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ABSTRACT

A method of combinatorial enumeration of stereo and position isomers of homodisubstituted [2,2] paracyclophane
derivatives having the empirical formula ¢,C4H;4X, where X is a non isomerisable substituent and the symbol ¢ represents
the hydrogen depleted benzene ring is presented. The 16 substitution sites of the [2,2]-PCP are regarded as an orbit assigned
to the coset representation Dy,(/Cy). The subductions of this coset representation by all subgroups of D, are calculated and
the combinatorial enumeration with symmetry chararacterization performed by virtue of the unit-subduced-cycle-index
(USCI) approach.

Key words: Homodisubstituted paracyclophane, Coset representation, Subduction, Unit-subduced-cycle-index isomer count
vector, Combinatorial enumeration.

INTRODUCTION

In 1949, Brown and Farthing' had obtained the [2,2] paracyclophane ([2,2]-PCP), which is the first
member of the series of [n-m]-paracyclophanes, accidentally as a product of the pyrolytic polymerization of
xylene into poly-para-xylene. Since this date, the syntheses and characterization of homo or hetero
polysubstituted [2,2]-PCP derivatives has become very attractive.

Recent studies™ have reported that such molecules are interesting because they exhibit structural,
optical and electronic properties substantially different from their more common one of two dimension
counterparts. These properties have led [2,2]-PCP derivatives to be employed in a wide range of disciplines
including polymer, material, electronic and coordination chemistry*'".

The enumeration of stereo and position isomers of these series of chemical compounds is useful for
molecular design leading to the extension of the library of such molecules. The emphasis in this study is to
present a combinatorial enumeration detailing the symmetries of homodisubstuted [2,2]-PCP derivatives. In
so doing, we use the unit-subduced-cycle-index approach largely developed by Fujita'?.

Mathematical formulation and computational method

Let us symbolize the homodisubstituted [2,2]-PCP derivatives by the empirical formula ¢,CsH;4X5,
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where X is a non isomerisable substituent and where the symbol ¢ represents the hydrogen depleted benzene
ring. Let us now consider the parent [2,2]-PCP as a three dimensional object represented by the stereograph
G shown in Fig. 1.

Cy(2)

s

Fig. 1: Stereograph of [2,2]-PCP

In accordance with the results of previous structural studies'’ we assign to this molecule the
symmetry point group:

Dan =1 Ca),C2 () Ca(e) 50 9) Ts) - O(r2) | (1)

which is an Abelian group " with the cardinality |Dan | = 8. The eight symmetry operations listed in
eq. (1) are partitioned into the 8 equivalence classes as given in eq. (2):

1} Coh Copyh 1Coh 1) o) h o) 1000 E)

These latter generate 5 chiral subgroups C;, C,, c! , C/Z/ and D; and 11 achiral subgroups
C.,C!,C! Ci, C,,C), ,Ch, .Con, Chy,,Ch and Dan, which are reported in Table 1 with their respective
symmetry operations. Throughout this paper, all subgroups (or subsymmetries) are indicated in bold letters.

Table 1: Subgroups of Dy,

Subgroup Symmetry operations Chirality
Ci {1} Chiral
C, {1, C2(Z)} Chiral
C/2 {L Gyt Chiral
C/2/ {L, Copt Chiral
Cs {L, o, } Achiral
Cg {L, 04, } Achiral
Cg Loy, } Achiral
G {1,i} Achiral
D, {1, C2(z)’ Cz(y), CZ(x)} Chiral
Cyy {1, CZ(Z), Oz) s O'(xz)} Achiral

Cont...
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Subgroup Symmetry operations Chirality
Chy {L Co4)s O(xy)> O} Achiral
Ca L Capys Olay) Oy } Achiral
Con {1, CZ(Z), 1, O(x) } Achiral
Chy {I, Cyy) 1, Oy} Achiral
Chy {L Gy 1, 04} Achiral
Doy, {LCo).Copys Copgr 1,O(xy)> Oppy» Orr) b Achiral

These 16 subgroups construct a non redundant set of subgroups'>'® for D,, denoted by
SSGp, which is given in eq. (3):

SSGDM :{Cla C29 C/29 C/2/ s CS) Cé s Cé/ s Ci: D27 C2V9 C/ZV s C/Z/V 7C2h7 C/Zh 9C/2/h s D2h } (3)

The complete set of coset representations (CR) for Dy, denoted by SCR p,, Which are in a univoque

correspondence with the SSG, are listed in eq. (4):

SCR;, ={Dan(/Cy), Dan(/C2), Dan(/ ), Dan(/ C} ), Dan(/Cs), Dan(/ CL), Dan(/ CY ), Dan(/C),
D2n(/D2), Dan(/Cav). Dan(/ Chy ), Dan(/ Chy ), Danl/Can), Dan(/ Chy ), Dan(/ Chy ), Dan(/Dan)} e

The term designating each coset representation (CR) comprises the global symmetry D,y followed
by a subgroup Gi € SSG/, . The explicit forms of these CRs are given as follows:

Dan (/C1) = Cil + C1 Cypy + C1 Copyy+ C1Copyy+ Cr0(,yy + Cil + Croy + Croy, ..(5)
Dan (/C2) = Caol + C, Cyyy) + Co0(,) + C20,, ...(6)
Don(/Ch) = CH1+C} Cyp,y + Ch 0,y Chi (7
Don(/C5 )= Cy 1+ C§ Cyp,y + C§ 0yt Cf i ...(8)
Dan (/Cs) = Csl + Cs Cypy + Cs Cayyy+ Cs Cppy ..(9)
Dan(/Cy) =Cil+ C{ Cy)+ CL Cypyy +CL Copy ...(10)
Dan(/C)=Cl1+Cl C,,, + C! C,y) +CI Cyy, .(11)
Dan (/Ci) = Ci 1 +C Cyp,+ Ci Cyp ..(12)
Dzn (/Do) = Dol + D 0, ...(13)
Dan (/Cav) = Cavl + Cav Cyy ..(14)
Dan(/Chy ) = Chy 1 + Chy Cop ..(15)

Dan(/Chy, )= Ci 1 + Chy Cop ...(16)
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Dan (/Can) = Canl + Con Gy,

Dan (/ C/Zh) = Clth + Clzh Cop)

Dan (/ Clzlh) = ClzlhI + Clzlh Cop)

Da2n (/D2n) = Dan 1

R. M. Nemba et al.: Combinatorial Enumeration and Symmetry....

(17)
..(18)

..(19)
..(20)

By multiplying the right hand side terms of egs. (5-20) by each symmetry operation of D,,, we
permute the elements of each CR. Then we obtain a row vector of marks assign to a CR by counting
invariant elements related to each subgroup. The sixteen row vectors of marks generated by these operations
form the table of mark for D,, denoted by M D, which is given hereafter:

The corresponding inverse of this mark table denoted by M Bzh is obtained from eq. (21):

D, l/C,
D, (/C,
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Where | represents the 16 x 16 identity matrix.
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The 16 hydrogen atoms of the parent [2.2]-PCP depicted in Fig. 1 by alphabetical and numerical

labels constitute 2 distinct sets of equivalent atoms or orbits A and A, are given hereafter:

A=1{1,2,3,4,1",2°,3,4}and A,={a,b,c,d, a’,b’,c’,d’}

To assign an appropriate CR to A; and A, we find the largest subgroup that keeps each orbit
invariant. The subgroup C; keeps all the elements of A, and A, unchanged. Therefore the coset

representation governing the eight substitution sites located on the two benzene rings and the eight others
located on the two carbon bridges is denoted Don(/Cy) .

RESULTS AND DISCUSSION

The subduction of a coset representation is a mathematical process largely presented by Fujita'’'*.

In this paper, we have calculated the subductions of the coset representation Dop(/C;) by all subgroups of Dyp,.
These operations of subduction are symbolized by eq. (22):

Dzr(/Cy) | G; = S G,(/Cy) (22)

where G; € SSG, and f3; is a positive integer number. The results obtained are given in column 2

of Table 2. Then we use eq. (23) to transform the term in the right hand side of eq. (22) as follows:

B G,(/ICy) — sﬁ_ ‘ ..(23)

G.
where sg " is a unit-subduced-cycle-index (USCD)"’, d, = % and |G;| and |C| are the cardinalities
1

of the respective subgroup. These USCIs are reported in column 3 and 4 of Table 2 for the orbits A, and A,
respectively. In each row the products'g i sg " of unit subduced cycle indices for the orbits A; and A, gives

d,' :
2B,

rise to s,”* which is the global USCI for the subgroup considered.

i

Table 2: Subductions of the coset representation D,,(/C;) and resulting USClIs.

Dan(/C1) | G, B G;(/Cy) Ay Ay Global USCI
Dan(/C1) |Cy 8 C1(/Cy) 8 st 516
Dan(/Cy1) |Co 4 Cy(/Cy) s;‘ S;‘ s§
Da(/C1) LC) 4 Ch(/Cy) s 5 53
Da(/C) 1C) 4 CJ(/Cy s s 5
Dan(/Cy) | Cs 4 C (/Cy) S; S;‘ S;
Dan(/C1) JC{ 4 CL(/Cy) 5 5 52
Dan(/Cy) | C! 4 c'(cy) sa S5 55
D2n(/C1) |G 4 Ci(/Cy) S5 55 s5
Don(/C1) | D2 2D, (/Cy) Si Si Si

Cont...



20 R. M. Nemba et al.: Combinatorial Enumeration and Symmetry....

Don(/Cy) | Coy 2 Cou(/Cy) 52 52 S5
Dan(/C1) L Cy  2Co(C) s 53 S
Dan(/Cy) | CH, 2 Ch (/Cy) sz sz sy
D2n(/Cy) | Con 2 Con (/Cy) 52 52 sy
Dan(/Cy) | Ch 2 Ch (/Cy) 52 s? sS4
Dan(/C1) | Con  2C(/C1) s} si A
D2h(/Cl) l D2n D2n (/Cl) Sg Sg S82

For example the global USCI for the sub symmetry C; results from the combination {sl8 X sl8 = Sll 6

We obtain from the substitution given in eq. (24) a generating function F' (x)z Za jxj for each global
J
USCI belonging to the sub symmetry G, € Dap:
G, — 527 —>F(x):(1+xd")zﬂi = A;x/
J

Where 0<j<2pd; and 25,d, =16 ...(24)

Hence:

C, = 5° > (1+x)'° =1+16x +120x* +560x> +1820x* +4368x" +8008x° +11440x” +12870x"
+11440x° +8008x"" +4368x"" +1820x"* +560x" +120x"* +16x"° + x'°

Similarly s8 — (1 + xz)8 =1+8x? +28x" +56x° +70x® + 56x'" +28x'? +8x'* + x'°
for the sub symmetries C,,C,,C,,C,,C;,C.,C, ;

55— (1+x“)4 =1+4x* +6x° + 4x'2 + xS for D,,C,,,C2,Csy,Cop Con Co and

58— (1+xg)z =1+2x% +x'%for Dy, .

The coefficients of x”in the above polynomials are collected together to form the fixed point vector
FPV(XZ) given below:

C; C, C, C, Cg Cg Cg Cij Dy Cyp Cyp Cyp Copn Coy Coy Dy
FPV(x’) 120 8 8 8 8 8 8 8 0 O O O O O O O

Then we derive the isomer count vector (ICV(x?)) from eq. (25):

ICV(x) = FPV(X). M ...(25)

where M 52, represents the inverse of the mark table aforementioned. The result obtained is a row vector of
isomers numbers given hereafter with respect to each sub symmetry of Dyj,.

C; C, C; C, C Cy Ci Cj D Cyp Cyp Cyp Cyy Coy Coy Dy
IcVxk?) 8 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0
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By summing up all these positive integer numbers we deduce that the molecular system ¢,C,H;,X,
exhibits a total of 22 stereo and position isomers which are depicted by molecular graphs shown in Figure 2.
The partition of these isomer numbers in accordance with the chirality/achirality character of the molecular
system reveals that the pattern of substitution of two non isomerisable X among the 16 positions of the
skeleton of the parent [2-2]PCP generates simultaneously: 8 + 2 + 2 + 2=14  enantiomeric pairs or chiral
forms, which consist of 8 C; and 6 C, representatives (graphs 1-8 and 9-14) respectively and

2+ 2+ 2+ 2=8 achiral stereo isomers which include 6C;and 2C; representatives (graphs 15-20 and 21-
22). It is to be noticed for the sake of comparison that the 22 stereo and position isomers of ¢,C,H;,X,

systems deduced from this pattern inventory is the same number predicted by applying the Polya’s
topological enumeration method.*

subgroups Molecular graphs
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Fig. 2: Molecular graphs of homodisubstituted [2.2]PCP derivatives
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CONCLUSION

The enumeration of stereo and position isomers of homodisubstituted [2.2]PCP derivatives
symbolized by the empirical formula ¢,C,H;,X, is a combinatorial problem in which two non isomerisable
substituents of the same kind X are placed in distinct ways among the 16 substitution sites of the parent
molecular skeleton. In order to obtain the solution to this enumerative problem we have derived from the
global symmetry D, of the [2.2]PCP the coset representation D, (/Cl) governing the two orbits of
substitution. Then the subductions of this coset representation by all subgroups of Dy, are calculated and the
combinatorial enumeration performed by the unit-subduced-cycle-index (USCI) approach. The emphasis of
this work is to obtain the row vector of itemized isomers numbers given with respect to the different sub
symmetries of D,,. This detailed enumeration of chiral and achiral graphs of distinct position isomers of
homodisubstituted [2.2]PCP derivatives is a useful tool for stereochemical analyses and molecular design of
this category of chemical compounds.
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