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ABSTRACT

A kind of two-dimensional semilinear parabolic equation is presented by
two-grid methodsfor nonconforming mixed finite element. The correspond-
ing convergence analysis is presented and the error estimates are ob-
tained by use of the interpolation operator instead of the conventional
dliptic projection whichisanindispensabletool inthe convergence analy-
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sis. Compared with the previous literature which was solved by conform-
ing mixed finite element, the same order of convergence is obtained and
the method can be parallelized in ahighly efficient manner.
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INTRODUCTION

Parabolic equation is considered aprototypeof a
mode that arisesin flow through porousmedia. There
have been many numerica modeling methodsfor para-
bolic equations. For exampl€4: used themixed finite
element method for parabolic equations® studied the
parabali c equation with anisotropic mixed finited ement
method. In®, the maximum norm estimates of mixed
finiteelement method for paraboli c equationsisobtained.
Expanded mixed finite el ement method wereused in!”
and H1-Galerkin mixed finite e ement methodswere
studiedin®9,

In this paper, wewill study aclass of semilinear
parabolic equationswith two-grid mixed finite e ement
method. Thetwo-grid method isamethod by which
the nonlinear systemisonly executed onthe coarsegrid
of szeH andthenthelinear systemissolved onthefine
grid of sizeh. Inspired by Xul*®1 for amethod to solve

nonsymmetric and indefinitelinear al gebraic systems,
weemploy two finiteelement spaces: V,, and V, inour
discrete schemes. Onthe coarser spaceV,,, weusethe
standard finite element discretization to obtain arough
gpproximationu,, e V,, andthen solvealinearized equa-
tion based on u,, to produce acorrected solutionu, €
V... A remarkable fact about this simpletechniqueis
that the space V,, can be extremely coarse (in contrast
to V,) and still maintain the optimal accuracy. The
method can not only accel erate the convergence but
adsoimprovethe computationa efficiency. Therearea
lot of other problems which were solved by the two-
grid method. For example:*? studied the reaction-dif-
fusion equationsand*® studied thestream functionform
of Navier-Stokes equationswith themethod™ studied
the convection-dominated diffus on equation with two-
grid characteristicsfinite el ement method*® studied a
kind of parabolic problemsand® studied another para-
bolic problemswith thetwo-grid method. However!*s,
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and® were studied for the conforming finiteelement.
Asweall know, the nonconforming elementswhose
degree defined on the edges of the element and inthe
elementitsdlf, it canlead to chegplocal communication
andthemethod can be pardldizedinahighly efficient
manner. Compared with the general elements, this
method canimprovetheefficiency of calculation.
Inthispaper, wewill apply akind of nonconform-
ing element to the parabolic equationswith two-grid
method. Inthefirst step, wegot theerror estimate O(At?
+ H3) onthe coarse grid of size H which isthe same
order of convergenceas®, and in the second step, we
got theerror estimate O(At2 + h® + H%) on thefinegrid
of sizeh. Theerror analysisdemonstratesthat if the

mesh sizeof coarse grid equal to $/1y? , thetwo-grid

solutionin the second step and thefinite e ement solu-
tioninthefirst step have the same order of accuracy.
We a so used interpolationinstead of Fortin projection
in® andimproved the computationa efficiency.

CONSTRUCTIONOFTHEELEMENTAND
DISCRETE SCHEMES

Now let usconsider thefollowing semilinear para-
bolicequations:

p,—Ap=f(p),in Qx(0,T)
p=0, on o0Qx(0,T)
p(X,0) = py(X), in Q

For the sakeof convenience, Let Q € R beacon-
vex polygon domain composed by afamily of rectan-
gular meshes T, which does not need to satisfy the
regular conditions. 0 isthe boundary of thedomain
and A istheLaplace operator. f(p) satisfiestheLipschitz
condition. For all K e T,, denoted the center of ele-
ment K by (X, ¥, ), and thelength of edges parallel to
x-axis and y-axis by 2h, 2hy, respectively.
Z,(x,=h,y,=h), Z,(x,+h,y,=h), Z, (X +h,y +h))
and z,(x, -h,y,+h,) are the four vertices, and
| =2z, (mod(4)) arethefour edges. Let K betheref-

erence element, the four vertices are 4,(-1-1),

@

4,1-1), 4,(1,1) and 4,(-11).Let | =44, (mod(4)),

il

thenthereexistsanreversblemapping F, : g - K :

{x =X, +hg,
y=y.+hm.-

Wedefinethenew finitedlement (K, P, 3)) asfol-
lows

2'={9.i=1234}, P =span1¢,n,n% and
22={\,i=1234}, P,=span{1&,n,E%, where

v =%jﬁ0dé,i:12,3,4.

It can be checked that the aboveinterpolationis
well-posed, theinterpol ation function can be expressed
asfollow
Z(V2 +v,) _E(Vl +;) +E(v2 -v,)¢

SES!
Iy =

O T P
+E(v3—v1)77+z(vl—vz+v3—v4)n‘.

N D D SO
Iv =Z(V1+v3)_z(v2+V4.)+E(,V2_v4)é:

1. . 3, . s
+§(v3—vl)77+z(—v1+v2—v3+v4)§2.
The associated finite element spaceV, and W, is

defined by Yo =1V’ € P.[[w]1=0F W, ={q,,q,],

Isaconstant), where[ v] denotethejump valueof v
acrosstheboundary Fand [ v] = vwhen F € 0Q.

ERRORESTIMATES

Introducing theauxiliary variableq=Vp, and re-
writing theequation (1) as:

(P, W) +(V-u,w) = (f(p),w), YweW
{(u,v)—(p,V-v):O,VVeV @
The discrete problem of (2) reads as: find
{p,u.}:[0,T] > W, xV,,suchthat
(B> W) +(V-u, W) =(F (P )W), YW, e W,
{(uhivh)_(ph’v'vh)zo’vvh eV, ®

By thetheory of differential equations, (3) hasa
uniquesolution.
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TWO-GRIDALGORITHM AND ERROR
ESTIMATES

Wewill givethetwo-grid gorithmwhich solved a
nonlinear system of equationson the coarsegrid and
then made linear modification on the fine grid. Let

-
At = N 1, = DAt Thediscrete problem of (2) reads
as Find{ p,u'}:[0,T] > W, xV, suchthat:

1 n n-: 3 -
E(ph =Py 11Wh)+(v'uh vah):(f(ph 2),Wh),VWh EWh'

1 1

U, 2v)—(p, 2,V-v)=0, YV eV,
Hra of dl, wewill introducethemixed e ement space
W, xV,, (cW, xV,) whichwasdefined onthecoarse
quas uniform rectangular subdivisonandthemesh size

isH(hD H <1),sothetwo-gridagorithmislisted as

follows
Step 1.

{p.,u’}:[0,T]>W, xV, onthecoarsegrid

Solve a nonlinear system

r 1 n n— ,,,l "71
E(py —le,wH)+(V-uH 2=WH) = (f(pH Z)aWH)a

\V wy e Wy,

1 1
\(”H 2vg)—(py %,V-vy)=0, Vv, eV,

Step 2:Solve a linear
{pr,u’}:[0,T] >W, xV, onthefinegrid

system

r
1 n n— n n
2 PP L)+ (Ve 2w) =(f(py )
< I R S |
+ o (Pa NPy 2 =P * )W), Y W, €,
1 1

(uh _Eavh)_(ph _EJV'vh)zoa vvh € Vvh

\

For the convenience of error estimates, we suppose

.
that [ ], =F.[f,,], =G. Let At>0,N =, and

t" = nAt -

BioTechnologqy —

Theorem 1 under the coarse grid subdivision,
(u;, pi) eV, xW, isthesolution of step 1, thereis

constant and independent of theH, thereexistsacon-
stant C which isindependent of the mesh size, there
hold

1 1
n—E n—E
p - pH

212
] <c(At> + H?)

uumumu+[2m
n=1
where1<m< N .
Proof : Let
u-u, =u-Il,u)+({ u-u,)=<+n,
p—p, =(p-I,p)+I1,p-py)=p+0.
We can get theerror equation from step 1

1 1
n— - n—

l - n—i n- n—é 1
(u, 2—E(uH—uH n g *-p, .,V %)

NEL NETR
=(fu )=y ?)n ?) (4)
ot ot
Wechoosey =5 2w, =Vy 2
Not that

1
n—

0 =™ = ([ (=t Vit ()
“t Af a g 2A7 fml‘ n—-1/ "t

tI']
o)

n-t 1
Let ut 2 ZE(Un—Un_l)-FS,

(T _tn)zuttt (T)d‘[) ,

N

where
1 pts i,
&= E (Lﬂj (T - tnfl) 2utn (T)df + '[‘n’l (T - tn)zum (T)dl')

Theequation (4) can bewritten that:

1 1 ii—l =
—(7 # -7 " i 2 + 6) 279 2
"=y )+ )
1 ”*i n,l n—l ;,,l
:_E(;;n_éu—lﬂ?? 2)_(p 2}6} 2)+(f(lf 2)

el 1 ni
—fluy 2 2)-(e.n 2).
By theequation (3) and (4) weaobtainthefollowing
error estimate equations:

Hn Tudian Jounual
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2

Ty

)ZAI‘ 2

n=1

Jil (“

|nl’

2

2

m m 1
<S GL+DAy || +efe +e> adlp 2
n=l n=1
m n»l 2 m 2
m24k2+ZmM.
n=1 n=1
Note that ° =0, ¥4 At<(3L+2)™ g, by the
lemmaGronwall, wehave
1 2
Hnmuaimuﬁ <c(at'+HY),
n=l1

By thetriangleinequality, we compl etethe proof.
Lemmal Supposethat (u, p) and (u,,, p,) arethe
solution of the equation (2) and equation (3), let

u eH3Q),ueH*Q), we can obtain that

5
Ju=u, ], =0(h?)-
Proof : wehaveknown that:

1

[1au-u, | =0)| [ (ufz+ues .

By thelemmal and theinverseestimation, wecan
oet
||U—UH||04S||U—|HU||04+|||HU—UH||04

dd dd

<c(u-1,u[H* 2 +[I,u-u,|H* 2)<cH2(d 2)-

Theorem 2 under the coarse grid subdivision,
(u?, p) eV, xW, isthe solution of step 1, thereis

constant and independent of the h, thereexistsacon-
stant Cwhichisindependent of themesh size, there
hold

1
T R E
2-p, 2| | <c(At®+h*+H®)

f-u{ S

n=1
Proof : Let

u—-u, =(u-lu)+(lu-u,)=5+n,

pP—p,=(p-I,p)+(I1,p—p,)=p+6.
We can get the error equation:

L
(u At(uh u; ) 2)-(p P, 2.Vn 2)

1

=(f"?)- f(uH"'E),n"'E) ~(f,u, ), 2-

n

nt 1
uy, 2).n ?)

1
n-=

1
Whefevh=77 2w =Vnp 2
BytheTaylor formula

) n—é nfé n 7% ) n 7% n 7% n— . 1

(‘f(u h) - .f(uH - )7 77 ) - (ﬁ/ (uH )(uh = uH

7% nfé 117% i‘l*% nf% P
P—uy D+ S (a D P-uy ?)

1 1

5 (e A N
Pty 2)n %)

.0 2)

-, n
= (fu (”H 2 )(U
— 1y D,

RS S | R O e
=(fuuy AU 2-u, )+ fula AU 2-uy 2%y 2).

We get the error equation

1| —

(T] - )+(9 2.0"2)

1 = et oa L
— no__ n— T 2 2 , 9 2
v (S ) ) (P )

1 1

1
) n—— n-— n
+(f (uy D *—u, ?)

I S S R nt
+ful@ 2 2-u, 2n 2)-(en 2).
Similar to the proof of theorem 1, theaboveequa:
tionismultiplied by 2At, by the use of theYoungin-
equality, wecan obtainthat:

Sl ) Sl

2
m

<Y (F+3)At

n=1

IJ|-—'

1
- "

n

n

+c|&

n=1

+Z',Atllsll

note that 7° = 0, let At<(3+F)™, by the lemma
Gronwall, wehave

1
'+ Soadl™
n=1
By useof the Tayor formulaand lemmal, wecan
completethe proof.
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2
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