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ABSTRACT

In this paper, let MR be a n-dimensional submanifold without umbilical point on unit
sphere S®, we use some Moebius invariants to get two pinching theorems about the

Moebius sectional curvature, which give the characterizations of Veronese submanifolds
and Clifford tori.
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INTRODUCTION

Let M" be a n-dimensional submanifold without umbilical point on unit sphere S", Wang
(cf."™Musing conformal differential geometry to establish the theory of conformal differential geometry

of submanifolds, and give the classification of the vanishing Moebius form in unit sphere S°.
Submanifolds are obtained fully invariant system under the conformal group. Many conformal
submanifolds in differential geometry was classified completely (cf*™), which apply the invariant
system---Moebius form, Moebius second fundamental form B, Blaschake tensor A, and then
submanifold of unit sphere S" is given a number of important Moebius characters. In this paper, we
prove two Moebius sectional curvature pinching theorems, which give the characterizations of Clifford
tori and Veronese submanifolds by the Moebius invariants.

Orthonormal frame field and Riemannian curvature. Let M be a n-dimentional Riemannian

el’eZ’” a)z,...

manifold, €, a local orthonormal frame field on M, and @ '@ is its dual frame field. Then

the structure equation of M are given by:

dO)i=Z(Dj/\(Dji y (Dij=—0)ji (1)
i

1
d(Du:ZO)” /\(DU—EZRIJI(M A @ (2)
| kil

where w; is the Levi-civita connection and R, the Riemannian curvature tensor of M. Ricci
tensor R; and scalar curvature are defined respectively by

R, = zk: R, T = Zk: R @)
MOEBIUS INVARIANTS
Let R is a n+2-dimentional Lorentzian space,
X = (X Xy X0) s Y = (You Yaseewons Vo) o
define < X,Y >=—X Yo + XYy +oeee + X1 Vi (4)

Let x:M™ — S" is an Immersed submanifolds without umbilical point on unit sphere, and
position vector Y = p(1, x),

P =%(||II||2—mH2) )

then g =< dY,dY >= p?dx-dx is Moebius invariants.
In the unit sphere, let {e,,e,, -, e, }a local orthonormal frame field on M, and {®,, ,, -, @, }is
its dual frame field. wherel<i, j,k,I....<m; m+1< ¢, f,....<m+ p=n, then

A:z:Aija)i Anw; ,B= ZB;‘a)i roE,, ¢ :ZCi“a)iEa
i i

i,j,a



BTAIJ, 10(11) 2014 Nan Ji et al. 5479

where A is Blaschake tensor, B is Moebius form, ¢ is Moebius second fundamental form, then
we get the equation as follows :

Aij,k - Aik,j = Z(Bfic}” - Bi;'ZCI?) (6)
Z(Blk Ak] - k] ) (7)
Bi(jl,k - Bi(i,j = 5ijCka _5iija (8)
R = Z(Blk - By Bjk)+ A|k5 + A, O — A 5Jk Ajk5i| 9)
1+ m?R 2 _ M- 1 1
B =0, trA= ,R= R 10
Z| Z ZI]( m(m_l); JY ( )

where Ry, is the Riemannian curvature tensor of M, R is the normal Moebius scalar curvature of

PINCHING THEOREMS
LemmalLet x:M™ — S is submainfolds without umbilical pointon S", Va e R*

(m—l)atrA

= _A”B” = ”VB” +(1+a) Z B (B Ruj + B Ruge) —

ija, tk

+ay tr(B,Vg,)—(1—-a)d [tr(B:B2)—tr(B,B,)*1+a [tr(B,B,)]* —ma) tr(AB) Lemma 2
a a,p a,p a

ZZaﬁ[tr(Bsz)—tr(BaB )2]+za’ﬁ[tr(BaB )T £[1+%sgn(p—1)]||B||4 (11)
if and only if
() p=1

or (ii) p=2, B™, B™? at the same time as
—m+l —m+2

AB  ,uB ,ﬂzz,uz,

100 ..0 0 -1 0 ..0
§m+1: O O 0 . O ,§m+2: O O 0 0
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Theorem 1 Let x:M™ —S" (n=m+ p) is submainfold without umbilical point inS", K is the
infimum of the sectional curvature, then

K<

1 1
Ssan(p -1 -1,
p

] m-1 1 1
if K> 1+ =sgn(p-1)--—],
2m2[ 559 (p-1) Io]

x(M) is Moebius equivalent to a Versonese surface in S*,

or is equivalent to Clifford tori in S™**, S"(\/E) x S™7(. /m_—k) (1<k<m-1)
m m

Theorem 2 Let x:M™ —S" (n=m+ p) is submainfolds without umbilical point inS", K is

infimum of the sectional curvature, D = A—itrA- id , then

m
\/ D]+ trA i K > \/ ZIPl+
2(m +1) 2(m +1) m+1
x(M) is Moebius equivalent to a Versonese surface S™( 2(erl)).

Then, we prove the theorem.
Proof of Theorem 1

Let x:M™ — S"(n=m+ p) is an submanifolds without umbilical point on unit sphere, K is the
infimum of the sectional curvature, In Lemma 2, let a =0, then

0= ”VBHZ + z B (By Ry + By Ryge) _Z[tr(BaZBZ) ~tr(B,B,)’]

ijo,tk @B (12)
Because
B 4
LB (BiRy + B R > mK 8] % <2[(B,B,)1" <|8f (13)
L),a,t, -

then 0> [VB|* + mK|8|’

—%{22[tr(8§82)—tr(8a8 )1+ [tr(B,B )]2}+§Z[tr(BaBﬂ)]2
a,p a,p a,p

1 1 1
> V" + B - 2 Ssoncp -1l + ol "

Because ||VB||2 >0, Then
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K - (15)
if K> m_21[1+isgn(p—l)—£],then
2m 2 p
m 1
K= -= 16
m? IO] (16)

Because |[VB||=0 ¢ =0, according to the lemma 1, we get the following,
M p=1, K=0, x(M) is Moebius equivalent to a Clifford minimal tori

Sk(\/%)xsmk( /mT—k) ()l<k<m-1lin S™*,

(ii) p=2, K=1/8, x(M) is Moebius equivalent to a Versonese surface in S*

Proof of Theorem 2

Let x:M™ — S"(n=m+ p) is an submanifolds without umbilical point on unit sphere, K is the
infimum of the sectional curvature, in Lemma 1, let a =m/(m+ 2), from (13) and

trDB%| < ———
We obtain
2(m+1)m m(m - 2) 2m
mi2 m+2.\/rn(m71|| " trASO (17)
Then
2(m+1)\/ || ||+ TtrA (18)

If K> ,/ ||D|| trA
2(m +1) m+1

Then

2(m +1) ' m ” ” m+1 (19)

From |VB| =0 we obtain ¢ =0,

Let {e,e,,---,€,} is alocal standard orthogonal basis on TM, A; = 4,6, D; = 16,
From (17) take the equal sign, get all the A4, is equal to each other,

ij !
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let 4, =...=4,, then A2 == dn.
Then, we let
:—(m—l)/,[, Bzz == Bmm =H,
m-1 - - 1

o= = M0 @

from (6), we get

m m

(m-1)°p* +(m-pu* =

whena >2, B,, =0

because B,; # B, , we obtain
w, =0
ZBla,ja)j =dB,, +Z(Blja)ja + Bjaa)jl) =(B,, —By)®,,=0 (22)
i i
1
_EZRmmwk Aoy =dao,, _Za)lk Aoy, =0 (23)
k.l k
From (15)
O = Rlala = BllBaa + All + Aaa = _(m —1)/12 + j’1 + ﬂ (24)
-1
A= (25)
m
O = Z Ala,ja)j = dAia + Z Aija)aj + z Aaja)jl = dAla + (All - Aaa )a)la (26)
j i i
then Ala,j = Alj,a = O All,a = O’ Ala,a = Amz,l = 0
Apo+ D AL Lo, =Y A0 R<a<ml<j<m) (27)
a i

because of 0=>"A,, ., =dA, + > A o, + > Ao, =dA,, we get 4, =const.
j j j
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If A4 and @, =@, =....=w, =0, assuming that M"™ =M, xM ], K=0. From (19), we
obtain K = — ~1 , Which is contradiction with K=0, then 4, = ﬂ«,j«l =.= ;Im =0, D=0.
2m(m +1)

Then we obtain R=K=1/[m(m+1)]. x(M) is Moebius equivalent to minimal submanifold in S",
then p® =const, A; =5,/2, From g=p°dx-dx, we get K=p K, and p~ =2tr(A)/m. From

trA=(1+m?R)/2m, we get p 2 =(1/m?)+R, K, = X m o Then we obtain M is isometric to
m +
the Veronese surface S™(/2(m+1)/m).
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