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ABSTRACT

In this paper,we review the history of Monte Carlo methods. Then we
study anumerical method bas-ed on M onte Carlo methodsfor the solution
of integral equations.We give some numerical results. The results are
supported by an application with M onte Carlo methods.Some concluding
remarks are given According to the numerical results.
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INTRODUCTION

DuringWorldwar 11,several famousphysicistsand
mathematicians studied M onte Carlo methodssuch as
J.von Neumann S.ulam, and E.Fermi. They worked for
the United States Manhattan projectttl.
IN1948,N.Metropolisonthe ENIAC first carried out
actual Monte Carlo methods. In 1949 N.Metropolis
and S.ulam publishedfirst paper on Monte Carlo meth-
ods. Monte Carlo methods had greatest influenceon
the scienceand engineering. Monte Carlo (MC) meth-
odsarestochastic techniquesmeaning. They arebased
on theuse of random numbersand probability statistics
toinvestigate problems.You can find M C methodsused
ineverything from economicsto nuclear physicsto regu-
lating theflow of traffic. Of coursetheway they are
applied varieswidely fromfieldtofield, andthereare
dozensof subsets of MC evenwithin chemistry. But,
strictly speaking, to call somethinga“Monte Carlo”
experiment, al you need to do isuserandom numbers
to examine some problem.

In 1950 Markovian chain,S.forsythe and
R.Leble™ find theinverse of amatrix by usng Monte
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Carlomethods. Sincethen,many numerica dgorithms
based on Monte Carlo methods have been are gp-plied
varieswiddy fromfiedtofied.

Inthispaper,wemainly sudy theM onte Carlo meth-
odsin solvingintegra equations. Our ideafor solving
integral by Monte Carlo methodisusing Markov chain
with State space. In section 2 we review briefly the
Monte Carlo methods. In section 3 and section 4 we
use Monte Carlo methodsto eva uateintegras. Wegive
numerica experimentsand asummary remarksin sec-
tion 6.

MONTE CARLOMETHODS

E(g(X,)) = 4,for al i =1.2...,n.Then the Strong

Law of LargeNumbers (S.L.L.N) tellsaswith prob-

ability 1l wehave

1 n

~2.9(X) > Aias n s oo.
i=1

The SLLN states that if we where to generate a
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large number of valuesfrom f (x|@) theninorder to

approximate 1 = E(g(X)) ,all wohavetodoistake
average of the generated values evaluated through
9(x) .

Thevaue g(x,),..., 9(x,) can bethought of asre-

aizationsfromtherandomvariable.
TheMonte Carlo approach consists of using this

ideatoevaluatetheintegra E(g(X))=4

A= E(g(X)= ] 900 (x)ix =~ 3 g(X,),

USING MONTE CARLOMETHODSTO
EVALUATEINTEGRALS

Supposewewant to eva uatetheintegra L h(x)dx,

where h(x) doesn’t haveto beap.d.f.,and z could

bethewholered line. Dependingontheformof x ,we
havedifferent waysof attacking thepro-blem.First wo
present transformation to theinterval and then agen-
erd method without transforming.

Evaluatingan integral over =[0,1]
Toevauate [h(x)dx wewrite

jh(x)dx:j'h(x)l(OS X< 1)dx |

And hencetheagorithm becomes:
Step 1: Generate U, ,...,U,i,i,dU(0,1) foraverylarge
L.

Step 2: Caculateih(X)dXz%iZL;h(U. ).

Evaluatinganintegral over y =[a,b]
Toevauate Jll h(x)dx wetakethetransformation

y=%= x=(b-a)y+a, dx=(b—a)dy

to obtain [h(x)dx=[(b-a)((b-a)y+a)dy,and

BioTechnologqy —

hencewe can usethealgorithmin section 3.

Evaluatingan integral over y =[aq+®]

Toevauate | h(x)dx  wetakethetransformation

1 1 1
= = x=—+a-1,dx=-—d
y Xx—a+1 y y? v,
Toobtain

Ih(x)dx:j%h(%ha—l)dy,

0

and hencewe can usetheagorithmin section 3.1.

Evaluatinganintegral over y =[-o,b].

b
Toevauate | h(x)dx  wetaketransformation

1 1
= = X=——+b+1,dx=—dy,
y b-x+1 y y? Y
Toobtain

b 1

jh(x)dx=j%h(—%+ b+ 1)dy,

and hencewe can usetheagorithmin section 3.1.

Evaluatingan integral over y =[-w 4]
Toevauate [h(x)dx wewriteit as

Th( X )dx = _(fh( x)dx+Th( X )dx,
and wefall inthe previous cases.For thefirst integral

[h(x)dx | wetakethetransformation

1 = X=—£+ 1,dx =i2dy,
y

y= 1-x y

and for thesecond | h(x)dx, thetransformation

and thusobtain Troos=| R f ém%-1)dy-f71,[h<-%+1>+h(§-1)1dy

and hence we can usethea gorithmin section 3.1on
thoseintegrals.

Hn Tudian Jounual



BTAIJ, 8(5) 2013

Zaizai Yan et al.

661

————, FyurrL PAPER

MULTIVARIATE EXTENSIONS:USING
TRANSFORMATIONSTO[0,1]

To evaluate the integral
[ n(x,x, ox, xdx, .0, where the set is
separablei.e, wesmply

write
Lh( Xy X, o0 X, )X OX, L OX = ” j' h(X,, X, e X, )X, 0X

and then take appropriaetransformation depending on
formof the ; 's. Forinstant if 5 = z,x 7, = R?, then
wewould write

+o+®

| [hCx,,x; Yx,dx, =T j (xl,xz)dx1+Th(x1,x2)dxl]dxz

=J9th(x X, Jx,dx, + qu:’h(xl,x2 Jax, dx,
+quh(x X, )dx,dx, + ffh( X, , X, )dx,dx,
0 - 00
11 l 1 11 1
= h—f 1~—+1)dy,d h—f 17—1dd
Mylzyzz (- + Ly + D, y#M lyz (= + 1y ~1dv.dy,
11 l 11
—1—7 1)dy,d —1,7—1d1d
+My1 PV yﬁ”yl 7 [~ vy,
=H ! [h(——+l——+l)+h(—i+li—l)]dyldy2
o0 ¥, Y, y y y
11
Ty (——1——+1)+h(——1——1)1dy1dy2
00 ¥, Y, y y y

Multivariateextensions:No transfor mations

Consider now theintegral

Lh( Xy 1 Xy ey X, JAX,OX, L OX =LJ;2 ...Lph( Xy s Xy ey X, JAX,OX, . OX

B (XXX, )
II I FOX00 X5 000X, )AX, X, . 0X
. 3re (X, %, 500 X,)

Where

(X, X, 000 X, ) =

and f(x,,x,....x,) isamultivariate p.d.f.with support
X=X %X, x..x%,, thatisknown and can be used to
given usarandom sampl e of random vectors,namely

Thentheintegra isapproximated by

L h(X,, X, e X, )X 0X, L0X

1 n
z;;@(x.)

1& h(X,, X, ,00X,)
Xy s Xy )

n‘= f(x,,
Now for thecasewhere ¥ imposesrelationships
onthevector x . Here
z={X=(XX,)eR? I X =0 (X, X, .0, X, )i =1,2,..., p}.
We can easily bring thisinto one of the previous
formsby consdering

L h(X,, X, 50 X, X 0X, . 0OX

+040 40

= I_[..._[l(xe 2 (X, X, ., X )X, 0X, .. 0X

where 1()theindicator of the set
Numerical experiments
Examplel

Congder

—_[ x’dA = _[ hx?dx = bh

for whichtheexact solutionis0.1667 when b=1,h=2.

TABLE 1: Inertial moment resultsand relative errors of
MonteCarlo

N Results relativeerrors
10 0.1500 10.00

100 0.1630 2.220

1000 0.1645 1.320

10000 0.1651 0.960

We can easily seethat

2 2 2

0.165

exact solution —

e
L

0.160
I

o

| results
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Figure1: Inertial moment resultsand relative errors of

MonteCarlo
s BioTechnology
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I,(1-1,)
N

[,(1-1,)
N

D(1,)~D(1,)=

o(l,)=ao(l,)=

TABLE 2: Inertial moment resultsand variance of M onte
Carlo

N Results variance
10 0.1500 0.00225
100 0.1630 0.00026569
1000 0.1645 0.0000270
10000 0.1651 0.000002725801

TABLE 3: Inertial moment resultsand standar d var iance of
MonteCarlo

N Results Standard variance
10 0.1500 0.047434
100 0.1630 0.0163
1000 0.1645 0.005196
10000 0.1651 0.001649
Example2

Consider [e**dx theexact solutionis0.6.

TABLE 4: Inertial moment resultsand variance of M onte
Carlo

g(r,) =€ Number (I, < g(r,))
0480 0918 0 1

0674 0928
0579 0558
0730 0473
0382 0919
0857 0368
0919 0626
0409 0475
0636 0372

0.600 0.848

12.76 12
0.638 0.60

Random I Random I,

0.266 0.914 0.742 0.791
0.606 0.925 0.751 0.295
0.454 0.417 0.936 0.121
0.698 0.252 0.480 0.781
0.037 0.916 0.863 0.115
0.846 0.001 0.576 0.847
0.915 0.532 0.496 0.732
0.107 0.255 0.493 0.174
0.548 0.011 0.196 0.121

0.489 0.835 0.495 0.155

sum
mean

B B O KB B O KB O O
B P P O O B O R -

CONCLUSION

The present study successfully applied anumerica
algorithm with Monte Carlo method to solveintegral
equation. It can be seen that the proposed method is
efficient and accurateto estimatethesolution. Further-
moretheresultsindicatethat the present Monte Carlo

method is preferablewhen one needsto have arough
estimation.
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