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ABSTRACT KEYWORDS
This study is concerned with the treatment of the dynamic behavior of Piezoelectric bimaterials;
piezoel ectric bimaterial s containing interacting interface crack and circular Interface crack;

cavity under time-harmonic anti-plane shearing. The exact electric
boundary conditions at the edge of the circular cavity and the permeable

Circular cavity;
Dynamic stress concentration

conditions at the crack surface are used to enable the treatment. The factor;
theoretical solutions of the problem are formulated using Green’s function Dynamic stress intensity
method and conjunction technique. The resulting Fredholm integral factor;

equations are solved using the direct discrete method to provide the Green’sfunction.
dynamic stress and electric fields. Numerical examples are provided to

show the effect of the geometry parameters, the piezoel ectric constants

of the material and the frequency of the incident wave upon the dynamic

stress concentration. The results show the significant effect of

electromechanical coupling upon local stress distribution.

© 2013 Trade Sciencelnc. - INDIA

INTRODUCTION aclosed-form solution for two collinear cracksinapi-

ezod ectric strip. Li and Wang!® studied the problem of

Dueto their intrins ¢ € ectro-mechanica coupling
behavior, piezod ectric materid shave been widdy used
as sensorsand actuatorsin smart components. How-
ever, failure often occursin piezoe ectric materia sbe-
causeof their brittlenessand presence of faults. Sothe
investigation of thefailure behaviors caused by stress
concentrations hasbecome moreimportant.

In recent years, Ou and Chenl¥! investigated near-
tip sressfiddsandintensty factorsfor aninterfacecrack
in metd/piezod ectric bimaterids. Zhong and Li? gave

an anti-plane shear crack norma to terminating at the
interface of two boned piezoel ectric ceramics. Zhou
and Wang* obtained the basi ¢ sol ution of two parallel
non-symmetric permeable cracksin piezoe ectric ma-
teriadls. Wang® et d investigated the scattering of anti-
plane shear wave by apiezoel ectric circular cylinder
with animperfect interface. Wang and Gao'® solved
thestressintensity factor of themodelll cracksorigi-
nating fromtheedgeof acircular holeinapiezod ectric
solid. It should be noted that most of the above docu-
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ments are static, the dynamic cases have not beenre-
ported too many.

Theobjective of the present study isto providea
theoreticd treatment of thedynamicinteraction between
thecircular cavity and theinterface crack in piezoe ec-
tric bimateria sunder time-harmonic anti-plane shear-
ing. Theexact eectric boundary conditionsat theedge
of thecircular cavity and the permeabl e conditions at
the crack surface are used in present paper. The dy-
namic electromechanical behavior is studied using
Green’sfunction method and conjunctiontechnique The
present problem is reduced into the solutions for
Fredholmintegral equationsof thefirstkind, whichare
solved by the direct discrete method. Numerical ex-
amplesareprovidedto show theeffect of the geometry
parameters, the piezoel ectric constants and the fre-
guency of theincident wave upon the dynamic stress
concentration.

FORMULATION OF THE PROBLEM

Consider the problem of two bonded infinite pi-
ezoel ectric materid scontaining acircular cavity near
theinterface and acrack subjected toaharmonicinci-
dent waveof frequency £ withanincident angle+,, as
shownin Figure 1. Suppose the piezoel ectric medium
has been poled along the z-axis. Ristheradius of the
circular cavity inmedium . And h representsthedis-
tance of thecavity from theinterface. Thelength of the
interface crack is2A dongthexaxis.

The steady-state mechanica and electrical fields
corresponding to thisincident wavewill generally in-
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Figurel: Interactinginterfacecrack and acircular cavity
in apiezoelectric bimaterials
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volvean exponential harmonic factor e, For thesake
of convenience, thisfactor will be suppressed.

In the absence of body forcesand free charges, the
equilibrium equationsof linear piezod ectric mediumfor
atime-harmonic anti-plane shearing problem aregiven
asl’

CuVW+65V2h + po’w=0, gVW—x,Vip=0 (1)
Where y2 standsfor 9?/ox? + 62 /oy? ,andw, ¢, p are
anti-planedisplacement, electric potential, massden-

sity of the medium. Whilec,,, e, x;;, aretheelastic

modul us, the piezoe ectric constant and diel ectric con-
stant of themedium, respectively. Equation (1) can be
smplifiedfurther

V2w+k2w=0, V2p=0, ¢=I5w4e @
K
wherethewave number kisdefined by k* ==— with
Y &5’
c _c44+—5=c44(1+/1) and A=—2—.
1 CaaK1

By introducing acomplex variable 5 = x + iy = re’

anditsconjugates; = x—iy =re?, theequation (2) can
berewritten as

2 2
W a0, 20 o p=Fswig €)
onon 4 onon K11

Whiletheconstitutiverdationscan berewritten as

Trz_CM(ﬂv Z\N —I9)+el5(a¢ é& 8? —|9)
n on
|C44(6\_N Z\N —I9)_Hel5(a¢ i0 a(f —|6)
on on
9 OW _ 8(;5 ~
D = —é9+—e'9 -K —e' +—g?
655(877 o )~ ru(g o Tant ) (4
. OW aw o 0 0 o
Dez'els(_é %) —ix 11( ¢é9 % ).
on 577 on 577

Inwhich ¢,, and ¢,, are anti-plane shear stress

components, D, and D, arein-planeeectric displace-
ment components, respectively.

The boundary conditions of the present problem
can bewritten as

] ngogecﬁnofo_qy
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{Dé(n,ﬁ>=0;‘<n,ﬁ), 7h(1.7) =0
%oe(1,17) =0, ¢'(1,77) = ¢" (1,77) ®
a n=x-A<x<A

7:z(mr771.) =0
¢I (771!771) = ¢c(ﬂ1!ﬁ1) ]
D} (m. ) = Df (m,17)

Thesuperscriptl, 1T and crefertothevariable
inthemedium |, medium |1 and the cavity respectively.

mi=R ©®

SOLUTIONSOF GREEN’SFUNCTION

Thedisplacement Green’sfunction and theelectric
potential Green’sfunctioninmedium | arethesolutions
for anisotropic piezodectric haf spacewith acircular
cavity impacted by an out-plane harmonic line source
loading a the horizontal surface.

Thefundamenta solutions, which satisfy thegov-
erning equation (3) and the boundary condition equa-
tions(6), can bedecomposed into two parts: oneisthe
disturbanceimpacted by alinesourceloading andthe
other isthe scattered wave excited by the circul ar cav-
ity. Thefirst part can be expressed as!®

G\,(;) d.s G,f,)

2c:4(1 )
WhereH " () expressesthezero-order Hankel func-

tion of thefirst kind. And the second part can bewrit-
tenas

6= 3 AL +247)

& 8
6P = Sl + S0 + Ck? @

Where,
28 =HO K [nDIn /)"
2@ =HO (K |+ 2h)[( + 2ih) /| + 2N
2@ =n"+@-2h)™"
20 ="+ (@ +2h)™

So theexpressions of the Green’sfunctionsinme-
dium| canbewritten as

G, =G +G{, G, =G’ +G{® ©

Thecavity isassumed to bevacuum or filled with
homogeneousgasof diel ectric constant «,,, and freeof
forcesand surface charges!?. Only eectricfield exists
inthe cavity. Theinfiniteexpression of thee ectric po-
tential whichissatisfied the Laplaceequationinsidethe
cavity shouldbe

G: =D, +i[Dn7]" +E7" (10)
n=1

TheUnknown Coefficients D, and E, can be ob-
tained by boundary condition equations(6).

TheGreen’sfunctionsof medium Il arethefunda:
menta solutionsfor ahalf spaceimpacted by an out-
planeharmoniclinesourcel oading a thehorizonta sur-
face. Theyczn be expressed as

|
Gy = HE (ki [7 - o)), G} =;$1..1q'; (12)

20y (1"' )

SOLUTIONSOF INTERACTING
BETWEENTHE CAVITYANDTHE
INTERFACE CRACK

Consider theincident wave is a harmonic wave
whichisdirected a anangle+ withtheinterface. The
incident, reflected and transmitted waves can be gen-
eraly expressed as!*d

w =wy ap{—i %[r)e""" +7e%® ]}

40 — g exp { S %[ne—l% +id% ]} (12
w? = wle<p{ [r]e'“" +7e % ]}
¢ = ¢19<p{—l [né +i7e ]} )
w = wze(p{—i ﬁ|:17e""‘2 +77€% ]}

(14

¢ = ¢2exp{ ku[ az+ﬁe|“z]}

Thedetaledaprcuonsofw and ¢ (=0,1,2),
which aretheamplitudesof ﬂmewa/es, aefully de-

zzogecﬁnofo_qy C—
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scribed in Wang’swork™,

Now, theincident wave and thereflected waveare
applied to the half space of medium | which contains
thecircular cavity. To satisfy thetraction freeand the
impermeable conditions at the surface, the scattered
anti-plane displacement and el ectric potential inthe
medium | can be expressed as

0

W= 3R 2]

n=-x

¢(ls) ziw(s) +i[&lr(13) +ing4)] (15)
K n=1

1

Theinfiniteexpression of electric potentia insde
the cavity should be expressed as

¢! =S+ D[S +T,7"] (16)
n=1

Thevaueof theUnknown CoefficientsS,, S and
T_can beobtained by the boundary conditions (6).

Similarly, thetransmitted waves are applied to the
half space of medium I1. The scattered waves do not
exist becausethereisno defectinmedium 1.

yit

(D
Medium| y#
®1® ] 1 ol®]®h
hotet t-mtototh,
Medium I X

Figure 2 : Conjunction of two semi-infinite piezoelectric
media
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Based on the obtained Green’sfunctions, the anti-
plane displacementsand the e ectric potentia sin the
half spacesof medium | and 11, theinteracting solutions
of thecircular cavity and theinterface crack in piezo-
el ectric bimaterid scan be constructed by using the con-
junction technique, asshownin Figure 3.

The congtruction processasfollows. Firstly, thepi-
ezoel ectric bimaterialsare divided into two parts: the
upper haf space of medium | and thelower haf space
of medium Il along theinterfaceat y=0. Thetota anti-

planedisplacement \/ , thetota dectric potentid fild ',
thetotal shear stress ¢, andthetotal electric displace-
ment D, on the surface of medium | can be respec-
tively expressed as
WI =v\%i) +\N(r) +\N(Is),¢l =¢(i) +¢(r) +¢(Is) (17)
Th, =100 + 10 + 709, D, =D + DY) + DI (18)
Andw!,¢", 7}, D)} onthesurfaceof mediumal
can bewritten respectively as
w =\N(t),¢ll =¢(t)’T;IZ =ng), D;' _ Dét) (19)
Secondly, a pair of opposite sheares —z),, and —)!
are upper andlower surfacesat n, respectively. And
additional shear stresses f, (r,,6,) , f,(r,,6,) and addi-

tional eectricdisplacement f,(ry,6,) , f,(r,.6,) aeaso
applied onthe surfacesrespectively, so asto meet the
continuity conditions of the surfacey=0whileconjunc-
tion of two parts, asshownin Figure 3. Thiscan create
thetraction freeand electrically permeabl e crack.
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Figure3: Theresultsin elastic bimaterials
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By employing thefollowing continuity conditions

a(ry > A6,=0,7) (20)
W (r,0) + W (r,0) + W (r,0) =
W' (r,0) + W2 (r,0) + W% (r,0) 1)
a(r>A0=0,r)
Dy cosé, + f4(ry,6,) = D, cosby, + f,(r5,6,) (22)
¢ (r.0)+4™ (r,0)=¢"(r.0)+ ¢ (r,0) (29)

Where,
Wi ='[: f,(ry, )G (r,0; 1y, )dr,

+ j:: f,(15,0)GL (1, 0;15,0)dr,
w2 =—j: £, (15, 7)GY (1, 0; 15, 7)d,
- j:’ (1, 0)G! (r,6;1,,0)dr,
w® = IOAr},Z(rO,zr)GJV(r,Q; o, 7)dr,
—IAT;Z(rO,O)G' (r,0;1,,0)dr,
W) :—j ) (1, 1)G (r,0; 15, ),
j 7l (15, 0)G! (r,0;1,,0)dr,
Pt = jA f3(to, )Gy (1, 0; T, 7,
+ 210,006} (1, 0: 10, 00
¢(f4) —

[ I .
jA 41, 0)G} (r,6; 15, 0)dlry

- j: t4(1o, 7)GY (1, 0519, 7)elr

Unknownfunctions f,(r,,6,) , f,(r5,6,)» f3(ro,6,) »
f, (r,,6,) can beobtained by solving thefollowing inte-
gra equationswith kernelsof Green’sfunctions
o Tt MG O, ) + Gl (1, 63,y
+], 10, 0BT, 6:10,0) + Gy (1, 0: T, 0)g
=w(1,0) - [}, (0, )G Oitg, M)y (0=0,7)
[ 210, 0061, 81, 0,

(24)
—JAT“ (ry, 7)GM (r,0;1,, 7)dr,
6z\'0 w\l 1Y 10 0

gzogecﬁnokyy C—

A
+[ 2 (10, 00 (1, 0:56,O)c,

[ £:06, MG (1,010, 7) + G} (1,031, el

+j:fg(rO,O)[G;(r,e;ro,O)+G;'(r,9;ro,0)]dro 25)
=-¢(r,0), =0

Theshear stressat thecircular cavity’sedge canbe
expressed as

Tz —Tez+c44'j 1(770)[6(?7W e’ aGW _IeJd|770|

G, oG,
+egif f(no)( - o —'e}ﬂ 7o

(26)

Thedynamic stress concentration factor (DSCF) ¢ is
defined by

_ Tez |77:Rég
%o

(27)

Where 7, = —ik, (c},w, + els¢,) Standsfor theamplitude

of the shear stress corresponding to theincident wave.
Thedynamic stressintensity factor at the crack’s
tip can beintroduced asfollows

Ky = rIiinA f (1o, )\ 2(r, — A

A dimensionless dynamic stressintensity factor
(DSIF) k¢ intheapplicationisdefined as

(28)

LT
7,Q

Where Q = /A refer tothecharacteristic dimension of
thecrack.

ks = (29)

NUMERICAL EXAMPLES

Asexamples, some of the calculating resultsfor
DSCFs and DSIFs are plotted from Figure 4 up to
Figure 10 based on formula(27) and formula (29). It
should berecognized that the effect of some param-
eterswill beexpressed by using thefollowing dimen-
sionlesscomponents

K =k /Ko 4 =ChafCag s A=/ 4y

Au Tudian Yourual
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Figure4: Variation of DSCF vs. density

It can be seen from Figure 3 that theresults of the
present paper coincidewe | to document 4 whilethe
twodissmilar piezodectric mediaisreducedtothedas-
tichimaterias.

Figure4 and Figure 5 show variationsof DSCFsat
theedgeof thecircular cavity with materid constants
under verticd incidence, respectively. Figure 5 shows
that DSCFsincreasewith theincrement of ', and the
locationsfor maximum vaueareobvioudy different ac-
cordingto’ . AndFigure6impliesthat theinfluenceof
the material mismatch on DSCFsismoresignifi-
cant at higher incident frequencies.

Figure 6 and Figure 7 show variations of DSCFs
with the geometry parametersunder vertica incidence,

90 - - A'=02
2_5_.th—0.1, h/R-15 ......................... =05
2.0 135.‘?‘:._,..- ............................. 45 =08
1.54 e e
1.0 7 g _'_)“ =10
0.5-
0.:80 0
0.5 I\ % LTS
104 ANy e AN
15 _ R
204 225 .............................. 315
25_ ..................................

respectivey. Figure 6 showsthat DSCFsincreasewith
theincrement of /R at lower frequencies, but the phe-
nomenon isnot exist at higher frequencies. Figure7
impliesthat DSCFs decrease approximately with the
increment of A/R. Themaximum value of DSCFisob-
tained at A/R=2.0.

Figure8-10 exhibitsthevariation of DSIFsagainst
thematerials’ congtants, geometric parametersandthe
frequenciesof incident waveunder vertical incidence,
respectively. Figure8 displaysthat DSIF attainsitsmaxi-

mumin theregion of k R=1.15-1.25for different ;*.

AndtheDSIFsincreasewiththeincrement of ;*when
kR<1.2. Themismatch of thetwo materialswill de-

1.6
1.2
0.8-
0.4
0.a
0.4
0.8-
1.2
1.6

Figure5: Variation of DSCFvs. 4*
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Figure6: Variation of DSCFvs. h/R
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Figure8: Variation of DSIF vs. wavenumber and A*
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Figure10: Variation of DSIF vs wavenumber and VR

creesethesensitivity of thestressintensity factor at lower
frequencies. Figure9 shows that the peek values of
DSIFs dwaysappeer a lower frequencieswhichde-
creesewith theincrement of AR Figure10 showsthet
osdillation phenomenon of DSIFsismoresignificant &
higher incident frequencies. Thebiggest peek valueis
obtained when YR=L5, indicating thecompli cated scet-
tering of elastic waves dueto theinteraction between
thedircular cavity and theinterfacecrack.

0.5

CONCLUSIONS

A generd solutionisprovided tothedynamicinter-
actionbetweenaciraular cavity and theinterfacecrack
in piezoe ectric bimaterial sunder time-harmonic anti-
planeshearing. Theanalysisisbased on Green’sfunc-
tion and conjunction technique. Theeffect of themeate-
rial constants, the geometry parameters and thefre-
quency of theincident wave upon thedynamic siress
concentration factor and the dynamic stressintensity
factor isexamined and discussed in the present paper.
Dynamicanalysesin piezoeledrichimeterialsaremore
important than thoseon homogenous piezoel eciric me-
dium, becausetheformer may havelarger dynamicsiress
intensity factor. Whiletheoscillating phenomenaof dy-
namicsiressintensity factorsshould also bepeid aten-
tion, espedialy inhigh-frequency situation. Theresuits
revedl thet themeterial mismatchisn’tinvarigblyincrees-
ing thefailurepossibility. Thestress concentration at
theedge of the cavity will decreaseif the appropriate
parameters arechosen.
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