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ABSTRACT

Previoudly, the author found the exact solutions of the one-dimensional,
two-dimensional, and three-dimensional I1sing models. Those solutions
produced two solutions: one with a spontaneous magnetisation and one
with zero total magnetisation. In the present paper it is shown that the
latter is unlikely. Other evidence is given which supports the previous
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results of the author.

THEORY

In Reference 1, the exact solutionsof the one-di-
mensiond, two-dimensional, and three-dimensional
Isng modelswereobtained. They areasfollows. The
magnetisation of thelinear chainis.

o =[tanh(pJ)]°° @
Here J is the interaction energy between nearest

neighbour spinsandp = % (22 The magnetisation of the
squarelatticeis:

r . 0.5
Themagnetisation of thehexagona latticeis:.
[ exp(L.5pJ)—exp(~0.53) |°°
| exp(1.5BJ) + 3exp(—O.SBJ)} ©)
And themagnetisation of thesmplecubiclatticeis.

o=

sinh(3pJ)+4sinh(1.58J) +

| 5sinh(BJ) + 4sinh(0.5pJ)

" | cosh(3J) + 8cosh(1.58J) + 4
15cosh(BJ) + 24cosh(0.58J) + 16
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These sol utions display spontaneous magnetisation
which acquiresitsmaximum vaueat zero temperature
and decreases asymptoticaly to zero with temperature.

However, the exact sol ution produces another so-
[ution, namely, the onewith zero magnetisation for all
dimensions. Inthe one-dimensional casewiththenear-
est-neighbour correlation functionr, (1) = 0.99 (herek
isthe number of aspin and 1 isthedistance between
spins, inunitsof thelattice constant)™, the chain con-
sstsof domains, each consisting of an average of about
50 spins. In some of the domainsthe spinsareturned
up, and in the others they are turned down. The net
magnetisation iszero. Thisisasoamagneticchan, so-
cdled domain magnetism. Inanon-magnetic chain, ac-
cordingto thedefinition, thereareequa numbersof up
and down spins, and they are oriented randomly; that
is, itscorrelation r, (1) = 0. Let us decrease the tem-
perature T; then the correlation function will increase.
WhenT (1) = 0.999 then the chain consists of domains
of about 500 spins; when, (1) = 0.9999 then thedo-
mains have about 5000 spins, and so on. At T =0,
I, (1) =1, al of thespinsare up and therefore the spins
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in the domains where they were down have flipped.
Thisisadiscontinuity inthelsing solution, and hence
such asolutionisunlikely. Onecan easily seethat this
conclusionisvaidfor higher dimensions. Earlier itwas
supposed by the author that the non-zero solutionis
correct because of the symmetry of the Hamiltoniant¥.
The solution with non-zero magnetismismore sym-
metric thanthat with thezerototal magnetism.

In Reference 1 it was proved that themagnetisation
of the Ising chain which consists of only two spinsis
givenby Equation 1, regardlessof whether that chainis
independent or embedded into alonger chain. The
magnetisation in Equation 1 does not depend on the
number of spinsin the chain. Therefore, the total
magnetisation of along Ising chainisequal tothesum
of themagnetisationsof itslinks(elementary cdls) which
consist of two spins. Thisleadsto animportant resullt:
forauniformchain (Jfor dl spinsisthesame), thelong
range order of spinsequasthe short rangeorder and it
isenough to definethetotal magnetisation of thechain
by themagnetisation of itselementary cdll. For example,
whenT, (1) = 0.99, the probability that the neighbouring
gpininacdll pointsinthesamedirectionis99%. For all
other cellsthat probability isthesame.

Let usconsider Equations 11 and 12 from Refer-
ence 1, here Equations5 and 6, inmore detail. “The
magnetisation of anlsing chainisequal to that of an
averaged elementary cell.”l¥ The average square
magnetisation of achainis

N-1
o i§1tanh(133,) -
N-1

where N isthe number of spins. Intheuniform case, J.
= J,

o2 =tanh(BJ) ©)
which resultsin Equation 1. However, inanon-uniform
case, instead of Equation 5itisbetter to useEquation 7:

N-1
) [tanh(BJ;)*°
o= i=1
N-1
becauseitismoreaccurate.

Let usconsider auniform two-dimensional Ising
model on asquarelattice. Let ussupposethat thetra-

ditional “exact” solutioniscorrect. At T=0, ' (1) =1
and dl spinsareup. Atasmall temperature closeto O,

™
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I, (D will beequa to0.99for al k (that is, for al spins)
in both directions because the problem is symmetric.
That meansthat mathematicaly, two solutionsare pos-
sble. Inthefirst, thelattice cons stsof rectangular do-
mainswith both sides having about 50 spins; in some
domainsthe spinsare up and in the others, down, and
thetotal magnetisationiszero. Thissolution contradicts
thetraditiona one. The second solutioniswhere about
99% of thespinsareup in both directions. That means
that the magnetisation of thelatticeisdetermined by the
magneti sation of onecell, thelong rangeorder of spins
equal sthe short range one (becauseT, (1)= 0.99 for all
K), and theequation of magnetisation of onecdl isEqua:
tion 2 but not thetraditional one. Asthemagnetisation
isdescribed by one and the same equation, Equation 2
will dsobevdidfor othervauesof ', (1): 05,04, ...,
and so on. Thesamereasoningisvalidfor threedimen-
sions. For T=0, I, (1) =1. At atemperature closeto O,
r, (1) will equal 0.99 for al kin all three directions;
therefore, thelong range order of spinsisequal tothe
short range order and the magneti sation of thelatticeis
described by that of one cell by Equation 4.

The outcomethat thelong range order of spinsin
the Ising model equal sthe short range oneisof great
importance. It allowsfactorisation of the partition func-
tion of thelsingmodel in two and three dimensions.
The partitionfunction of thetwo- or three-dimensiona
latticeintheuniform caseis.

Z={Z}exp[|3(E1+E2+E3+...)]=212223... ®
S

where E and Z arethe energiesand the partition func-
tions of the elementary cells, and the symbol { s} de-
notesthe N-fold summation™.

CONCLUSIONS

It has been shown that the solutions of the one-
dimensiond, two-dimensional, and three-dimensional
Ising model swith zero magnetisation arelesslikely
than the sol utions with a spontaneous magneti sation
for al temperatures. Theformer exhibit discontinuity
and flipping of spinsat zero temperature. Other proofs
of incorrectness of the previous “exact” solutions of
the one-dimensional and two-dimensiona modelsand
of the correctness of the solutionsgiven in Reference
1 areprovided.
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