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ABSTRACT

In this paper, an adaptive fuzzy sliding-mode controller (AF-SMC) based on fractional
calculus for uncertain chaotic nonlinear systems were proposed. Three fuzzy logic
systems were designed to approximate the unknown system functions and the switching
term of SMC, respectively. Stability of the closed-loop system was proved and adaptive
laws for the tuned parameters were obtained by using Lyapunov arguments. Numerical
simulations are done on the chaotic nonlinear gyroscope system and results show that the
proposed fractional order controller is effective and feasible.
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INTRODUCTION

Due to its valuable applications in numerous and wide-spread fields, fractional calculus has
received considerable popularity during past three decades!!. According to the Poincare-Bendixon
theorem'?, an integer order chaotic nonlinear system must have a minimum order of 3 for chaos to
appear. However, in fractional systems (or more specifically, non-integer-order systems), it is not the
case. Recently many authors began to investigate the chaotic dynamics of fractional order dynamical
systems. They have found that many systems are known to display fractional order dynamics, For
example, it has been shown that Chua’s circuit of order as low as 2.7 can produce a chaotic attractor”!.
Non-autonomous Duffing systems of fractional order have been addressed in™, where it is shown that a
sinusoid ally driven Duffing system of order less than 2 can still behave in a chaotic manner. In Ref."™),
chaotic behaviors of the fractional order ’jerk’ model was studied, in which chaotic attractor was
obtained with system orders as low as 2.1. In'®!, based on the cellular neural networks (CNNs) and
replaces the traditional first-order cell with a non-integer-order one, a simple system showing chaotic
behavior is introduced. More recently, chaos control and synchronization of fractional order system in!”
have been investigated. Address the problem of chaos control for autonomous nonlinear chaotic systems
of integer and fractional orders. Where the nonlinear controller was designed using the recursive
“backstepping” method. The controller’s effect is to stabilize the output chaotic trajectory by driving it
to the nearest equilibrium point in the basin of attractor. In this paper the control of the fractional order
chaotic systems will be studied.

Over the past decade, the variable structure control (VSC) strategy using the sliding mode
concept has been widely studied and developed for control and state estimation problems since the
works of Utkin. SMC is an efficient tool to control complex high-order dynamic plants operating under
uncertainty conditions due to its order reduction property and low sensitivity to disturbances and plant
parameter variations. In SMC, the states of the controlled system are first guided to reside on a designed
surface in state space and then keeping them there with a shifting law'®’. The most prominent property of
the SMC is its insensitivity to parameter variations and external disturbances. However, its major
drawback in practical applications is the chattering problem. In order to eliminate chattering, Palm noted
the similarity between fuzzy controller and sliding mode controller with a boundary layer, and provided
a fuzzy sliding mode design approach in®®!. This design can lead to stable closed-loop system with
avoiding the chattering problem in the SMC.

Numerous techniques have been proposed to eliminate this phenomenon in SMC, sucha as
saturating approximation, integral sliding control and boundary layer technique. To tackle these
difficulties, fuzzy logic controllers (FLC) are often used to deal with the discontinuous sign function in
the reaching phase of SMC!"". Many new algorithms have been proposed based on the integration of the
fuzzy logic and the SMC™!. These approaches are similar in the aspect that they directly approximate
the sliding mode control law by fuzzy approximations. The main advantage of this control scheme is its
ability to eliminate the chattering using a fuzzy sliding surface in the reaching condition of the SMC!"?!,
Recently, adptive fuzzy SMC methods are also used for this purpose, which is shown to be quite
effective. In contrast to a conventional feedback control algorithm, there is a fuzzy control algorithm
consists of a set of heuristic decision rules that can be represented as a non-mathematical control
algorithm. This algorithm proves to be very effective especially when the precise model of the system
under control is not available or expensive to prepare. This combination (i.e., F-SMC) provides the
mechanism to design robust controllers for nonlinear systems with uncertainty.

Unfortunately, there are not many contributions available for the problem of the sliding mode
control of fractional order systems with uncertainties. In this work, we incorporate adaptive fuzzy SMC
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approach to control the nonlinear fractional order gyro chaotic systems with uncertainties, and new
results on adaptive fuzzy SMC of fractional order systems with uncertainties are derived.

SLIDING MODE CONTROL OF FRACTIONAL ORDER CHAOTIC SYSTEMS

Mathematical model of fractional order systems
Fractional calculus is a mathematical topic more than 300 years. It is a generalization of
integration and differentiation to non-integer order operator, denoted by p¢, where a and t are the limits

of the operator. This operator is a notation for taking both the fractional integral and functional
derivative in a single expression, and the simplest and easiest definition is Riemann-Liouville definition
given as in [15]

pmo L d i (@) 1
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where 7 is the first integer which is not less a, and I is the Gamma function.
Consider a fractional order chaotic dynamic system

X = f(x.t)+g(x,t)u+d(t) (2)

where x=[x,x,,---,x,]" =[x,x“,---,x""*7" is the state vector, f (x,f) and g(x,f) are smooth and

bounded nonlinear system functions. In this paper, we assume that both f (x,f) and g(x,f) are unknown,
u(?) is the control input and d(#) is the external bounded disturbance, i.e. |d(r)|< D. The control task is to

regulate the system output y to follow a smooth command signal yd, which is the output trajectory of a
drive system, and all signals involved must be bounded. Before the controller design, the command
vector yd and the tracking error vector e are firstly defined as following

3)
“Da T
PO =[ 3y 50 |

{e(t) =y,()=x(1)

In this paper, we will develop adaptive fuzzy sliding mode control of uncertain fractional order
chaotic systems, i.e., the control objective is to force output trajectory of the response system to track
output trajectory of the drive system.

Sliding mode controller design

Design of the SMC controller involves two important phases. The first phase is to design a
suitable sliding surface function &(¢) so that once the system enters the hyper-plane ¢(z) =0, the desired
dynamic characteristics can be realized. The second is to design a proper controller u(r) so that it can
drive the system’s dynamics into the designed hyper plane and stay thereafter. Two type of control law
must be derived separately for those two phases described above. We first define the sliding surfaces in
the space of the error states as follows

O'(t):—ke :—(kle_l_kze(a) +.“+kne(n—l)a) (4)
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where k :[kl,kz,---,kn]T and the k; is real and chosen such that the polynomial [(s)= ikl.S(i_l)a ,

i=1
k, =1, is Hurwitz, where s is a Laplace operator. The tracking problem will be considered as the state
error vector e remaining on the sliding surface o(t)=0 for all 7>0. In order to ensure that the

trajectory of the state error vector e will accross from the approaching phase to the sliding phase, the
sliding mode reaching condition
o()6(t) <0 )]

must be satisfied. In the sliding mode phase, it means o(r) =0 and ¢'“’(t)=0. In order to force
the system trajectories to remain in the sliding surface, the equivalent control u, (z) can be derived as

follows. We first assume that 1 (x,f) and g(x,f) are known and external disturbance does not exist, i.e.,
d(t)=0.
Take the derivative of the sliding surface, we have

n—1
oty =~k —e") = ke(t)+ £ (x,0)+ g(x,00u,, ~ v, (6)
i=1

Hence, the equivalent control can be obtained as

1
g(x,1)

() = (ke(t)+ f(x, )~ vy ) (7)

On the contrary, in the sliding mode reaching phase, o(¢) # 0, a sliding-mode hitting control u

should be imposed to guarantee the reaching condition (4). Thus, the total sliding mode control can be
obtained as

{u(t)zueq(t)+us(t) (8)
u, (1) = g™ (x,1)n sgn(s)

where the sliding mode gains 7 > 0 and sgn() is the sign function.

Adaptive fuzzy sliding mode controller design
When design the sliding mode control (8), the system functions 1 (x,f) and g(x,f) must be exactly

known and the sliding mode gain 7, should be properly chosen. Unfortunately, f (x.f) and g(x,f) are

always unknown and there also exist external disturbance, then the feedback linearization control effort
(7) cannot be obtained. Here, two fuzzy logic systems are adopted to approximate the unknown
functions f'(x,¢) and g(x,?), respectively, as the following

f(x16,)=¢"(x)0, )
8(x10,)=¢£7(x)0,

where &(x) is the fuzzy basis function, 6, and 6, are the adjustable parameters. In this article,

we used the set of fuzzy systems with singleton fuzzifier, product inference, centroid defuzzifier,
triangular antecedent membership function and singleton consequent membership function.
The indirect adaptive controller is given as follows
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u(t)=¢" (1[0, ) = ke()+ 5" - 7 (x[6, ) -, (10)

Since the switching control effort contains inherent high-frequency chattering, which is harmful
to electrical circuits, we also adopt a fuzzy logic system to online approximate the switch control term,
that is

i, ()= h(c|6,) = nsgn(o) an
When replacing the unknown functions f (x,) and g(x,) with the estimated f (x16,) g(x|6,)

and the controller ﬁ, we design the indirect adaptive fuzzy sliding mode controller as follows
u(ty=g"' (x‘@g)[k(H— ) — j'(x‘ﬁf)ffl(s)} (12)

where the estimated switching controller h(c(1))=6/¢(c), 6, is the adjustable parameter and
@¢(o) is the fuzzy basis function.

The optimal parameter estimations 6’;, 19; and 6, are defined as
g, =argmin, , [sup| f (x]6,)- fx,0 1>

0, =arg min, o [sup | g(x|0,) ~g(x)]]
Hh =arg minohEQh[s%p \ h(O‘ | 9,1)—us(t) |:| ’

where Qy, Q,, and €, are constraint sets of suitable bounds on &, , 6, and 6, respectively.

By using (11), (12), sliding surface equation (4) can be rewritten as

o) = w0+ [f(x]0)~ [ (x] 0] +[8(x] 6)) - g(x] 6, ()~ (e | 6,) +d (1) (13)
where the minimum approximation error @ is defined as

w=af(x]6;)- f(x|0)]+[g(x|6;)—g(x|6,)lu, () < @, (14)

It should be noticed that in (14), the estimation error between i(c|0’) and h(c|6") is ignored.

Since the switching control effort itself is not a part of the model and is only a designed robust term to
deal with the disturbance, the exact value of u (¢) is not necessary.

The parameters’ approximation errors 5f =0, - 9; , ég =0, - 19; and 9~h =6, -6, , thus, we have
o)1)=~ 0, §(0) =0} &(x) =6, £, (1)~ h(c | 6) +d (1) (15)

Stability analysis
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In this section, the Lyapunov direct argument is adopted to analysis the global stability of the
proposed control scheme.
Theorem 1: Consider the fractional order chaotic nonlinear system (2) with uncertainties, if the control
input is designed as (12), and the adaptive laws are chosen as

0\ =ro()E(x), 6 =noE@u(t), 6 =-ro()g(x)d(x) (16)

where 1, >0,i =1~ 4, are the adaptive gains, then, the obtained closed-loop system will have the

global stability and the tracking error will converge to zero asymptotically as well as all signals
involved are uniformly bounded.
Proof: Now consider a non-negative Lyapunov function given as follows

1, 1 = 1~ 1 ~p~ (17)
Vity=—o"(t)+—0,.0, +—0.60. +—0, 0,
(0=30° 045010, +5 8]0, +-0/9,

Noting that é/, = éf,ég = ég and éh = éh , and using the control effort (11) and (12), then, we
obtain the time derivative of the Lyapunov function as follows

@) _ gl 4 ri—lé;"éf((l) N Q—IégTég(a) +1,'076,

= 00— 00! }(0) — 00! E(x) — 00! E(Xu(t)—oh(c |0, ) +od (1) + 7070, + 1,076, + ;67 6, (18)

<ow+ rl"léf (éf(a) - rlaf(x)) + rz"légT (ég(“) - rzaé‘(x)u(t)) + r;léhT (éh(a) - }’30;75(0')) - G(D + 77) sgn (0')

When using the adaptive laws given above and after simple computation, we can deduce that the
following inequality holds

V') < oow— o, sgn(o)=ow—|o|n, 19)

The inequality (18) indicates that V(¢) holds when o(t)#0, then V; and o(¢) will approach to

zero in finite time. If a proper value of the gains are selected, the trajectories of system (2) will reach the
sliding surface and the system motion enters the so-called “sliding mode”. Therefore, when the control

law is used in (12), and the adaptive gains are designed as above, V(f)<0 is satisfied. Using the
|o(t)[=0. Thus, lim, , |e(t)|=0, and the control law

drives the state error trajectories of the system in (2) onto the sliding surface (4) and the system is stable.
This completes the proof

corollary of Barbalat’s Lemma, we have lim

11—

RESULT AND DISSCUSS

In this section, simulations are done on the chaotic nonlinear gyroscope system to demonstrate
the effectiveness of our fractional order adaptive fuzzy sliding mode controller. The control object is to
force the response of the system to track the trajectory of the drive system. Consider the fractional order
chaotic gyroscope drive and response systems as follows:
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5 =x, where the system
6\ = =20x, +0.125%7 = 0.15x,> = 0.5x, —0.05x, + 2sin (0.5, ) — 4 cos(20)x, + Af (x,£) +u (1) +d (¢)

uncertainty, for the response system, Af(x,)=0.1sin(2x,)+0.05cos(x,) and the external disturbance
d(t)=0.6cos(nt), while Af(x,7)=0 and u(¢) =0 for the drive system.

The control objective is to force the trajectories of the response system to track the reference
trajectories of the drive system. The initial states of response and drive systems are set as y(0)=[1, -1]'

and x(0)=[1.5, 0.75]' . The value of the fractional order a=0.75, and all design constants are chosen as

k, =k,=10,7r =200, r, =50, r, =2. The membership functions for the states and the sliding function
are selected as follows: ROE oSS ()= T ()= ) =e T ()= e

b
—(x,+2.5)°/8 —(x;+5)*18

w5, The membership functions for o are selected as follows:

/U,,ﬁr(xi):e ’ /IA7,(X,»)=6 ? /UA;(X,‘):e

—(6+0.5)% —(6-0.5)* —(o-1.5)

(@) =1 A+ ), 1, (@)= ()= (@)=Y (o) =e

If the control input isn’t imposed on the system, the 3-D phase portrait of the drive and response
systems is given in Figure 1. It is obvious that the tracking performance is poor for the lacking of control
effort imposed on response system. Figure 2 shows the trajectories of the states x1, yl and x2, y2,
respectively. Trajectory of the sliding surface is given in Figure 3. Figure 4 gives the control effort.
From the figures, it can be seen that the initial tracking error is obvious, when the sliding mode occurs,
the tracking error diminishes. The estimations of 1 (x; ¢), g(x; ¢) and their corresponding real values are
shown in Figure 4.

Figure 2 : Trajectories of the states x,, }, and X,, y,
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Figure 4 : Estimations of f (x,7) and g(x,?) and their real values
CONCLUSION

Since many systems are known to display fractional order dynamics, this paper has accordingly
proposed an adaptive fuzzy sliding mode controller based on fractional calculus for a class of nonlinear
chaotic systems. The scheme integrates fuzzy logic approximation technique with sliding mode control
method, and has been proposed for the chaotic systems with unknown parameters and external
disturbance. Moreover, by means of Lyapunov arguments, the adaptive laws and the robustly stability of
sliding motion have been derived. It has been shown that both the switching surface and the FSMC
controller have been obtained. Numerical simulation on chaotic nonlinear gyroscope system has been
done and results validate the correctness and the effectiveness of the proposed scheme.

ACKNOWLEDGMENTS

The authors are grateful to the support of National Natural Science Foundation of China
(61203019), China Postdoctoral Science Foundation funded project (2012M521518), Key Project of
Chinese Ministry of Education (212122), Natural Science Foundation of Hunan Provincial (13JJ9019),
Innovative Research Team in Higher Educational Institutions of Hunan Province, and the Scientific
Research Fund of Hunan Provincial Education Department (14A032)



6288 Adaptive fuzzy sliding-mode control for chaotic nonlinear systems with uncertainties based BTALJ, 10(12) 2014

REFERENCES

[1] Xu Ying-Nan; The Relationship between Sporting Goods Companies and Competitive Sports in Nearly 30
Years. Taking NIKE and the NBA as an Example. Bulletin of Sport Science & Technology, 20(6), 97-99
(2012).

[2] Li Gang, WuWei-Di, WangYong; Research of the performance of listed companies of port stocks. Journal of
Tianji University of Technology and Education, 17(1), 49-53 (2007).

[3] M.S.Tavazoei, M.Haeri: Synchronization of chaotic fractional-order systems via active sliding mode
controller. Physica A, 387, 57-70 (2008).

[4] A.AKilbas, H.M.Srivastava, J.J.Trujillo; Theory and applications of fractional differential equations, North-
Holland Math. Studies 204, Elsevier, Amsterdam, (2006).

[S] L.Petras; A note on the fractional-order Chua’s system, Chaos, Solitons & Fractals, 38(1), 140-14, 7 (2008).

[6] X.Gao, J.Yu; Chaos in the fractional order periodically forced complex Duffing’s oscillators, Chaos, Solitons
& Fractals, 26, 1125-1133 (2005).

[7]1 J.G.Lu, G.Chen; A note on the fractional-order Chen system, Chaos, Solitons & Fractals 27, 685—688
(2006).

[8] P.Arena, R.Caponetto; Bifurcation and chaos in non-integer order cellular neural networks,
Int.J.Bifurcat.Chaos., 8(7), 1527-1539 (1998).

[9] IL.Petras; A note on the fractional-order cellular neural networks. In: Proceedings of the IEEE world congress
on computational intelligence, international joint conference on neural networks, Vancouver, Canada, 6-21
(2006).

[10] S.H.Hosseninnia, R.Ghaderi, N.A.Ranjbar, M.Mahmoudian, S.Momani; Sliding mode synchronization of an
uncertain fractional order chaotic system, Journal Computers & Mathematics with Applications, 59, 637-
1643 (2010).

[11] L.A.Zadeh; Fuzzy logic, neural networks and soft computing. Commun. ACM, 37(3), 77-84 (1994).

[12] X.Z.Zhang, Y.N.Wang, X.F.Yuan; Hoo Robust T-S Fuzzy Design for Uncertain Nonlinear Systems with
State Delays Based on Sliding Mode Control, International Journal of Computers Communications &
Control, 5(4), 592-602 (2010).

[13] J.Yoneyama; Robust Hoo control analysis and synthesis for Takagi—Sugeno general uncertain fuzzy systems,
Fuzzy Sets and Systems, 157(16), 2205-2223 (2006).

[14] M.M.Balas, V.E.Balas; World Knowledge for Control Applications by Fuzzy-Interpolative Systems,
International Journal of Computers Communications and Control, 3, Supplement: Suppl.S, 28-32 (2008).

[15] L.X.Wang, J.M.Mendel; Fuzzy basis function, universal approximation, and orthogonal least square
learning, IEEE Trans. Neural Networks, 3(5), 807-814 (1992).



