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ABSTRACT

A new calibration method based on of Cholesky decomposition (CD) has been introduced. It is the
decomposition of apositive-definite matrix into the product of alower triangular matrix and its conjugate
transpose. This approach has been utilized to overcome the problem of serious spectral overlapping
during the infrared spectrometric determination of sodium tripolyphosphate, sodium sulfate and so-
dium carbonate in laundry detergent powders. Comparing the root mean square error of predictionin
Cholesky method and those obtained by partial least squaresregression, it was concluded that Cholesky
algorithmwould offer morereliable prediction efficiency. It isa so mentionable that Cholesky isarapid
data processing technique which speeds reduces the order of matrices.
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INTRODUCTION

Cholesky decompositionisavery smple, accurate
and stable numerical analysisalgorithm with an easy
computational procedure. Decomposition algorithms
avoid matrix inversion operation, whichisofteninvolved
inchemometrics approachessuch asK-Matrix (KM),
P-Matrix (PM) and partid least squares(PLS), reduces
the ordersof matrices, speeds up the operation proce-
dureand improvesthe computation efficiency>©.

Cholesky decompositionisaso used usein econo-
metrics, decomposing the covariance matrix for aset
of residualsin the context of avector auto regression.
Thissort of analysiswas pioneered by Christopher Sims
during 1980decade and qui ckly became popular.

However, according to theliterature survey, there
isno document reporting the application of Cholesky
dgorithminchemica analyss

With growth in complexity of detergent formula-
tionsand lack of robust analytical methods, demand
for new determination methodsincreasein recent years.
Sodium tripolyphosphateisabuilder usedin detergent
powders’ formulation for many years, also the mixture
of STPPwith sodium sulfate (SS) isoften used asa
builder in cheaper products. Sodium carbonateiscaled
washing sodaor sal sodawhichwould beeffectivein
oil, grease, and acohol stainremoval. Therearesome
conventiond anaytica methodsfor andysisof awash-
ing powder samplese.g. extraction by ethanol or clas-
sical wet chemistry methods. Attenuated total reflec-
tanceFourier trandforminfrared (ATR-FTIR) spectrom-
etry hasbeen introduced as an €fficient techniquewith
high sgnd-to-noiseratiofor quantitative determination
of ingredients of washing powder samples™9,

In thisresearch, Cholesky model hasbeen devel-
oped for s multaneousdetermination of sodium Sulfate
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(SS), sodium Carbonate (SC) and Sodium Tripoly-
phosphate (STPP) inlaundry detergent powder samples
by using ATR-FTIR spectroscopy. The obtained re-
sults have al so been compared to those of K -matrix
and Cholesky decompositionagorithm.

EXPERIMENTAL

Apparatusand Software

A FTIR spectrometer (Magna 550, Nicolet,
Madison,WI, USA) equipped with aDTGS detector,
an Ever-Glo source and a Csl beam splitter was ap-
plied. TheATR- FTIR spectrawere obtained by a45°
ZnSecell. The dataobtained from WINFIRST soft-
ware were exported in ASCII format, the datatreat-
ment was done with MATLAB for windows
(Mathworks, Version 7.4).

Chemical reagents

SS, SC and STPP were of analytical grade and
were purchased from Merck. Liquid sodium silicate
45.5%, carboxy methyl cellulose (CMC) 65% and
LABS 95.8% were supplied by Clariant and Tolypers
Co., respectively. Distilled water was used asthe sol -
vent during theprocedure.

FTIR spectrometry

Inorder to providethe standard samples, 25 aque-
ous solutionsof STPP, SSand SC werepreparedina
100 mL beaker, by distilled water. The concentration
range for STPP, SC ands SS was 0.2579-2.8913,
0.2029-2.4935 and 0.2912-1.2010 (g per 100 g).
Different amountsof other ingredientsof Iranian wash-
ing powders(CMC, Sodium silicate and sodium hy-
droxide) were a so added to each mixture. Some de-
tergent powder real samples were also prepared by
the sameprocedure. Spectraof standard solution and
real samplewith air background do not contain any
useful informationin IR signdss, thusthe spectrum of
distilled water was set as the background, obtained
under the same experimentd conditionsasthe samples
and standards. According to our previousexperiences,
the ATR-FTIR spectraof standard samples, obtained
in 750-2000 cm—1 spectral regionl™.
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Theory of Cholesky algorithm

Cholesky isamathematica agorithmbased onde-
composition of matrix A (apostivedefinite matrix) into
alower triangular matrix | anditstranspose, | T

The decomposition processisag®y

Thematrix A ¢ R™"ispositivedefiniteor |A| =0)
can beexpressed as:

l, O

o O

| |
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|
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The corresponding Cholesky factor L (sometimes
called the matrix square root) always exists and is
unique. Matricesof thissort arisein many econometric
contexts, making the Cholesky decomposition avery
useful computationa tool. For example, it can beused
to solvethe normal equations of |east squaresto pro-
duce coefficient estimatesin multipleregresson andy-
ss. Inthiscase, theplaceof A isoccupied by the matrix
of squaresand cross-products of theregressors, X™X.
Given the Cholesky decomposition of A, theset of lin-
ear equations Ax = pbintheunknown vector x may be
writtenasLL™x =b™. Writingy for L™ =b, weget Ly
=bwhich may besolved fory, then y = L"x issolved

for x. Algorithmsfor computing thedecomposition are
based on thefollowing relationshi psbetweentheele-
mentsg, of A and theelementsl i of L:

Element Iij can be computed if we know the ele-
mentsto theleft and above. Thus, in order to havethe
general symmetricmatrix AasLLT, fromthefirst col-
umn, we have:

lll =9grt (a11)

|2,1 =3a,, / |1,1

|3,1 =a, / |1,1

In,1 =a,; / |1,1
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Having cal cul ated these va uesfrom the entries of
thematrix A, wemay go to the second column, and we
notethat, because we have already solved for theen-

triesof theform 1., , wemay continueto solve:

I2,2 =9rt (azz - |§,1)

|3,2 :(ae,z _|2,1|3,1)/|2,2

In,z :(an,z _|2,1|n,1) / |2,2
andthus, finally wemay solvefor thelastentry |, . :

- Iﬁ n—l)
Thesolution of equation Ax = b can be obtained

2 2
In,n = g:]rt(aﬂ’rl_ln,l _In,Z -

bysolving Ly =band L'x =y .

RESULTSAND DISCUSSION

The processof solving the concentration matrix by

Cholesky

The calibration concentration matrix C,, , was
gained according to the concentration ratiosgivenin
TABLE 1. Theabsorbancematrix A _ . wasobtained
from the spectral dataof 25 calibration samples. Ac-

cording to Lambert-Beer law

C25><3BS><86 = A25><86

thus

CT3><25C25><3B3><86 = C;xzsA 25x86

the processof decomposition of matrix, is

C;x25c25><3 =LLT

Solvingthefollowing equation

LY = C;xzsA 2586

Y isturnout; with another equation

L'B=Y

then, the sengitivity coefficient matrix B isobtained.
Through cd culating thematrix B gotten previoudy

and the absorbance matrix of thereal samples(A | ),

the concentration matrix (C ) of real samplesisob-
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tained. In this procedure, the absorbance matrix of 10
real samples(A ) wasobtained from the spectral
data. The number of therowsof the absorbance matrix
isthe number of theunknown samplesand the number
of the columnsof the absorbency matrix isthe number
of wavelengths. Again, according to Lambert-Beer Law

Ci0:3B3.as = Atoees

thus

ClesBsxssBTssxs = AleBGB;6x3

the processof decomposition of matrix, is
B3><SGB;6><3 =LLT

Solvingthefollowing equation

Cios b L™= AloxaeBsTsxs
Y isturnout, with another equation

YL = AleSGBé-Ber3

the concentration matrix C
gained.

CL=Y

the concentration matrix C, . of real samples could be
gained.

105 Of réd samplescould be

Comparing Cholesky decomposition and K-matrix

As partia least square has been used widely in
multi-calibration in chemometrics, result of Cholesky
compare with K-matrix result. TABLE 1 showsthe
results of Cholesky agorithm and K-matrix. Also, the
statistical parametersareshownin TABLE 2. Itisob-
served that Cholesky ismore superior and convenient
than K-matrix caibration.

CONCLUSIONS

A new agorithmwas proposed for thequantitative
determination of SS, SC and STPPwith the Cholesky
multivariate calibration, being compared to partid least
sguare based on Mid-IR refl ectance spectrometry. The
concentration predicated for SS, SC and STPP com-
ponent showed that sengtivity in Cholesky multivariate
calibrationisimproved. Also, it wasdemonstrated that
Cholesky canavoid matrix inverting, reducetheorders
of matricesand needsalittletimefor analyss. Further-
more, computing the Cholesky decompositionismore
efficient and numerically more stablethan computing
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TABLE 1: Quantitativeanalysisof detergent powder real
samplesby DM CA and K-matrix models(gper 100g)

M ethod STPP SS SC

K-matrix 1564 39.66 5.54

1 Cholesky method 1523 4061 6.11
References 15.00 41.00 6.20
K-matrix 1420 36.66 7.54

5 Cholesky method 1447 4075 6.24
References 1460 41.90 6.30
K-matrix 15.34 40.96 7.03

3 Cholesky method 1442  41.34 6.78
References 1430 4160 6.90
K-matrix 16.71  40.87 5.78

4 Cholesky method 16.08 40.63 534
References 1710 39.80 5.10
K-matrix 16,69 38.71 4.58

5 Cholesky method 1651 42.64 5.96
References 16.30 4240 5.80
K-matrix 20.19 3056 8.82

6 Cholesky method 20.86 30.84 8.97
References 2190 3100 9.80
K-matrix 19.37 3117 7.89

7 Cholesky method 1959 30.62 8.27
References 19.70  30.70 8.40
K-matrix 19.31 30.87 7.12

8 Cholesky method 19.84 31.76 7.59
References 20.00 31.80 7.80
K-matrix 2314 3135 6.65

9 Cholesky method 22.88 30.07 7.24
References 2200 3010 7.20
K-matrix 20.33 2956 6.13

10 Cholesky method 20.81 29.78 6.33
References 21.60 3040 6.70

TABLE 2: Satistical parameter sof theapplied models

Calibration model R> RMSEP
STPP 0.962 0.118
K-Matrix SC 0.835 0.110

SS 0873 0.011

STPP 0947 0.141

Cholesky decomposition SC 0967 0.035
SS 0992 0.009

any decomposition method. Soit hasbright prospects
inchemometricsandit isfeas blethat the Cholesky Al-
gorithm could be applied to the practical determina-
tionsin real sampleswith spectral overl apping.
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