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ABSTRACT

This model is comprises of a system of time-independent reaction-diffu-
sion equations describing steady state of a chemical process that in-
volves three species: two reactions and diffusion. The system of equa-
tions coupled with the non-linear reaction termswith mixed Dirichlet and
Neumann boundary conditions. A closed form of an analytical expression
of concentrations for the full range of enzyme activities has been derived
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using Homotopy Perturbation method. A simple approximate analytical
expression of concentrations in terms of dimensionless parameter A is
also reported. These analytical results are compared with numerical re-
sults (MATLAB Programme) and are found to be in good agreement.
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INTRODUCTION

Weconsider aclassica chemical reaction between
two speciesA and B to form aproduct, according to
thereaction mechanism 2A + B — product. Wemodel
thetrangport ingdethemembraneasdiffusive, thusthe
model will begiven by asystem of reaction-diffusion
equationsthat are coupled with thenon-linear reaction
terms. Thereaction path consists of acoupled pair of
irreversiblesmplereaction™.

A+B—5C,

A+ C—">product &)

where A and u arethe binary reaction rates. Therigor-
oussingular perturbation analysisfor the steady-state
problem was provided by Seidman and Kdacheve??.

The corresponding time dependent system of thisprob-
lem has been considered by Haario Seidman, for the
boundary conditions of aquite different type, to de-
scribereactionsinthefilm model for agas/liquidinter-
face. Also the steady state problem has many impor-
tant applications, in chemical engineering modeling.
Recently, Butuzov et a.>% have solved somerelated
problemsof exchange of stabilitiesusingdifferent tech-
niques (upper and lower solutions). However, to the
best of author’sknowledge, no general analytical re-
sultsof substrate concentration for al valuesof dimen-
sionless parameter A have been published. The pur-
pose of thiscommunication isto derive approximate
analytical expressionsfor the steady-state concentra-
tionsfor al valuesof A using Homotopy Perturbation
method.
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Figurel: Normalized steady-state concentr ation u. Thecon-
centrationswer ecomputed using eq.(7) for variousvaluesof
the dimensionless parameter A. (-) denoteseq. (7) and (+)
denotesthenumerical smulation

Mathematical formulation of the problem and
analysis

Thecovering nonlinear reaction diffusion equation
inthemembraneisexpressed in thefollowing non-di-
mensond format':

u,=Auv+uw 2
Vv, =AUV 3
W, =UwW - Auv 4

whereu(x), v(x) and w(x) denotethe concentrations of
the chemical species, A, B, and C respectively. The
diffusion coefficient of three speciesisconsideredto
havean equal diffusion coefficient whichisequal to 1.
We assumethat the specie Aissupplied with agiven
fixed concentration a>0 at x =0, and the specie Bwith
B>0at x = 1. Boundary conditionsare
u=a; v.=0; w=y at x=0 (5)
u, =0; v=p;w =0atx=1 (6)
Duetothe appearanceof thelargefactor A>>1is
one of thetermsin each reaction-diffusion equation.
The equations have features of singularly perturbed
problemg¥,

Solution of boundary value problem using HPM

Recently, many authors have applied the HPM to
various problems and demonstrated the efficiency of
the HPM to hand non-linear structureand solvevari-
ousphysicsand engineering problems ™9, Thismethod
isacombination of Homotopy intopology and classic
perturbation techniques. Ji-Huan He used theHPM to
solveLighthill equation™™, Duffing equation*2, thenthe

0.801

:| (o]
a=16 =08 y=001 4
0787
wx)
0.796 dl
-4 =0ubad1
- -2-0.001
o -4=001

q 1 1 1 1 1 1 1 1
0 61 02 03 04 05 06 07 08 DO

Figure2: Normalized steady-stateconcentration v. The con-
centrationswer ecomputed using eg. (8) for variousvaluesof
the dimensionless parameter A. (-) denotes eq. (8) and (+)
denotesthenumerical smulation

ideagoesthrough and has been used to solve non-lin-
ear boundary val ue problems?*3, Emden-Flower type
equations* and many other problems. These wide
varieties of applicationsshow the power of theHPM in
solving functiona equations. TheHPM isuniqueinits
applicability, accuracy and efficiency. The HPM™ uses
theimbedding parameter p asasmall parameter and
only littleateration is needed to search for an asymp-
totic solution. Recently, Eswari et d.[*9 derived theap-
proximate analytical expressionsfor the substrate hy-
drogen peroxide concentrationsand current for thenon-
linear Michadis-Menten kinetic schemeinasystem of
coupled non-linear reaction-diffusion equationsusing
the Homotopy Perturbation method. Meenaet al .
presented the approximate anal ytical expressionsfor
the substrate and mediator concentrationsfor thenon-
linear reaction-diffusion processes of conducting the
polymer modified ultramicroel ectrodes exhibitsthe
spillover using the Homotopy Perturbation method.
Usingthismethod*®, we can obtain thefollowing solu-
tiontotheequations(2) to (4) (Appendix A).

u(x)=a+%aleﬂ+%ayx2—kaﬂx—ayx )
|
v(X) = B+§ax Z.B—El,aﬂ 8
and
1 o0 1 5
w(x)=y—§ax AB+Eax ¥+ Aop X —ayX 9

Theeq. (7) to (9) represent the new analytical ex-
pression of concentration of speciesfor al valuesof
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Figure3: Normalized steady-gtate concentration w. Thecon-
centrationswer ecomputed using eg. (9) for variousvaluesof
the dimensionless parameter A. (-) denoteseq. (9) and (+)
denotesthenumerical smulation

dimensionless parameter. Thereactionrateqisgiven

by
q=Auv

=A (a+%ax2hﬂ +%ayx2 —M.Bx—ayx)

(10)
(B + %axzkﬂ - %M.B)

Numerical smulation

Thenonlinear differentia eq. (2-4) arealso solved
by numerica methods. ThefunctionbvpdcinMATLAB
softwarewhichisafunction of solving two-point bound-
ary value problems (BV Ps) for ordinary differential
equationsareused to ol vetheseequations. Itsnumerica
solution is compared with Homotopy Perturbation
method and it givesasatisfactory agreement (Figure 1-
6). TheMATLAB programisaso givenin gppendix B.

DISCUSSION

Figurel representsthe normdized steady-state con-
centration u(x) for different valuesof dimensionlesspa-
rameter A =0.0001, 0.001, 0.01. Fromthisfigure, itis
evident that the val ues of the concentration decreases
when dimens onless parameter A increasesfor o. = 1.6,
3 =0.8andy =0.01. Figure 2 showsthe normalized
steady-state concentration v(x) versusthe dimension-
lessdistancex for various vaues of dimensionless pa
rameter .. Fromthisfigure, itisobviousthat thevaues
of the concentration increaseswhen dimensionless pa-
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Figure4: Dimensionlessreaction rateq ver susthedimen-
sionlessdistancex for thevalueof dimensionlessparameter
A=10°,whena=1.6,=0.8,y=0.01

rameter A decreasesfor o= 1.6, 3 =0.8andy=0.01.
Thenormalized steady-state concentration w(x) versus
thedimensionlessdistancex for variousvaluesof di-
mensionless parameter A isplottedinfiguer 3. Inthis
figure, itisinferred that the val ue of the concentration
decreases when the diffusion parameter A decreases.
Figure4, 5and 6 show thedimensionlessreaction rate
qusingeg. (10) for al valuesof A. Thus, itisconcluded
that thereisasimultaneousincreasein thevauesof the
reactionrateaswell asin A for thefixedvalueof a.=
1.6,=0.8 andy=0.01

CONCLUSIONS

Thetimeindependent non-linear reaction-diffu-
sion equation in membrane has been formul ated and
solved andytically and numerically. Analytical expres-
sionsfor the concentrations are derived by using the
HPM. The primary result of thiswork issimple ap-
proximate cal culations of concentration for al values
of dimensionless parameter . The HPM is an ex-
tremely s mplemethod and it isa so apromising method
to solve other non-linear equations. Thismethod can
be easily extended to find the solution of al other non-
linear equations.
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Figure5: Dimensionlessreaction rateq ver susthedimen-
sionlessdistancex for thevalueof dimensionless parameter
A =10° whena=1.6,p =0.8,y=0.01
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APPENDIXES

AppendixA

InthisAppendix, weindicate how egns. (7), (8)
and (9) inthispaper arederived. Tofind thesol ution of
eqgns. (2), (3) and (4), it can be simplified to (Ariel,
2010)

2
le: —Auv-uw=0 (A1)
ﬂ— Auv=0 A2
dX2 ( )
d’w
v —uw+Auv=0 (A3)
Now the boundary conditionsbecomes
—ouza, =0 w= A4
x=0,u=a,  =0,w=y (A4)
du dw
= —=0 = —=0
x=1 g V=B, o (AD)
We construct the Homotopy asfollows
d®u d?u
(1_p)|:W]+p|:W_MV_UW] =0 (A6)
d’v d’v
(1— p)[y]+ pl:y— kuv] =0 (A7)

Figure6: Dimensionlessreaction rateq ver susthedimen-
sionlessdistancex for thevalueof dimensionlessparameter
A=10°,whena=1.6,=0.8,y=0.01

d?w d?w
1- + +Auv—uw |=0
( p)[ dxz] p[ pve] ]

The approximate solution of (A1) and (A2) and
(AJ)is,

(A8)

u=u,+pu,+piu,+.... (A9)

V=V, +pv, +p, t... (A10)
W=W, +pw, +pAW, +..... (A1)

Theinitia gpproximationsareasfollows

u,(0)=aandu, (1) =0 (A12)
u(0)=0andu, (1)=0,i=12... (A13)
v(0)=pandv, (0)=0 (A14)
v(1)=0andv, (0)=0,i=1.2... (A15)
w,(0) =yandw, (0)=0 (A16)
w(0)=0andw, (1)=0 (A17)

Substituting eg. (A9) to (A11) into eq. (A6) to (A8)
wehave
2
(1_p)[d (u, -;pzul + ...)]+
r

d*(Ug +pu; +...)
dx?

p| A(Ug+pu, +....) (Vo +pV, +....) |=0 (A18)
—(Uo+pU, +...)(Wy+pW, +....)
d?(Vy+pv, +..)
1—p)| S o TP T
( p)[ e
d*(Vo+pv, +..)
o e Muotpuit)| g (A19)

(Vo+pVv,+...oe. )
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2
(1_p)[d (w0+p\2/v1+....)]+
dx
d?(wWy +pw, +....)
5 +
dx
p| A(uy+pu; +..)(Vo+pv,+..)—|=0
(Ug+pU; + .. )Wy +pW, +....)

(A20)

Comparing the coefficients of like powersof pin
eg. (A18) weget

d’u

P =0 (A21)
d®u

plzvzl—},uovo—uow0 =0 (A22)

Comparing the coefficients of like powersof pin
€g. (A19) weobtain
0 d VO

P e =0 (A23)
d?v
P e~ MioVo =0 (A22)

comparing the coefficientsof likeposer of pinegn.
(A20) wehave

pO . d2W0 — A25
d3w
pt: dle —AUgV,—UW, =0 (A26)

Solvingtheeq. (A21)-(A26) and using the bound-
ary conditions(A12)-(A17), wecanfind thefollowing
results

u,=a (A27)
1 2 1 2

Uy = S aABX’ + - ayx” ~Aafx—apx (A28)

v,=p (A29)
1 1

VvV, = Eal,ﬂxz —Exaﬂ (A30)

w, =y (A31)

1 2 1 2
w, = _anx +5ax +AaBX —ayx (A32)

According tothe HPM, we can conclude that
u=IpiLqU(X)=Uo+U1 (A33)

V= Ipl_rnv(x) =Vy+V, (A34)

—= Pyl Peper

W= Ipl_rn W(X) =Wy + W, (A35)

After putting eg. (A27) and (A28) into eq. (A33)
and eg. (A29) and (A30) into eg. (A34) and eg. (A31)
and (A32) into eg. (A35), we obtain theequations(7),
(8) and (9) inthetext.

Appendix B

function pdex4

m=0,

x =lingpace(0,1);
t=linspace(0,100000);

50l = pdepe(m, @pdexdpde, @pdexdic, @pdexdbc, X, t);
ul=sol(:,:,1),

u2=s0l(:,:,2),

u3=s0l(:,:,3);

Fgure

plot(x, ul(end,:))
title(u,(x,1)’)

xlabel (‘Digtancex’)
ylabel(‘u,(x, 2)")

%

Fgure

plot(x, u,(end,:))
title(‘u,(x,1)’)

xlabel (‘Distancex™)
ylabel(‘u,(x, 2)’)

%

Fgure

plot(x, u,(end,:))
title(*Solutionatt =2")
xlabel (‘Digtancex’)
ylabel(‘u,(x, 2)")

%

function[c, f, § =pdex4pde(x, t, u, DuDx)
c=[L 1 1];

f=[1; 1; 1] .* DuDx;

y=u(l)* u(2);

y;=u(1)*u(3);

0=1.6;

v=0.01;

p=0.8;

lamta=0.0001; % parameters
F=(-lamta*y-y*);
F,=(-lamta*y); %ononlinear terms
F=(lamta*y-y,);

s[F, F;FJ;

%

Au Tudian Yournal
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function u, = pdex4ic(x),

Y%cregteainitial conditions

u,=[0; 1, 0],

%

Function [pl, gl, pr, gr] =pdex4bc(x, u,, X , u,, t)
%create aboundary conditions
p,=[u,(1)-1.6; 0; u,(3)-0.01];

q,=[0; 1; 01;

p,=[0; u.(2)-0.8; Ol

q,=[1,0; 1];

AppendixC

Nomenclature

Symbol M eaning

u Concentration of the chemical species A
Concentration of the chemical species B
Concentration of the chemical speciesC
Dimensionless parameter
Dimensionless distance

Fixed concentration of the specie A
Fixed concentration of the specie B
Fixed concentration of the specie C
Dimensionless reaction rate

o= ™ e X > = <
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