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ABSTRACT

In this paper, an attempt has been made to solve three dimensional thermoelastic problem to determine temperature
distribution, unknown temperature gradient, displacement and thermal stresses at the edge y = b of a thin rectangular plate
occupying the space D : - a <y < a; 0 <y <b; -h <z < h, with the known boundary and initial conditions by applying
integral transform techniques. The solutions are obtained in the form of infinite series and are depicted graphically.

Key words: Thin rectangular plate, Three dimensional thermoelastic problem, Integral transform.

INTRODUCTION

Tanigawa and Komatsubara (1997), Vihak et al., (1998) and Adams and Bert (1999) have studied
the direct problem of thermoelasticity in a rectangular plate under thermal shock. Khobragade and
Wankhede (2003) have studied the inverse steady state thermoelastic problem to determine the temperature
displacement function and thermal stresses at the boundary of a thin rectangular plate. They have used the
finite Fourier sine transform technique.

In the present paper, an attempt has been made to determine the temperature distribution, unknown
temperature gradient, displacement and thermal stress at the edge y = b of a thin rectangular plate occupying
theregion D : - a <y <a; 0 <y <b; -h <z < h, with known boundary conditions. Here Marchi — Fasulo
transform and Laplace transform techniques have been used to find the solution of the problem.

Statement of the problem

Consider a thin rectangular plate occupying the space D : - a <y <a; 0 <y <b; -h <z < h. The
displacement components u,, u, and u, inthe X, Y, Z direction respectively are in the integral form as
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where E,v and « are the Young’s modulus, poisons ratio and the linear coefficient of thermal

expansion of the material of the plate respectively and U (x, y, z, ¢) is the Airy’s stress function which
satisfy the differential equation

o2 92 o2\ o2 92 2
—t—+— | U, y,z,t)=—E| —+—+—| T(x, v,z,t (4
(&cz 8y2 822] (o ) ox? 8y2 0z (% 3.2.1) @)

Where T'(x, y, z,t) denotes the temperature of thin rectangular plate satisfying the following
differential equation.
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Where k is thermal diffusivity of the material subject to initial conditions
Ty 20)=0
...(6)
And the boundary conditions are
{T(x, y,z,t)+k1M} =F (y,z21) ..(7)
ox —
oT(x, y,z,t)
T(x,y,Z,t)+k2— =F2(y:Zat) (8)
ax x=-a
[7(x, y,2,1) ]yzb =G(x,2,1)  (Unknown) -(9)
T(x, 7,20 + c%} —g(nz.0) ...(10)
Y _
L y=0
T(x, y,z,t) + k3 M} =F3(x,p,1) ...(11)
L 0z z=h
7Gx yiz) kg LEREO] g
RS A L, 'V ...(12)
The interior condition is
oT(x,y,z,t)
{T(X' »2.1) “’Tng =/(xz0)  (Known) ...(13)
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The stresses components in terms of U (x, y, z,7) are given by

o(29,2Y "
oy Oz

o =[82U+82 U] ...(15)
> oz% o’

(28,29 s
ox oy

The equations (1) to (16) constitute the mathematical formulation of the problem under
consideration.

Solution of the problem

By applying finite Marchi — Fasulo transform and Laplace transform to the equations (5) to (13), and
then taking their inversion, we obtain

T(ey.2.0) —C—mé_l[” ";;x)}[%“} [40) 1) -5 (0) 22(0)]
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§ m,n,g=1 ﬁvm ﬂ«n COS¢ b+(cgﬂ'/§)zl
) m,OZ::=1|:P’Zn(1X) :||: PZ;(qZ) j|A3 (m, n,b,1) e
Where,
| )~ c smh(y_éj_cosh[y f]
¢l(y)25|nh (y/c)—cosh (y/c) o) . :

sinh(&/¢) - sinh(¢/¢)

V/l(y)zsm[%}/ [C?Jcosﬁij, w(y)=sin[§J<y £)- [6 Jcos(éj@ £)
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Here f (m,n,t) and g(m,n,t) denote the Marchi — Fasulo transforms of f_(m,z,t) and

d
 Ag(m,m1) = H;g + Cd_fl—o} , Ay(m,n,z,6) = L[]

g(m, z,1) respectively. f(m,z,) g(m,z,1) denote the finite Marchi — Fasulo transform of f(x,z,,f) and
g(x, z,t) respectively.

= h - = h_ h
f(m,n,t) = If(m,Z,t) Pn(Z) dz ’ g(m,n,t) = J'g(m,z,t) B,(z) dz ’ Ay = IPHZ(Z) d=
—h “n bt
P,(z) =0, cos (a,z) — W, sin(a,z)
On = ay(a3 + ag) cos(ayh) + (B3 = fa) sin(a,h)
Wy, = (B3 + Ba) cos (a,h) + (a4 — a3) a, sin(a,h)
Equation (17) is the desired solution of the given problem with g, = 8, =1, a, =k,, a, =k,.

Determination of airys stress function

Substituting the values of 7'(x, y, z,#) from equation (17) in equation (4) one obtains

otk & [ By | B2 || [(2) 2a(e) = do(2) 72 (1)]
-2 3 [ e agi-stapl

¢ m,n=1

, 2akkx § {Pm(x)}{Pn(z)_{ ¢ } 1
&2 mne=al Am Ay |1 c0se7 || 14 (com/ER

(2) 73(t) —wo(2) T4 () E | Py(x) || P(2) || 43 (m,n,z,
4%232W2 4]ﬂwz{(q{(ﬂg< n} a0

aym +a, + (§”/§)2 m,n=1 Am n an, +a3 -y
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Determination of displacement components

Substituting the values (19) in the equation (1) to (3) one obtains

k2 [ (kg + ky)sin2a,,a z 1+v)a2
uy =% 23{(1+ 2)sin ni}{BA)}!a2(+v)m }

¢ mn=1 A Ay m +a,§ ~1/¢?

[ () 710 - ¢2 () 72(2)]
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a val -l }Ag(m,n'y,f) ...(20)
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@+v)a’ [l//l(y)fs(t) —yo() 7a) |
af, + af + (gﬂ/§)2 1+ (cor/£)?

e 0] i 2
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m,n=1 am +an —ZO

.« cosh(b/c)—-sinh(b/c) -1
Where #1 (%)= ]/csinh(f/c)

cosh((b - &)/c)-sinh((b - &)/c)- cosh(b/c) - sinh(b/c)

#72(0) = (L/ c)sinh(£/c)
' (b) =~ )b legm| E)sinler/Ep +1
(¢7/¢)
oy —cos(gm/ENb — &) (corm/&)sin(gr/E)b — &) + cosgr
va)- ) g

h
Ay (m,n,h,t)= IA3 (m,n,z,t)dz
0

Determination of stress function

Substituting values of (19) in equations (14) to (16) one obtains

et § [BO[AD] [y () 110 - g5 0) £200)
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Special case and numerical results
Set f(x,z, 1) =(U-e ) +a)2(x-a)2 (z+ ) ?(z - 1)?
glr,z,0)=(—e )+ a)(x—a)?(z+h)?(z - h)%e’
_ 8(ky +kp)k

hZ

T(x,y,2,1) _ OZO: %O: %O:(_l)(ml/z)(ﬂJrij(Pn (x)J[Pm(z)J( 1 }
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) ,a=15,k=086,  b=3, h=2, t=L1secin the equation (17) to obtain
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. 1: T(xy,z,t) versus t for different values of x
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Fig. 3: o, versus x for different values of t
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Fig. 7: u, versus t for different values of x
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Fig. 10: U(x,y,z,t) versus t for different values of y
CONCLUSION

The temperature distribution, unknown temperature gradient, displacements, and thermal stresses on
the edge y = b of a thin rectangular plate have been obtained, when the boundary conditions are known with
the aid of finite Marchi-Fasulo transform and Laplace transform techniques.

The expressions are represented graphically. The results are obtained in the form of infinite series. It
is observed that as x increases the temperature gradually decreases. Any particular case of special interest
can be derived by assigning suitable values to the parameters and functions in the expressions.
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Appendix
The finite Marchi-Fasulo integral transform of f(z), -h < z < h is defined to be

h
F(n)= J. f(2)P,(z)dz then at each point of (-h, h) at which f(z) is continuous,
—h

&= )

n

where B,(z) =0, C0s@;,z) W}, sin@,,z)
Op =ap (a1 +a2)cosa,h)+(B1— B2)sint,h)

W, =8, + B,)cos,h) +(a, —a)a, Sin, h)

n

b= [Pz ilo o |22 ]

The eigen values a, are the solutions of the equation
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[ala cos(ah) + f1 Sin(ah)]x [ﬁz cos(ah) + azasin(ah)]
= [azacos(ah) -p2 sin(ah)]x [,81 cos(ah) — alasin(ah)]
o, O, B1 and B, are constants.

Moreover the integral transform has the following property:

171 0= B0 gy ) B ey, L]

S 2=h a, oz

—anzﬁ(n).
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