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ABSTRACT

In this paper we study the Oscillatory and Non Oscillatory Properties of Difference Equations of
Riccati type. The Riccati’s difference equation is defined by —

A(p(n)Au(n)+r(nu(n+1)=0,neN

Key words: Difference equation, Sequence, Oscillation and Non Oscillation, Double summation, Riccati’s
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INTRODUCTION

In the recent years there has been a lot of interest in the study of oscillatory and non
oscillatory properties of difference equations.

We are concern with the oscillatory and Non Oscillatory properties of Riccati’s
difference equation of the form —

A(p(NAu(n)+r(mu(n+1)=0, neN ...(1)

where the functions p and r are defined on N, and p(n)>0 for all ne N. The
difference equation (1) is equivalent to p(n)u(n+1)+ p(n—Hu(n—1)=q(n)u(n), ne N
with g(n)= p(n)+ p(n—=1)—r(n—=1). If u(n) is a solution of (1) with u(n)u(n+1) >0 for all
ne N(a), then the Riccati type transformation we let v(n)= p(n)Au(n)/u(n). Since
v(n)+ p(n)= p(nu(n-+1)/u(n) > 0, this leads to Riccati type difference equation.
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v(nv(n+1)+r(n)v(n)

Av(n)+ +r(n)=0,neN(a) ...(2)
p(n)
which is same as —
Av(n)+&+r(n):0,neN(a) ...(3)
v(n) + p(n)

Definition: 1 (Difference equation): An equation which expresses a value of a
sequence as a function of the other terms in the sequence is called a difference equation.

Definition: 2 (Order of a Difference Equation): The difference between the largest
and smallest arguments appearing in the difference equation is called its order.

Example, Y., —3Y, + Y, =€ ¥, (2" order Difference Equation)

Definition: 3 (Oscillation and Non Oscillation): The sequence y is said to be

oscillatory around a (aeR) if there exists an increasing sequence of integers {n, |

., such

that (Yn, — @) (Yn,,, —@) < 0 for all k € N. If it is not Oscillatory then the difference equation

is non oscillatory.
RESULTS AND DISCUSSION

Theorem 1: The difference equation (1) is non oscillatory if and only if there exists
a function w(n) defined on N with w(n)>—p(n),k € N(a) for some a € N, satisfying.

w(nw(n +1) + r(n)w(n)

Aw(n) + +r(n)<0 ...(4)
p(n)
or equivalently
w’(n)
Aw(n)+m+ r(n0<0 ...(5)

Proof: Since the necessary part is obvious, we need to prove only the sufficient part.

p()

I=a

n-1
For this, let z(a) =1, z(n) =H(l+m], ne N(a+1) then z(n) >0 forall ne N(a) and

A(p(n)Az(n))+r(n)z(n+1)<0 ...(6)
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Therefore, by definition the difference equation (1) is Non oscillatory if and only if
there exists a function v(n)satisfying v(n) >0 and A(p(n)Av(n))+r(n)v(k +1)<0 for all

sufficiently large ne N.

Theorem 2

-3

limsupn 2 " p(l) <o ..(7)
n—o0 1=0

and the difference equation (1) is non oscillatory. Then, the following are equivalent.

(1) hm ZZ r(r) exists ...(8)
| =0 7=0

(ii) lim— ZZr(r)> —o0 ...(9)
| =0 7=0

(i11) For any non oscillatory solution u(n) of (1) with u(n)u(n+1)>0, ne N(a), the
function v(n) = p(n)Au(n)/u(n), ne N(a) satisfies.

<V
2 p) <* 10

Proof: Clearly (i) implies (ii). To show that (ii) implies (iii) suppose to the contrary
that there is a non oscillatory solution u(n) of (1) such that v(n) = p(n)Au(n)/u(n) >—p(n)
for all ne N(a) and

Z‘” v o 0
v+ p(l) (11
From (3), we have

I=a V(I)+ p(l) l=a

and therefore for all ne N(a)
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—Z( v(l+1) =~ ZZ V@) (13)

I =a r=a V(T)'+ p(r)

z_zzr() (k a+1j @

I =a r=a

From (9), (11) and (13), we obtain limLZ(— —V(I+1)) =0 and hence
n—o N

I=a

lim— Z|v(|)|_ ...(14)

Let p(n)=v*(n)/v(n)+ p(n), ne N(a). Then, p(n)>0 and p(n)=0, if and only,
if v(n)=0. Let A(n)=v*(n)/ p(n), if v(n)#0 and A(k) =0, if v(n)=0. Then, we have
p(n) = A(n)—v(n) and hence

N2> p=n2> Al)+n2 Y (-v(l) 5
l=a I=a I=a

Thus , in the equation (7) and A(n) > 0it follows that —

-3

1imsupn72n:(—v(l))<oo ...(16)
n—o -

1
Therefore, on dividing both sides of (13) by n?,and in the resulting equation using

(9) and (16) leads to —

llmsupnzzn:ZP(r)<oo ..(17)

I=a z=a

Now since

-3 2n

k2 ZH:P(I) n? nzn:P(I)<nzzZP(r)

l=a 7=a

= 25(2n)_7izlj P(r) from (17) we have —

l=a 7=a
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1on

limsupn 2" P(l) <o ...(18)
Nn—o0 I—a

From (18) there is an M > 0 such that —

(Z|v(|)|j =(Z(A(I)P(I))2J <> A P <Mn2 > Al
I=a I=a I=a I=a

I=a =

Therefore, it follows that —

S ams L)
n gA(I)ZM(nZMI)U

I=a

and hence from (14) — (16), we have —
-1 n
limn2 " p(l) =
n—o0 =
which contradicts (7).

Finally, we shall show that (iii) implies (i). Let v(n) be as in (iii) and let

B(n) = > ().
I=a

Then, we have —

n

(ZV(')] <B*(l) =(Z[P(|)(V(|)+ p(l))]zJ
I=a

I=a

<D P v+ p) < | (B(n)+ > p(I)J < 2Lmax{B(n), > p(I)}
I=a I=a I=a I=a

where L = i P(l). Hence, we have B(n) < max{2L,[2 LG: p(l)]z}

l=a I=a
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n
Thus, from (7) it follows that hm(ljB(n) 0, so that lim(ljZ(—v(l +1))=
n—o\ N

I=a

The result (i) now follows by letting N — o in (13).

Theorem 3
Assume that limlz p(l) <o ...(19)
nN—o0 n =0
hmmfzz r(z)=—w ...(20)
1=0 7=
hmsup ZZr(r)> —00 ...(21)
I =0 7=0

Then, the difference equation (1) is oscillatory.

Proof: Suppose to contrary that (1) is non oscillatory and let u(n) be any non
oscillatory solution. Let v(n)= p(n)Au(n)/u(n) for ne N(a). Since condition (7) follows
from (19), Theorem 2 and (20) imply that (11) holds. But, from (13) we have —

limsup— z v(I+1) >11msup zz V(@) hmsup ZZr(r) v(a) =,

n—e IaraV(T)+p(T) N Iara

which is impossible from —v(l +1) < p(l +1) and (19).

Theorem 4: If there exist two sequences {n,} and {m,} of integers with m, > n, +1
such that —

n —>oasl—>o

mj—1

and D r(@) = p(n)+ p(m) ...(22)

T=N|

then (1) is oscillatory.

Proof: Suppose that (1) is non oscillatory. Then, there exists a non oscillatory
solution u(n) such that u(n)u(n+1)>0 for all ne N(a) for some ae N. v(n)= p(n)Au(n)/

u(n). Then, v(n) satisfies (3) Let v(n)>-p(n) for all k neN(a+1) and then this

contradiction will prove the theorem.
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From (3) @) =wa) ~wa+ )= S <pias GRS

p*(a)

@)+ p@) p@+1)+p(a)

=p@+h+p@)-

Therefore, (22) holds for n=a+1. Forany ne N(a+2) from (3) we have —

n-1

D or(h=v(a+1)—-v(n)- ni&< u@+1)+ p(n)

I=a+1 I:a+1v(|) + p(l)
However, since v(a+1)= p(a) (1 __u@ )] —z(a)<p(a)—r(a), it follows that
ua+1)
immediately.
CONCLUSION

By using theorems (1) and (2) the given Riccati difference equation (1) is Non
oscillatory and by theorems (3) and (4) the given equation (1) is Oscillatory.
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