Journal of Space Exploration

ISSN: 2319-9822

Review Article| Vol 14 Iss 2

Coordinate Transformations for the Optical Wave Equation

Yusuf Ziya Umul”

Department of Research and Production Enterprise, Cankaya University, Cankaya, Ankara 06610, Turkiye

“Corresponding author: Yusuf Ziya Umul, Department of Research and Production Enterprise, Bauman Moscow Technical
University, Moscow, Russia; E-mail: pavlo@vingeo.com
Received: January 24, 2024, Manuscript No. TSSE-24-125851; Editor assigned: January 29, 2024, PreQC No. TSSE-24-125851

(PQ); Reviewed: February 13, 2024, QC No. 5SSE-24-125851; Revised: March 04, 2025, Manuscript No. TSSE-24-125851 (R);
Published: March 11, 2025, DOI. 10.37532/2320-6756.2025.14(2).384.

Introduction

The speed of light, generally shown by the symbol c, depends on the electromagnetic properties of the medium, in which it
propagates. These properties are the permittivity (¢)  and permeability (i) that show the electric and magnetic responses of the
medium to the electromagnetic field respectively. Thus the speed of light is expressed by the formula 1/\ue directly. In fact, the
reason of the null result, in the Michelson-Morley experiment, is hidden in this concept. In the 19" century, it was generally
accepted (not a scientific attitude, because general acceptances are generally wrong as is shown by the history) that the light
propagates in a conceptual medium, named ether. Michelson and Morley tried to determine the relative motion of the earth with
respect to this medium [1]. They thought that the earth was moving and the ether was at rest. Thus an interference based set-up
was constructed that was comparing two light waves propagating in perpendicular directions with respect to the motion of earth.
However, the experimenters could not find any difference between the velocities of the light waves wherever they repeated the
experiment. Thus they concluded that the speed of light was constant with respect to the inertial reference frames. The scientist of
that era tried to explain the outcomes of the Michelson-Morley experiment according to the ether theory. As a result, Lorentz put
forth a coordinate transformation system, named after him. His aim was to derive a transformation, which would lead to the same
wave equation, between two inertial coordinate systems. Einstein’s special theory of relativity is directly based on the Lorentz
transformation. One of the main inferences of this theory was the ultimate limit of speed, which was the velocity of light in the
universe. This result is directly related with the Lorentz transformation [2].
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The motivation of this paper is to put forward that there is an alternative set of transformation for inertial reference systems. With
this aim, we will consider two reference frames, one of which is moving with a constant speed and the other one is motionless. We
will show that two cases can be defined for the coordinate system of the moving observer. Frequency and velocity equations will
be derived by taking into account these two cases. The coordinate transformations will be obtained with the aid of the wave equation
and the argument of the general solution of this equation. Such an approach is important in the sense of the relative and subjective
measurements of moving observers with constant velocities. The physical implications and interpretations of the new coordinate
transformations will be discussed [3].

Literature Review
The wave equation

The propagation of light, in a simple medium (linear and isotropic) medium is governed by the wave equation of

viu-—2%_y (1)
oo

where u is a component of the electromagnetic field. Note that Equation. (1) is defined for a source- free region. The wave equation
can be directly derived from the Maxwell’s equations. As mentioned in the Introduction, the speed of light ¢ is equal to
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which is a function of the permittivity and permeability of the medium [4]. Thus the velocity of light is determined by the medium
in which it propagates [5]. The general solution of the wave equation can be expressed by

u{.r,!):f“(.r—m‘]l]_l g(h‘+m€} (3

For a one spatial dimensional wave. f and g are arbitrary functions. k and o are the wave-number and angular frequency respectively
[6]. This equation can be obtained from the parametric solution of the wave equation. Equation (3) can be arranged as

)= f{k(e—et)]u gl +er)] @
Where the speed of light is defined by

c=— (5)

in terms of wave-number and angular frequency. We will use Equation. (1) and the arguments of the general solution, which can
be expressed as

plx.t)=k(xpet), (6)

for the derivation of the coordinate transforms. Note that the wave-number is equal to
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k= (7)

Where A is the wavelength [4].
The mathematical foundations of the coordinate transformations

We take into account two reference frames as (x,t) and (xi,t1). The coordinate system of (x,t) is motionless and (x1,t1) is moving
with a constant velocity of v according to (x,t). We assume the transformation set of

X, =.-‘.r{ax+ bt) (8)

and
L, :rx[dx +et) (9)

for a, a, b, d and e are constant coefficients that will be determined. The wave equation can be written by

fa g =1
du 1 cu
-———=0 (10)
ov- o ot
and
&u 1 é'u
-2k =0 (11)
x, o O

for the reference frames of (x,t) and (x1,t1) respectively. ¢, is the speed of light in the coordinate frame (x1,t1). One can object that
cl should be equal to c, but at this time and for the generalization of the results we assume it to be so. The function p, in Equation.
(6), can also be written as

plat)=klxper) (12)

and

P{IJ}:‘{‘-]{%]—IC#’J (13)

for (x,t) and (x1,t1) respectively. ki is generally not equal to k because of the effects as the Doppler shift. The second derivatives of
u, in Equation (10), according to x and time can be evaluated as

2 =1 a2

T
=

. L 0°H s .01 N o u
—=a'a —+ad —+2a ad —; (14)
e Xy aty o, ot

and
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+cz'e.-3;if+2a3b€n.n (15)

respectively. Equation (10) becomes

o P e e ‘:"_f'+2a{ad—h—f"] ¥ _p (16)
o oy ¢ ) oty ¢ ) ox,ct,
when Equations. (14) and (15) are used. The relations of
, b
a ——=1, (17)
pE
, e l
F . A (18)
¢ c,
be
ad - —_— = 0 [ lqu
-
can be obtained when Equations. (11) and (16) are compared. The equation set of
% h: S 5 :
a’—— :—c';(d'—e—:J (20)
c c
b
ad -25 =0 1)
P

can be defined in order to obtain the Lorentz transformation. Of course, cl is equal to c in this case. We will consider Equations.
(17-19) in this study.

The coefficient a and d are determined to be

a=,41+— (22)

(23)

respectively. The equation of


http://www.tsijournals.com/

www.tsijournals.com | March-2025

2 2 4 ]

coq c cc  C

Jel I b b be
[ + — —_——

can be obtained from Equation. (21). The coefficient e is found to be

b+
g =
CI]
from Equation. (24). d is expressed by
b
d=—
(e

t, =£[EI+*Jb1 +cla‘}.

o \C

The function p, in Equation. (13), reads

p{x,.r}= cek, [ﬂpé]x u (:‘:r uvb’ +e }
¢ ¢ '

(24)

(25)

(26)

(27)

(28)

(29)

when Equation. (27) and (28) are taken into consideration. Equation (29) can be arranged as

b*+¢” b Jb*+c® b
p{x,r]:ak] — U— | X —u— it |,
c [ ' c

which yields the expression of

NbT+ et b
TM_' {xpr:'r].

C

p{x,r] = ek, [

(30)

(31)
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The coefficient a is found to be

= (32)
b>+c¢ b
C (&

when Equations. (12) and (31) are compared. As a result, the new coordinate transformation set is given by

P ,J] +£T+hf
- (33)
k, || b

I+—1 1,1—

b ' b
he 37 1+ —t
f, =—= — (34)
;‘-|C1 b b
l+—p—
'|| c o0

in terms of b, which will be determined in the next section. The inverse transformations can be derived in a similar manner. In this
case, ¢ and k replaces with ¢ and ki and vice versa. The set of inverse transformation can be written as

’ + —1, + b,
k 35)
h b, {
]+—p.1
b, || b
k —x +. |1+,
€ € o
t,= (36)
ke J bl B,
| +— y.—
‘II ":]

X =

in terms of the coefficient b1l.

Discussion
The coordinate transformations between inertial reference frames

Two inertial reference frames are taken into account as shown in Figure 1. Observer 1, shown by (X, y, t) is motionless. The second
observer, (X1, Y1, t1) is moving with the constant velocity of v. The light is propagating in the stationary medium, in which Observer
1 is stationary. Thus according to this observer, its speed is equal to c.
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FIG. 1. The geometry of the inertial reference frames.

We can investigate two distinct cases for the scenario, in Figure 1. The first case is the evaluation of the observer 2’s measurement
on light according to observer 1. In this situation, the geometry, in Figure 2, can be considered for the determination of light’s

parameters.

- A —_— .
Equiphase

_...v E‘_ surface of
light

“«— A-A —— ] —*

Observer 2

FIG. 2. The measurement of observer 2 according to observer 1.

In Figure 2, observer 2 is in the same point with one of the equiphase surfaces of light. The distance, between the observer and the
following surface is equal to the wavelength. The observer and the second equiphase surface will meet at point P at the same time
according to the reference frame of the observer 1. Thus the relation of

!

v

(37)

o |

can be written from the geometry. A4 is found to be

.
i = i 38
hh=——2 (38)

from Equation (37). According to Observer 1, A; is the wavelength that will be measured by observer 2. The period of the light is
equal to
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A
c+V

T,= (39)

which is also the arrival time of the observer 2 and the equiphase surface of light to point P. The frequency reads

c+Vv

fi=— (40)

A

and the speed of light, measured by observer 2 according to observer 1, is found to be

v =c¢ (41)

from the relation of v,=Af. v, is the phase velocity. The wave-number can be expressed as

2 ;
g =2Eery) (42)
Ac
which is also equal to
k= (43)
¢

in terms of k, which is the wave-number according to observer 1. The coordinate transformations can be written as

(44)

(45)

from Equations. (33) and (34). b is taken as -v, since observer 2 is moving away from observer 1. The plus sign is chosen from ,
because the light is approaching towards both of the observers. In the non-relativistic limit of c—oo, the transformations become

X, =x-vt (46)

t,=t, (47)
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which are the well-known Galilean transformations for the geometry, in Figure 1. It is also important to note that the transform of
Y=y (48)
is valid for the relativistic and non-relativistic cases.

In the second case, we will investigate the direct observation of light by observer 2 and compose the coordinate transformation
according to the parameters, obtained.

, Equiphase
c+V
Observer 2 4——] surface of

light

FIG. 3. The measurement of Observer 2 on light.

In this case, the measurement is being made from the reference system of observer 2. Thus this observer evaluates himself as
standing still and the equiphase surface of the light reaches him quicker. Note that the light is propagating in a medium, which is
stationary according to the reference frame of observer 1. If observer 2 was measuring the light, which is moving in his reference
frame, he would find its speed as c. Thus the parameters A, f1, Vp1 and ki is determined to be

A=4, (49)

fi==2 (50)
A

Vv, =CHV (51)

k, =k (52)

respectively. The coordinate transformations become
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(53)

(54)

in this case. Note that Equations. (45) and (54) have the same expressions. Only, Equations. (44) and (53) are different.

The geometry for the second scenario that will be investigated in this study is given in Figure 4. In this case, the light is propagating
in the same direction with observer 2.

Ya Yig
Equiphase
surface of
light
>V g »C
P
Obsever 1 Observer 2 X, X,

FIG. 4. The geometry of the inertial reference frames.
First of all, we will study the measurement of observer 2 with respect to observer 1.

The related geometry is shown by Figure 5.

10
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FIG. 5. The measurement of observer 2 according to observer 1.

In the initial moment of measurement, observer 2 is in the same location with the first equiphase surface of light. The second
equiphase surface will catch observer 2 at point P as shown in Figure 5. According to observer 1, observer 2 will measure the
wavelength of light as A1. The relation of

_ A 55)

v

™ |_P~:

can be written from the geometry, in Figure 5. The relative wavelength A, can be evaluated as

A=—_1 (56)

1
c—=Vv

from Equation. (55) in terms of the actual wavelength A. The relative period and frequency of light is found to be

I=—" (57)
fi=2t (58)

respectively. The relative speed of light can be expressed by

v, =4 fi=c. (59)

The relative wave-number can be determined as

k="""k (60)

in terms of the actual wave-number k. The phase function, in Equations. (12) and (13), are equal to

11
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plx,t)=k(x—-ct) (61)

plx,t)=k(x, —ct,) (62)

in this case. As a result, the coordinate transformations can be written by

. |+P;.1'—‘l»‘f
ootV e (63)

! >
c=v LA &
l+—+—

¢ c

and

-
v 7

. T 1 +—t
f, = ——— ‘ (64)

Cc—=v v
l+—+—
¢t

where the coefficient b is equal to -v. The spatial coordinate y; is equal to y.

Y

As the second case, we will investigate the observation, performed by observer 2. The geometry, in Figure 6, is taken into
consideration.

Equiphase Cc—v
surface of [ Observer 2
light

FIG. 6. The measurement of observer 2 on light.

Observer 2 perceives that he is motionless and the light approaches him with the velocity of c-v. The wavelength, which is measured
by the second observer is equal to the actual wavelength of light A. The period, frequency and wavenumber can be expressed by

12
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T, = A . (65)
c—v
c—v
fi=— (66)
A
and
k, =k (67)

according to Figure 6 respectively. The phase velocity of light is equal to c-v. Thus the coordinate transformations become

l+—x—vt
X == (63)
v v
1+ —+—
¢ ¢
and
1;1‘— l+v;z
f = ¢ (69)

c—Vv ];2 v
l+—+—
c C

from Equations. (33) and (34) for this case.

The relative effect of velocity on time

In this section, we will analyze the effect of the velocity on time observations. The scenario, in Figure 1, is taken into account. In
the first case, the frequency, wavelength and speed of light was measured according to observer 2, but with respect to the coordinate

system of observer.

The obtained coordinate transformation can be given by

13
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v ].‘I
—x—,/1 +—
c ¢ 'U c (70)

for time. Note that the observations give the same results as shown in Equations. (45) and (54). The Galilean and Lorentz
transformations have the expressions of

t, =t (71)
and
V
SXx—1
t, =—fe— (72)
o
CE

respectively.

Figure 7 shows the variation of the relative time with respect to the velocity. The velocity is taken from zero to five without
dimensions. The speed of light is accepted to be three. It can be seen from the figure that the time slows down till the velocity is

equal to 1.65. Then it begins to accelerate with respect to the time frame of the motionless observer.

Relative time

05 1 15 2 25 3 35 4 45 5
Velocity

FIG. 7. The variation of relative time, in Equation. (70).

In Figure 8, the variations of the relative times, in Equations. (70) and (72), are compared. The Lorentz transform also shows a
similar behavior with the one, derived in this study. However, the relative time approaches to infinity at the speed of light because
of the term in the denominator of Equation. (72). This behavior does not have any physical meaning. As is well known, in physics
the infinities are not acceptable and the mathematical expressions that give asymptotes are corrected or replaced with functions that
give finite values at those points. The uniform expressions in edge diffraction and renormalization in quantum electrodynamics can

be given as examples to this process.

14
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Relative time

FIG. 8. The comparion of relative times, in Equations. (70) and (72).
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As the second case, we will investigate the scenario, in which the light moves in the same direction with both of the observers. The

relative times had also same expressions for the scenarios, defined in the previous section. The equation can be given by

4

c 2 2
L =— € ¢ (73)
c—=Vv v v
Jl+—=+—

c C

from Equations. (64) and (69). The Lorentz transformation has the same expression with Equation. (72) in this case.

v v
x—.1+—t

2 9

In Figure 9, the variation of the relative time versus velocity is plotted. As can be seen from the figure, the time goes to infinity at
the speed of light, because of the term c-v, in Equation. (73). This behavior is related with the scenario, shown in Figures 5 and 6.
The period of the light is defined as the time, required for the arrival of phase front to the observer 2. When the velocity of the
observer is equal to the speed of light, the equiphase surface will never be able to reach the observer. This also means that the
arrival time of the wave-front to observer 2 is infinite. In order to represent this idea, the related figures are re-shown as Figures 10

and 11 for this case.

Relative time

Velocity

FIG. 9. The variation of relative time, in Eq. (73).
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Observer 2
FIG. 10. The measurement of observer 2 according to observer 1 for the velocity is equal to the speed of light.

A e
Equiphase .
surface of c—c=0 Observer 2
light

FIG. 11. The measurement of observer 2 on light for the velocity is equal to the speed of light.

Figure 12 shows the comparison of our formulation with the transformation of Lorentz. The two solutions approach to infinity at
the speed of light, but our equation’s behavior is based on a physical explanation. Both of the relative times follow the same pattern
which can be expressed by acceleration after slowing down. Equation (73) more rapidly approaches to infinity than the Lorentz
transform. As mentioned above, this behavior is strictly related with the relative period of the light wave.
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Relative time
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FIG. 12. The comparion of relative times, in Equations. (72) and (73).
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Conclusion

In this paper, we derived novel coordinate transformations between two inertial reference frames. To our knowledge, these
expressions have not been introduced in the literature yet. The transformations are based on the definition of the wave equation in
the two reference frames. The results were studied numerically with respect to the relative time. The transformations are finite
except one case, in which the relative time approaches to infinity when the velocity of a reference frame goes to the speed of light.
It is shown that this behavior is related with the measurement of light and the physical meaning of the infinity is outlined in Figure.
10 and 11. This means that the wave front of light cannot catch the moving reference frame when its velocity is equal to the speed
of light. These transformations can be thought as an alternative to the Lorentz transformations.

References
1. Born M, Wolf E. Principles of Optics. Cambridge University Press, Cambridge, 2019.
2. Einstein A. Zur elektrodynamik bewegter korper. Annalen der Physic. 1905;17(10):891-921.
3. Gell-Mann M, Low FE. Quantum electrodynamics at small distances. Phys Rev. 1954;95(5):1300.
4. Lorentz HA. Electromagnetic phenomena in a system moving with any velocity less than that of light. Proc R Acad Sci

Amst. 1904,6:809-831.

5.  Michelson AA, Morley EW. On the relative motion of the Earth and the luminiferous ether. Am J Sci. 1887;3(203):333-
345.

6. Umul YZ. Uniform version of the modified theory of physical optics based boundary diffraction wave theory. J Mod Opt.
2008;55(17):2797-2804.

17 mreFT)


http://www.tsijournals.com/
https://onlinelibrary.wiley.com/doi/abs/10.1002/andp.19053221004
https://journals.aps.org/pr/abstract/10.1103/PhysRev.95.1300
https://ajsonline.org/article/62505
https://www.tandfonline.com/doi/abs/10.1080/09500340802192456



