polynomialsre-

spectively; and for the nonsymmetric shifted Jacobi polynomials, thetwo important special cases a =4 = i%
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(shifted Chebyshev polynomia sof thethird and fourth kinds) area so recovered.
Jacobi-Gaussinterpol ation startsby denoting x{”0< j <N thenodes of the standard Jacobi-Gaussinter-

polation. The corresponding Christoffel numbersare w{(”’ 0< j < N . The nodes of the shifted Jacobi-Gauss

interpolation ontheinterva (0, T) arethezerosof P#), (x) , denoted by x&f) =

(7/)**' =P . The correspond-

ing Christoffel numbersare =) = (T/Z)”””w(N“,j‘” .Let s,,(0,T) betheset of polynomiasof degreeat most N.
Thanksto the property of the standard Jacobi-Gauss quadrature, it followsthat forany A € S,,,,(0,T):

a+f+1
_[OT (T—x)*xPA(x)dx = (%) _[_11(1— x)*(1+x)P x’A[[%)xm’) + 1jdx

- a+f+l
(3] Zoemaber)
2 j=0
where x{*¥ and ={"%) arethe nodes and the corre-

sponding weights of the shifted Jacobi-Gauss-quadra
tureformulaontheinterva (O, T), respectively.

For solving (12), wefirst set:
Sy(0,T) = Span{F’T(?d’” (), PP (%), -, 7

Thus, for any ue S, (0,T), the norms ||“||W<Tavﬂ>,N and

PP (%)

||U||W<Ta~ﬂ> coincide.
Associating with thisquadrature rule, we denote

by |7 P*P theshifted Jacobi-Gaussinterpolation:
e )= ub ) o<k 1

Theshifted Jacobi-Gauss collocation method for solv-
ing (xxx) istoseek z, (x) e S, (0,T) , such that:

zy(x) = Za PTM5 (x), a=(ag,a;,-ay) (19
Let:
zy(x) = Za PTM5 (x), a=(aga;,-ay) (20

Wefirst approximate z(x), z'(x) and 2" (x), asEq. (19).
By substituting these gpproximationin Eq. (19), weget:

1 S i o+2,B+ o
728 i+ a+ B+ DRSO ) +
j=0
1 C H o+1,p+ o
238 ar DR
Za (j+a+p+D)PETH (x4

(21)

L@p)
XYk 2

+ 4Za PEA (x40 )+6

(16)

Next, after using (13) and (15) at g =1, wehave:

l“(J+B+1)
,Zo( Y res i@+

i(_l)j_l T(+p+1)(j+a+p+1) Q=
j=0

T(j-)ITR+2)
Finaly, from (19), (21) and (22), we get (N + 1) non-
linear al gebrai c equationswhich can besolved for the
unknown coefficients a by usingany sandarditeration
technique, like Newton’s iteration method. Conse-
quently, z, (x) givenin Eqg. (20) can beevauated, and
then the approximate sol ution of (12) can be obtained.

(22)

The boubaker polynomials expansion scheme
BPES

The Boubaker Polynomials Expansion Scheme
BPES?5%! js aresolution protocol which as been
successfully applied to several applied-physicsand
mathematics problems. The BPES protocol ensures
thevalidity of the related boundary conditions re-
gardlessmain eguation features. The BPESismainly
based on Boubaker polynomials first derivatives
properties:

ZN:B4q(x) =-2N#0;
9=1 x=0
=1 _
X—I’q
and:
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$8Ba)
a=1 dx x=0
J$Ba g,
q=1 dX x=rq q=1 d
n (29
4rn[2_rn2]xZBézlq(rn)
With :H, =B, (1,)= i T s
B4(n+l)(rn)

Severd solution have been proposed throughthe BPES
inmany fiddssuchasnumericd andys g%, materid char-
acterization®’, theoretical physics?, mathematical a-
gorithmsg?, heat transfer®-* and homo dynamicg*.

The Boubaker Polynomials Expansion Scheme
BPESisapplied to the system (12) through setting the
expresson:

18

N Z)“k xBy (xry)

0 k=1

u(x) =

(25)

where B, arethe4k-order Boubaker polynomials, x
€ [0,1] isthenormalized variable, r are B, minimal
positiveroots, N, isaprefixedinteger and /.., ,, are
unknown pondering red coefficients.

Thanksto the properties expressed by Equations
(23) and (24), boundary condition aretrividly verified
in advancetoresolution process. Thesystem (1) ishence
reduced to:

18 d’B,, (xr.)
A Xx—— k2

2N, kz_:l : dx?

No No

b, 1 Zxkxw_iz;\_kx&w(xrk):

XN0 kel dx N0 Kl (26)
2 Y 1 %0
— > A xB, (xr Ln(=—>"A, xB, (xr,))
No k=1 No k=1

The BPES solution isobtained by determining thenon-

null set of coefficients|, , , thet minimizestheabso-
lutedifference A
[ 1 No _ 1 No ,
Ay, = [ZNO k;xk xAk]—[ZN0 Z;lxk xAkJ
with:
t d’B
JA =rfj; dx;k (xxr,)dx
s zx dB. (Xxr, )+ (27)
, X dx
A =-r 1 N dx
ol 6+ 4Ln(N—ZB4k(xxrk)JB4k(xxrk)
0 k=1

—== Pyl Paper
Thefind solutionishence:

1 No-
Zkk x By (xr,)

0 k=1

u(x) =

(28)

RESULTSPLOTSAND DISCUSSION

Plots of the solution obtained by the modified
Jacobi-Gauss coll ocation spectra method are presented
inFigure 2, dong with BPES sol ution.

According to theresultsrecorded by Theron et
al.®% Heet al.l¥3% Xu et al.*¥ and Thompson et
al.*% velocity at the beginning of the processis
jugulated along ashort path thenisexponentidly ac-
celerated. These features are fully verified in the
present results (Figure 2). It seemsthat thetwo meth-
ods ensure the preset boundary condition expressed
in EQ. (12). From amethodological point of view,
the BPES resolution processforcesthe validity of
the boundary conditions prime to establishment of
the resol ution a gorithm while the modified Jacobi-
Gauwss collocation spectral method takes boundary
conditionsinto account at the samelevel with the
main equation.

MJGC

solution
el

BPES
solution

Figure?2: Solution plots

Figure 2 displaysavel ocity profilewhich matches
perfectly the conditionsevoked by Zhmayev et al .*1
and Shin et al.[*d. In fact, along an unitary path, jet
velocity increases of about 300 percent, whichisafa
vorableconditionfor fiber formationt#-42,

Additional error analysesyielded ameanrelative
error below 0.4% (Figure 3).
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Figure3: Meanerror analyses

CONCLUSION

The Lane-Emden type equations describe avari-
ety of phenomenaintheoretica physicsand astrophys-
ics, including polymer fibres e ectragpinning processdy-
namics. Inthispaper wetried to giveafounded supply
to recerntly proposed rel ated models. Efficient and ac-
curateresol ution schemesbased on acomparative study
of amodified Jacobi-Gauss coll ocation spectral method
and the Boubaker Plynomia sExpanson SchemeBPES
have been used.

Plotsand error anaysisillustrationsweregiven to
demondtratethevdidity and gpplicability of themethod.
Theresultsshow that themodd isnot very far fromred
assumptionsand consderations.
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