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ABSTRACT 

Using the theoretical formalism of James Homes Science (2000), we have evaluated the 
temperature dependent specific heat of carbon nanotubes. From our theoretical results, it appears that at 
high temperature the specific heat of individual nanotubes are similar to that of 2D-graphene. The phonons 
contribution appears dominated at low temperature where linear T dependence of the specific heat is 
observed for SWNTs of small diameter < 2 nm. Our evaluated results are in good agreement with other 
theoretical workers and also with the experimental data. 

Key words: SWNTs (Single wall Nanotubes), MWNTs (Multi wall Nanotubes), Phonon quantization,  
2D-graphene, 3D-graphite, Longitudinal (LA) and transverse modes. 

INTRODUCTION 

Carbon nanotubes are nanostructures with remarkable electronic mechanical and 
thermal properties. Because of small size, quantum effects are important. As soon as they 
were discovered, their potential applications stimulated several theoretical and experimental 
studies1-4. Thermal properties of carbon nanotubes including specific heat, thermal 
conductivity and thermo power are quite special. The thermal properties of SWNTs (single 
wall nanotubes) have not as extensively studied as the electronic, mechanical and phonon 
properties of SWNTs. This is because techniques for making such studies are still under 
development. Large studies have been performed with MWNTs (Multi wall nanotubes). The 
thermal properties of carbon nanotubes display a wide range of behaviors that stem from 
their relation to the corresponding properties of a two-dimensional graphene layer and from 
their unique structure and tiny size 5. 
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Mathematical formulae used in the study 

In general specific heat C consists of phonons CPh and electronic Ce contributions but 
for 3D graphite, 2D graphene and carbon nanotubes the dominant contribution comes from 
the phonons. The phonons contribution is obtained by introducing the density of states with 
a convolution factor that reflects the energy and occupation of each phonon state. 
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where ρ(ω) is the phonon density of states and ωmax is the highest phonon energy of 

the material. For non zero temperature the convolution factor is 1 at 6
TK

ω β=h  so specific 

heat rises with T as more phonons states are occupied. Because ρ(ω) is a complicated 
function of ω, the specific heat at least at moderate temperatures cannot be calculated 
analytically. At low temperature (T ≤ ΘD) the temperature dependence of the specific heat is 
in general much simpler. In this regime, the upper bound in equation (1) can be taken as 
infinity and ρ(ω) is dominated by acoustic phonon modes i.e. those with ω → 0 as k → 0. If 
one considers a single acoustic mode in d dimension that obeys a dispersion relation ω ∝ kα. 
Then from equation (1) it follows – 
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Thus, the low temperature specific heat contains information about both the 
dimensionality of the system and the phonon dispersion. A single graphene sheet of a 2D 
system with three acoustic modes two having very high sound velocity and linear dispersion 
(a longitudinal LA mode with v = 24 Km/s and in-plane transverse TA mode with v = 18 
Km/s and a third out of plane (ZA) mode that is described by parabolic dispersion relation6  

ω = δ k2 with δ = 6.10−7 m2/s. From equation (2), one sees that the specific heat from the              
in-plane modes should display a T2 temperature dependence while that of out–of plane  
mode should be linear in T. Equation (1) can be evaluated separately for each mode,               
the contribution from ZA mode dominates that of the in-plane modes below room 
temperature. 
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The phonon contribution to the specific heat can be compared to the expected 
electronic specific heat of the graphene layer. The universal linear k dependence of the 
electronic structure E(k) of a single graphene sheet at EF produces a low temperature 
electronic specific heat that is quadratic in temperature rather than linear dependence found 
for typical metals. Benedict et al.7 showed that for the in-plane mode in a graphene sheet – 
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The specific heat of the out of plane mode is even higher. Thus phonons dominate 
the specific heat even at low T and all the way to T = 0. 

If one takes the electronic contribution, a metallic SWNT is a one-dimensional metal 
with a non-zero density of states at the Fermi level. The electronic specific heat is linear in 
temperature8. 
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Fh where vF is the Fermi velocity, ρm is the mass per unit length and R is 

the radius of the nanotube. Kβ is Boltzmann constant. In this case, the ratio of phonon 
contribution to the electron contribution of specific heat is – 
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This show that even for metallic SWNT, phonons should dominate the specific heat 
at T-0. The electronic specific heat of a semiconducting tube vanishes exponentially9 as            
T-  0. This shows that Ce is even smaller than that of metallic tube. If such tube will be 
doped then the Fermi level lies near the band edge then in that case electronic specific heat 
can be enhanced. 

RESULTS AND DISCUSSION 

In this paper, we have presented a method of evaluation of specific heat of carbon 
nanotube. In this evaluation, we have used the theoretical formalism of Homes et al.9 In 
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Table 1, we have shown the evaluated results of specific heat as a function of temperature of 
single wall armchair nanotube (5, 5), (10, 10) and (20, 20). Results were compared with the 
experimental data10,11. In this evaluation, two distinct behaviors at low and high temperatures 
are clearly displayed by tube (5, 5) and (10, 10). These are due to phonon frequency 
quantization12. Our theoretically evaluated results are in satisfactory agreement with 
experimental data of (20, 20) armchair nanotube.  

Table 1: An evaluated results of specific heat as a function of temperature of single wall 
armchair nanotubes (5, 5), (10, 10) and (20, 20). Results were compared with 
the experimental data10,11 

Temperature 
(K) 

Specific heat C (mJ/gK) 

Nanotube (5,5) Nanotube (10,10) Nanotube (20,20) Expt. 

0.5 0.622 0.432 0.387 - 

1.0 0.732 0.657 0.785 - 

5.0 0.876 0.812 0.952 0.632 

10.0 0.932 0.968 1.087 0.785 

20.0 1.035 1.132 1.154 1.287 

30.0 2.867 3.658 4.286 5.432 

50.0 6.538 7.189 9.584 10.157 

60.0 8.627 9.357 10.419 13.439 

80.0 15.862 16.586 16.621 18.895 

90.0 18.367 20.552 21.952 23.906 

100.0 32.624 38.967 39.023 43.087 

200.0 87.534 90.587 93.057 97.562 

300.0 98.057 103.563 104.879 108.345 

In Table 2, we have shown the theoretically evaluated results of specific heat s for 
graphene, isolated (10, 10) SWNT, graphite and SWNT ropes. The results were compared 
with the experimental data11. In this evaluation, it appears that the measured C (T) are in 
satisfactory agreement with isolated (10, 10) carbon nanotubes. The measured specific heat 
is larger than the SWNT ropes. This suggests that tube-tube coupling in a rope is 
significantly weaker than the theoretical estimates.  
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Table T: An evaluated results of specific heat as a function of temperature of single 
wall nanotubes (SWNTs) Results were compared with specific heat of 
isolated (10, 10) tubes, SWNT rope, Graphene layer, Graphite and Expt. 

Temperature 
T (K) 

C (mJ/gK) 

Graphene ISO (10, 10) 
SWNT Graphite SWNT 

ropes Expt. 

1.0 2.76 0.528 0.258 0.186 0.685 

5.0 3.85 0.825 0.463 0.325 0.958 

10.0 4.26 1.029 0.859 0.731 1.132 

50.0 6.39 2.356 1.254 0.954 4.586 

80.0 8.16 5.859 6.229 1.068 7.225 

100.0 10.27 9.216 10.16 8.215 9.468 

150.0 30.47 32.58 35.39 36.59 32.58 

200.0 55.86 60.49 67.26 70.26 56.16 

250.0 87.21 89.16 90.18 100.48 85.30 

300.0 270.82 290.38 300.17 327.15 290.16 

In Table 3, we have shown the theoretically evaluated results of SWNTs evaluated 
from two band model with transverse dispersion. These band models are acoustic band 
model and 1st sub band model. The dispersion relation is KβΘsubband = KβΘ||

D, KβΘ⊥
D. We 

have used the fitting parameters13 Θ||
D = 960K, KβΘ⊥

D = 50K, Θsubband = 13K. We have 
compared the results of these evaluations by taking the total specific heat with experimental 
data1. The results are in satisfactorily agreement with low T. In Table 4, we have shown the 
theoretically evaluated results of MWNTs (Multi wall nanotubes). These results were 
calculated from phonon specific heat of graphene, graphite and isolated nanotube. 
Theoretical results were compared with the experimental data1,14. Yi et al.1 have used a self-
heating technique to measure the specific heat of MWNTs of 20-30 nm diameter produced 
by CVD technique. Mizel et al.14 studied the phonon structure of large-diameter nanotubes 
whose properties are very much identical to graphene. If one compares the theoretical results 
of graphene, isolated nanotubes and graphite with these two experimental data1,14, that both 
the experimental data are in satisfactorily agreement with the isolated nanotubes. There is 
some recent results15-25 on the thermal properties of carbon nanotubes, which also confirm 
similar type of behavior. 
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Table 3: An evaluated result of specific heat of SWNTs with the help of two band 
models, acoustic band model and 1st sub band model. Total specific heat 
(calculated) were compared with expt. results 

Temperature 
T (K) 

C (mJ/gK) 

Acoustic model 1st sub band 
model 

Total 
(calculated) Expt. results 

0.5 0.468 0.052 0.520 0.558 

1.0 0.529 0.067 0.596 0.696 

2.0 0.632 0.086 0.718 0.742 

3.0 0.765 0.095 0.860 0.907 

4.0 0.825 0.128 0.953 0.968 

5.0 0.947 0.287 1.234 1.272 

6.0 1.052 0.395 1.447 1.584 

7.0 1.386 0.468 1.854 1.696 

8.0 1.842 0.689 2.531 1.974 

9.0 2.017 0.845 2.862 2.324 

10.0 3.467 0.965 4.432 3.014 

Table 4: An evaluated results of specific heat of MWNTs (Multi-wall nanotubes) 
calculated from phonon specific heat of graphene, graphite and isolated 
nanotubes. Results were compared with two expt. data 

Temperature 
T (K) 

C(mJ/gK) 

Graphite Graphene Isolated nanotube Expt. data 1 Expt. data 2

5.0 0.056 0.252 1.586 2.296 1.863 

10.0 0.158 0.658 2.478 3.105 2.972 

20.0 0.987 0.786 4.582 4.502 3.849 

40.0 1.148 1.284 6.693 7.054 6.947 

60.0 3.847 3.459 8.532 9.147 8.482 

Cont… 
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Temperature 
T (K) 

C(mJ/gK) 

Graphite Graphene Isolated nanotube Expt. data 1 Expt. data 2

80.0 5.682 6.317 10.487 11.059 10.693 

100.0 10.249 12.147 15.105 16.162 15.058 

140.0 26.318 30.342 29.169 30.147 32.186 

160.0 44.842 50.149 47.143 45.429 50.342 

200.0 65.186 72.104 69.120 70.432 69.085 

CONCLUSION 

From these calculations, it shows that at high temperature the specific heat of 
individual nanotubes are similar to that of 2D-graphene. The effect of phonon quantization 
becomes apparent at low temperature for SWNTs of small diameter < 2 nm. Here a linear-T 
dependence of the specific heat is observed. 
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