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Introduction 

By a graph G=(V, E), we mean a finite undirected graph without loops and multiple edges. The concept of distance is one of 

the important concepts in study of graphs. It is used in isomorphism testing, graph operations, Hamilton city problems, 

extremal problems on connectivity and diameter, convexity in graphs etc. Distance is the basis of many concepts of 

symmetry in graphs [1]. 

In an earlier article authors introduced the concept of D-distance [2], by considering not only path length between vertices, 

but also the degrees of all vertices present in a path while defining the D-distance. 

 

Preliminaries 

Throughout this article, by a graph G(V, E) or simply G, we mean a non-trivial, finite, undirected graph without multiple 

edges and loops. Further all graphs we consider are connected. 

 

Definition 2.1: If u, v are vertices of a connected graph G the D-length 

P of a u-v path S is defined as l(s)=d(u, v)+deg(u)+deg(v)+ deg(w) where sum runs over all intermediate vertices w of s. 

 

Definition 2.2: (D-distance). The D distance ),( vud D
 between two vertices vu,  of a connected graph G  is defined 
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as  )(min),( slvud D   if vu,  are distinct and 0),( vud D
if ,vu   where the minimum is taken over all vu 

  aths s in G . 

Definition 2.3: The D-eccentricity of any vertex )(, vev D
, is defined as the maximum distance from v  to any other vertex, 

i.e.,  )(:),(max)( GVuvudve DD   

 

Definition 2.4: Any vertex u  for which )(),( vevud DD   is called D eccentric vertex of v . Further, a vertex   is said 

to be D  eccentric vertex of G if it is the D eccentric vertex of some vertex. 

Definition 2.5: The D -radius, denoted by )(Gr D
, is the minimum D -eccentricity among all vertices of G  i.e., 

 .)(:)(min)( GVvveGr DD 
 

Similarly the D -diameter, )(Gd D
, is the maximum D-eccentricity among all 

vertices of .G  

Definition 2.6: The D -center of )(, GCG D
, is the sub graph induced by the set of all vertices of minimum D

eccentricity. A graph is called D -self-centered if GGC D )(  or equivalently ).()( GdGr DD 
 
Similarly, the set of 

all vertices of maximum D -eccentricity is the D-periphery of .G  

D-radius and D-diameter of families of graphs 

There are some graphs for which D-radius and D-diameter are same, i.e., they are D-self-centered. 

 

Theorem 3.1: For Complete graph, ,nK  on n vertices )3( n  we have .12)()(  nKdKr n

D

n

D
 

Proof: In complete graph ,nK degree of each vertex is .1n  Thus D-distance between any two vertices is 

.12111  nnn  Thus D-eccentricity of every vertex is .12 n  Hence D-radius and D-diameter of nK  are 

equal and is equal to .12 n  

Theorem 3.2: For cycle graph, ,nC  with n  vertices we have 















odd. is  if
2

13

even is  if
2

43

)()(

n
n

n
n

CdCr n

D

n

D
 

 

Proof: In cycle graph nC  degree of each vertex is .2  The D-distance between the vertices is given below. We will consider 

even and odd cases separately. 

 

Case 1: When n  is even, the D-distance in nC  are as below. 
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TABLE 1. D-distances of cyclic graphs if n is even. 

 
1v  2v  3v  


 

1
2


nv  

2

nv  
1

2


nv  
2

2


nv  
3

2


nv  

 1nv  nv  

1v  0 5 8 
 

2

83 n
 

2

23 n

 

2

43 n

 

2

23 n
 

2

83 n

 


 

8 5 

2v  5 0 5 
 

2

143 n

 

2

83 n

 
2

23 n

 

2

43 n
 

2

23 n

 


 

11 8 

3v  8 5 0 
 

2

203 n

 

2

143 n

 
2

83 n  
2

23 n
 

2

43 n

 


 

14 11 

                          

1
2


nv

 
2

83 n

 

2

143 n

 

2

203 n

 


 

0 5 8 11 14 
 

2

43 n
 

2

23 n

 

2

nv  

2

23 n

 

2

83 n
 

2

143 n

 


 

5 0 5 8 11 
 

2

23 n
 

2

43 n

 

1
2


nv

 
2

43 n

 

2

23 n
 2

83 n  

 

8 5 0 5 8 
 

2

83 n
 

2

23 n

 

2
2


nv

 
2

23 n

 

2

43 n
 

2

23 n
 

 

11 8 5 0 5 
 

2

143 n

 

2

83 n

 

3
2


nv

 

2

83 n

 2

23 n

 2

43 n

 


 

14 11 8 5 0 
 

2

203 n

 
2

143 n

 

                          

1nv  8 11 14 
 

2

43 n
 

2

23 n

 

2

83 n

 
2

143 n

 

2

203 n

 


 

0 5 

nv  5 8 11 
 

2

23 n

 

2

43 n

 
2

23 n

 

2

83 n
 

2

143 n

 


 

5 0 

 

From the above table, we see that the D-eccentricity of every vertex is 
2

43 n
. Hence the D- radius and D-diameter is 

same, if n is even. 
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Case 2: When n  is odd, the D-distance in nC  are as below 

TABLE 2. D-distances of cyclic graphs if n is odd. 

 
1v  2v  3v   

2

1nv  

2

1nv  

2

3nv  

2

5nv   
1nv  nv  

1v  0 5 8  

2

53 n
 

2

13 n
 

2

13 n
 

2

53 n
 

 8 5 

2v  5 0 5  

2

113 n
 

2

53 n
 

2

13 n
 

2

13 n
 

 11 5 

3v  8 5 0  

2

173 n
 

2

113 n  
2

53 n
 

2

13 n
 

 14 11 

                        

2

1nv  

2

53 n
 2

113 n  

2

173 n
  0 5 8 11  

2

13 n
 

2

13 n
 

2

1nv  

2

13 n
 

2

53 n
 

2

113 n   5 0 5 8  

2

53 n
 

2

13 n
 

2

3nv  

2

13 n
 

2

13 n
 

2

53 n
  8 5 0 5  

2

113 n
 

2

53 n
 

2

5nv

 2

53 n

 2

13 n

 2

13 n

 

 11 8 5 0  

2

173 n

 2

113 n

 

                        

1nv  8 11 14  

2

13 n
 

2

53 n
 

2

113 n
 

2

173 n
  0 5 

nv  5 8 11  

2

13 n
 

2

13 n
 

2

53 n
 

2

113 n
 
 5 0 

 

From the above table, we can see that the D-eccentricities of each vertex is 
2

13 n
, if n  is odd. Hence D-radius and D-

diameter is same. Thus 















odd is  if
2

13

even is  if
2

43

)()(

n
n

n
n

CdCr n

D

n

D
. 

 

Next, we calculate D-radius and D-diameter of some families of graphs. 
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Theorem 3.3: For complete biaparted graph )(,, nmK nm   we have 

).1(2)(and)1(2)( ,,  mnKdnmKr nm

D

nm

D
 

 

Proof: Without loss of generality assume that )( nm  . N complete biparted graph nmK , , degree of the vertices 

mvvvv ,,, 321  is n  and degree nuuuu ,,, 321 of the vertices m . Thus )1(2),(  nmvvd ji

D

jimnuudji ji

D  if)1(2),(,if and .1),(  nmuvd ji

D
 

Therefore, .)1(2)( and)1(2)( jmnueinmve j

D

i

D   Hence the D-radius of nmK ,  is )1(2  nm  

and D-diameter of nmK , is ).1(2  mn  

 

Theorem 3.4: For star graph, 1,nst , we have 2)( 1,  nstr n

D
 and .4)( 1,  nstd n

D
 

 

Proof: In star graph, 1,nst , the degree of central vertex is n  and degree of remaining vertices is 1 . The D-distance from 

central vertex to other vertices is 2n  and the D-distance between all other vertices is .4n  Therefore the minimum D-

eccentricity is 2n  and the maximum D-eccentricity is .4n  Hence the D-radius of 1,nst  is 2n  and the D-diameter 

of 1,nst  is .4n  

Theorem 3.5: For path graph ,nP  on n  vertices )3( n  we have 















even is  if
2

23n

odd is  if
2

13

)(

n

n
n

Pr n

D
 and 

)1(3)(  nPd n

D
 for .3n  

 

Further .3)()( 22  PdPr DD
 

 

Proof: In path graph ,nP  degree of end vertices is 1  and remaining vertices of degree is .2  

 

For 3),(,2 21  vvdn D
 and .0),(),( 2211  vvdvvd DD

 Thus the D-eccentricity of each vertex is .3  Hence the 

D-radius and D-diameter of 2P  are same and equal to .3  

 

Next consider path graph with .3n  we can consider even and odd cases separately, in this case the D-distance between 

vertices are as given below. 
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Case 1: When n  is odd, the D-distance in nP  are as below 

 

 

 

TABLE 3. D-distances of path graphs if n is odd. 

 

 

 
1v  2v  3v   

2

1nv  

2

1nv  

2

3nv   
1nv  nv  

1v  0 4 7  

2

73 n
 

2

13 n
 

2

53 n
 
 3n-5 3n-3 

2v  4 0 5  

2

113 n
 

2

53 n
 

2

13 n
 
 3n-7 3n-5 

3v  7 5 0  

2

173 n
 

2

113 n  
2

53 n
  3n-10 3n-7 

                      

2

1nv  

2

73 n
 2

113 n  

2

173 n
  0 5 8  

2

13 n
 

2

53 n
 

2

1nv  

2

13 n
 

2

53 n
 

2

113 n   5 0 5  

2

53 n
 

2

13 n
 

2

3nv  

2

53 n
 

2

13 n
 

2

53 n
  8 5 0  

2

113 n
 

2

73 n
 

                      

1nv  3n-5 3n-7 3n-10  

2

13 n
 

2

53 n
 

2

113 n   0 4 

nv  3n-3 3n-5 3n-7  

2

53 n
 

2

13 n
 

2

73 n
 
 4 0 

 

From the above table, we can see that the D-eccentricities are 

.33,53,,
2

53
,

2

13
,

2

53
,,73,53,33












 nn
nnn

nnn   Thus the maximum D-eccentricity of nP  is 

33 n  and minimum D-eccentricity is 
2

13 n
 Hence the D-radius is 

2

13 n
 and the D-diameter is 33 n  if n  is odd. 

 

Case 2: When n  is even, the D-distance in nP  are as below 
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TABLE 4. D-distances of cyclic graphs if n is even. 

 

 
1v  2v  3v  


 

1
2


nv  

2

nv  
1

2


nv  
2

2


nv  

 1nv  nv  

1v  0 4 7 
 

2

103 n

 

2

43 n

 

2

23 n

 

2

83 n
 


 

3n-5 3n-3 

2v  4 0 5 
 

2

143 n

 

2

83 n
 

2

23 n
 

2

43 n
 


 

3n-7 3n-5 

3v  7 5 0 
 

2

203 n
 

2

143 n  
2

83 n  
2

23 n
 


 

3n-10 3n-7 

                        

1
2


nv  

2

103 n

 

2

143 n

 

2

203 n

 


 

0 5 8 11 
 

2

43 n
 

2

83 n
 

2

nv  

2

43 n
 

2

83 n
 

2

143 n
 


 

5 0 5 8 
 

2

23 n
 

2

23 n
 

1
2


nv  

2

23 n
 

2

23 n
 2

83 n  

 

8 5 0 5 
 

2

83 n
 

2

43 n
 

2
2


nv

 
2

83 n
 

2

43 n
 

2

23 n
 


 

11 8 5 0 
 

2

143 n

 

2

103 n

 

                        

1nv  3n-5 3n-7 3n-10 
 

2

43 n
 

2

23 n

 

2

83 n
 

2

143 n

 


 

0 4 

nv  3n-3 3n-5 3n-7 
 

2

83 n
 

2

23 n

 

2

43 n

 

2

103 n

 


 

4 0 

 

From the above table, we can see that the D-eccentricities are 

.33,53,
2

83
,

2

23
,

2

23
,

2

83
,,73,53,33












 nn
nnnn

nnn   Thus the maximum D-eccentricity of 

nP  is 33 n  and minimum D-eccentricity is 
2

23 n
 Hence the D-radius is 

2

23 n
 and the D-diameter is 33 n  if n  

is even.  
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Thus 















even is  if
2

23n

odd is  if
2

13

)(

n

n
n

Pr n

D
  

 

and )1(3)(  nPd n

D
 for .3n  

 

Theorem 3.6: For wheel graph, 1,nW , with 1n  vertices we have 4)( 1,  nWr n

D
 and 8)( 1,  nWd n

D
 for .6n  

Further we have 9)(,11)(,8)(,7)()( 1,51,41,41,31,3  WrWdWrWdWr DDDDD
 and .11)( 1,5 Wd D

 

 

Proof: For 7),(,3  ji

D vvdn  if .ji vv   Thus the D-eccentricity of every vertex is .7  Hence the D-radius and D-

diameter of 1,3W is 7  ( and hence 1,3W is self-centered). 

 

For 8),(,4  ji

D vvdn
 
if iv is central vertex and 7),( ji

D vvd  or ,11  if iv  is not central vertex. Thus the D-

eccentricity central vertex is 8  and the D-eccentricity of other vertices is .11  hence the D-radius of 1,4W is 8  and D-

diameter of 1,4W is .11  

 

For 9),(,5  ji

D vvdn  if iv is central vertex and 7),( ji

D vvd or ,11 if iv is not central vertex. Thus the D-

eccentricity central vertex is 9  and the D-eccentricity of other vertices is .11  hence the D-radius of 1,5W is 9  and D-

diameter of 1,5W is .11  

 

In wheel graph 1,nW  degree of central vertex is n  and degree of remaining vertices is .3  Thus D-eccentricity of central 

vertex is 4n and D-eccentricity of remaining vertices is 8n  for .6n  Thus the D-radius of 1,nW  is 4n  and D-

diameter of 1,nW  is 8n  for .6n  
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