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Abstract 

In this paper, based on the Burnside’s formula, we establish a new continued fraction approximation and inequalities of gamma function. 

Finally, for demonstrating the superiority of our new approximation over several formulas, we give some numerical computations. 
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I. Introduction

Many mathematicians have made great efforts in the area of establishing more precise inequalities and accurate approximations for 

the factorial function and its extension of gamma function.  

The gamma function is defined as follow: 
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Stirling’s formula, 
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is one of the most widely known formulas for approximation of the factorial function.

Based on this formula, lots of approximation formulas were discovered. The Stirling’s series [1]:   
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which is the extension of (1.2). 

Burnside’s formula [2], 
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which is more precise than (1.2). Also, there are many approximations which are better than (1.4), Dawei Lu’s formula [3], 
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and Dawei Lu’s continued fraction formula [4], 
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Also, some authors paid attention to giving the better increasing approximations of the gamma function using continued fraction. 

For example, Mortici introduced Stieltjes’ continued fraction [5], 
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and Mortici also provided a new continued fraction approximation as follows [6]: 
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Where 
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ChaoPing Chen provided a new approximation starting from Burnside’s formula (1.4) as follows [7]: 
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In this paper, we provide a new continued fraction approximation of the gamma function starting from Burnside’s formula (1.4) as 

follows: 

Theorem 1.1. 

For the factorial function, we have, 
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Next, using Theorem 1.1, we provide some inequalities for the gamma function. 

Theorem 1.2. 

For every 𝑥 ≥ 0, it holds: 
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To prove Theorem 1.1, we need the following lemma which is very useful for constructing asymptotic expansions and for 

accelerating some convergences. 

Lemma 1.1. 

If (𝑥𝑛)𝑛≥1 is convergent to zero and there exists the limit, 
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with s>1, then, 
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Lemma 1.1 was first proved by Mortici in [8]. Using Lemma 1.1, we can see that the rate of convergence of the sequence (𝑥𝑛)𝑛≥1

increases together with the value s satisfying (1.12). 

The rest of this paper is arranged as follows. In Section II, we provide the proof of Theorem 1.1. In Section III, the proof of 

Theorem 1.2 is given. In Section 4, we give some numerical computations which demonstrate the superiority of our new 

approximation over the Burnside formula, the Dawei Lu’s formula and the ChaoPing Chen’s formula. 

II. Proof of Theorem 1.1

First, we need to find the value of the parameters a1, b1∈ℝ which produces the best approximation of the form, 
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A method to measure the accuracy of approximation (2.1), is to define the sequence (𝜔𝑛)𝑛≥1 by the relation, 
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and to say that an approximation (2.1) is better if (𝜔𝑛)𝑛≥1 converges to zero faster. 

From (2.2), we have, 
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Thus, 
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Developing (2.4) in a power series in 
1

𝑛
  , we have, 
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Thus, using Lemma 1.1, we have, 

 If 𝑎1 ≠ −24 , then the rate of convergence of (𝜔𝑛)𝑛≥1  is n
-1

  , since,
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 If  𝑎1 = 24, 𝑏1 ≠ −12, then from (2.5), we have,
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 If  𝑎1 = −24, 𝑏1 = −12 ,then, from (2.5), we have,

)
1

(
960

7
541

n
O

n
nn  

and the rate of convergence of the sequence (𝜔𝑛)𝑛≥1 is n
−3
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We can see that the fastest possible sequence (𝜔𝑛)𝑛≥1  is obtained only for 𝑎1 = −24, 𝑏1 = −12.

Next, we define the sequence (𝑢𝑛)𝑛≥1   by the relation,
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where a2, b2 is any real number. We use the same method (2.1) to (2.5). Then, we can see that the best possible sequence (𝑢𝑛)𝑛≥1

is obtained only for 𝑎2 = −
5

7
, 𝑏2 = −

5

14
.

Then, we define the sequence (𝑣𝑛)𝑛≥1 by the relation,
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Using the same method from (2.1) to (2.5), we can see that the fastest possible sequence (𝑣𝑛)𝑛≥1  is obtained only for

𝑎3 = −
8232

1517
, 𝑏3 = −

4116

1517
.

Similarly proceeding, we get 𝑎𝑖 , 𝑏𝑖(𝑖 = 1,2, … ). For example,
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We obtain the new asymptotic expansion (1.10). 

III. Proof of Theorem 1.2

The left-hand side inequality of (1.11) is equivalent to (𝑥) > 0 , where, 
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From (3.2), we have, for every ≥ 0 , 
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𝑓"(𝑥) > 0, so 𝑓′(𝑥) is strictly increasing on[0, ∞]. As lim𝑥→∞ 𝑓′ (𝑥) = 0, we get 𝑓′(𝑥) < 0 on [0, +∞]. Thus, 𝑓(𝑥)is strictly

decreasing on [0, +∞]. As lim𝑥→∞ 𝑓′ (𝑥) = 0, we get 𝑓(𝑥) > 0 on [0, +∞].  So,
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Then, the left-hand side inequality in Theorem 1.2 is obtained. 

The right-hand side inequality of (1.11) is equivalent to 𝐺(𝑥) < 0  , where, 

14

5

7

5

1
1224

1

2

1

2

1
ln

2

1
2ln

2

1
)1(ln)(
























x

x

xxxxxG  .            (3.4) 

Let, 

)1()()(  xGxGxg . 

From (3.4), we have, 

 

1 1
24 12 24( 1) 12

5 5 5 5
1

7 14 7 14

1 1 1 3 3 1 1
( ) 1 ln ln ln .

1 2 2 2 2 x x
x x

g x x x x x
x     

  

       
                 

        
    (3.5) 

From (3.5), we have, for every 𝑥 > 0  , 
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Where, 
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𝑔"(𝑥) < 0 , so 𝑔′(𝑥) is strictly decreasing on [0, +∞]. As lim𝑥→+∞ 𝑔′ (𝑥) = 0, we get 𝑔′(𝑥) > 0 on [0, +∞]. Thus, 𝑔(𝑥) is

strictly increasing on[0, +∞]. Aslim𝑥→+∞ 𝑔 (𝑥) = 0, we get 𝑔(𝑥) > 0 on[0, +∞]. So,  
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   . 

Then, the right-hand side inequality in Theorem 1.2 is obtained. 

IV. Numerical Computations

Here, we give a comparison table to demonstrate the superiority of our new approximation, 
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Dawei Lu’s continued fraction formula, 

nk

k

n

k
n

n
k

n

k

n

e

n

n ,

2

1

465

14

)
120

23

48
(

2

241

2

1

2

1

2 !  

























































(4.4) 

and Chao-Ping Chen’s formula, 
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where we take i=2, i=4 and i=8 in (4.1), respectively. Combining Theorem 1.2, we have TABLE 1. 

TABLE 1. Comparison for eight approximations. 

n ( !) / !
n

n n  1,( !) / !n n n  13,( !) / !n n n  ( !) / !nv n n  2,( !) / !n n n  4,( !) / !n n n  8,( !) / !n n n 

50 8.2540×10
-4

 7.0647×10
-8

 4.6003×10
-13

 2.6852×10
-12

 1.9085×10
-12

 1.6402×10
-19

 1.6518×10
-31

 

500 8.3254×10
-5

 7.0902×10
-11

 5.7555×10
-18

 2.8089×10
-17

 1.9966×10
-17

 1.7808×10
-28

 1.9432×10
-48

 

1000 4.1647×10
-5

 8.8645×10
-12

 1.8191×10
-19

 8.7998×10
-19

 6.2550×10
-19

 3.4939×10
-31

 1.4953×10
-53

 

1500 2.7769×10
-5

 2.6267×10
-12

 2.4045×10
-20

 1.1598×10
-19

 8.2439×10
-20

 9.1020×10
-33

 1.5220×10
-56

 

2000 2.0828×10
-5

 1.1082×10
-12

 5.7168×10
-21

 2.7534×10
-20

 1.9571×10
-20

 6.8393×10
-34

 1.1457×10
-58

 

3000 1.3887×10
-5

 3.2836×10
-13

 7.5424×10
-22

 3.6273×10
-21

 2.5784×10
-21

 1.7804×10
-35

 1.1645×10
-61
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