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ABSTRACT

The angular (fractional) complex Mellin transform which is a generalization of the complex mellin transform has
many applications in several areas including signal processing and optics. In this paper we have given inversion theorem for
the generalized Fractional Complex Mellin transform. For that we first prove two lemmas. Lastly we have discussed some
applications of this transform.

Key words: Complex mellin transform, Angular mellin transform.

INTRODUCTION

The fractional Fourier transform is intimately related to several indispensable concepts appearing in
diverse areas. It plays an important role in the study of optical system known as Fourier optics. The brief
account of its application is discussed in®.

The fractional Fourier transform R is an extension of the ordinary Fourier transform and depends on
the parameter « in the position-frequency plane. The one dimensional fractional Fourier transform with
parameter ¢ of f(x) denoted by R* f(x)* performs a linear operation, given by the integral transform,

Rt (0](©)=F.(6)= [K.(x.&) () )

Where K_(x,&) is the kernel as given in'.

Bhosale® extended fractional Fourier transform to the distributions of compact support.

The fractional complex Mellin transform introduced in® is the generalization of the complex Mellin
transform is as follows.
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In® the angular (fractional) Mellin transform which is a generalization of the complex Mellin
transform had extended to the distribution of compact support using kernel method.

The testing function space E defined in® is as follows -

The testing function space E

An infinitely differentiable complex valued function  on R" belongs to E(R") or E if for each
compact set K < S,

where S, = {x eR"|x<aa> 0}, keN", 7e,(w)=Sup|D'w(x)| <o
xeK

Clearly E is complete and so a Frechet space.

Moreover we say that f is a fractional Mellin transformable if it is a member of E’ (The dual space
of E).
The fractional Mellin transform on E’

It is easily seen that for each seR"and 0 < ¢ < % the function K, (x,s) belongs to E as a function of x.

Hence the fractional Mellin transform of fe E’ can be defined by

[M* £ (0](s)=M,(s) =(f (x), K, (x.5)) , (L)
where K, (x,5) = \JL-icotg e = girtnoesizaimscss % .(12)

then the right hand side of (1.2) has a meaning as the application of feE’ to K, (x,5) € E .

The paper is organized as follows. Section Il gives the inversion theorem with two lemmas. Some
applications are given in Section Il and Section IV concludes the paper
Notations and terminology used as in Zemanian®.

Section I1: Inversion theorem

Let feZ'(R),0<¢<m, andsupp fc Sawhere Sa={X:XE R, X\Sa, a>0} and let M, ()

be the generalized fractional complex Mellin transformation of f defined by,

M*f(0)](5)=M,(6) = (T (X, K,(x6)) K, (x,5) as per (3.2.3).

Then for each w € £ we have,

(F00w 0= (1] KM, s 00)

where K, (x,¢)= ﬁ (ising)"* exp(ﬂ exp{— s::¢ [((In x) + gZ)COS¢ -2Inxg ] }

-

—i
2
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Proof : To prove the inversion theorem, we have established the following lemmas to be used in the
sequel.

Lemma 1: Let [M*f (x)](c)=M, () for 0<#<7 andsuppfcS,

where Sa={XIX€R, x|<a, a>0}for o(x) e ,

v(©)= [ K (x5)0(0x

Then for any fixed number r, -0 <r< o
@ (K @)= (W, rEK,@eodr) 21)

where ¢ =0 +i7eC" and u is restricted to a compact subset of R.

Proof : The case 6(x) =0 is trivial, hence consider &(x) = 0. It can be easily seen that,

(K, Wz c=oir

isa C” - function of u and it belongs to E. Hence the right hand side of (2.1) is meaningful.

To prove the equality, we construct the Riemann-sum for this integral and write,

f< f(u),K,(u,¢))w(s)dr

-r

=lim mzl <f(u), K¢(u,a+irn'm)>t//(0'+ irn'm)Arn'm .(22)

m—>w n=—m

= Iim< f(u), n:Z:l K¢(u,0+ irn]m)l//(a-l— irn'm)Arn'm>

m—oo

We show that the last summation converges in E to the integral on the right hand side of (2.1).
Carrying the operator Duk within the integral and summation sign, which is easily justified we get,

Ve {z K,(u,o+iz,, Jwlo+ir, )z, —jry/(g)K¢(u,g) dr}

= Sup {z DK, (u,o +ir, Jylo+ir, Az, - [w()K,(u.g) dr}.

ueK h=-m

As lim > DukK¢(U’O'+ifn,m)‘//(o""ifn,m)ﬁfn,m = jl//(g)K¢(u,g) dz, VuekK.

m—w n=-m

It thus follows that for every m, the summation is a member of E and it converges in E to the integral
on the right hand side of (2.1). Hence the proof.
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Lemma 2: For 8(x) € £, set w(¢) asin lemma 3.7.3 above for ¢ € C, u is restricted to a compact
subset of R then,

M, ()=~ K, We)pie)dr

1 r oo _—
= ;£K¢(u,g) 7‘[09(X)K¢(X,g) dxdr ..(2.3)
converges in E to @(u) asr — .

Proof : We shall show that M _(u) — @(u) inEasr — .

That is to show,

VexlM, (U) - O(u)]= Sulg {DX[M, (u) - O(u)]} >0 asT > .
We note that for k =0,

ET K,(u,s) TH(X)K¢(x,g) dxdz =6(u)

o .

That is to say that |rirD M. (u)=0()

Since the integrand is a C* - function of u and & € E, we can repeatedly differentiate under the
integral sign and the integrals are uniformly convergent we have

1=, 2 RN
;{Du K,(u,¢) LH(X)Kﬂ,(X,g) dxdz =6(u) forall u e K

Hence the claim.

Proof of inversion theorem

Now let §(x) e % . We shall show that
1 r—
<;IK¢(X,§)M¢(§)O|T, 9(X)> tends to (  (x), (X)) as 1 — . ..(2.4)

From the analyticity of M¢(g) on C and the fact that (//(X) has a compact support in R, it follows

that the left side expression in (2.4) is merely a repeated integral with respect to x and ¢ and the integral in
(2.4) is a continuous function of x as the closed bounded domain of the integration.

Therefore we write (2.4) as -

ize(x)jr K. (%M, () drdx = ize(x)jr K, (,2) (£ (U)K, (u,g))drdx
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_ %jﬂ f(u), K, (U, g)>I9(X)K¢ x.c)dxdr

Since H(X) is of compact support, and the integrand is a continuous function of (X,g) the order of
integration may be changed. The change in the order of integration is justified by appeal to lemma 1.

Thisyields %Ie(x)_jr K,(x,)M,(¢) drdx = §j< f(u).K,(u,¢))w(s)dr,

where w(¢) is as in lemma 1.
This is equal to < F(u), 2 7K, (u, g)t//(g)dr> .(2.5)
Y/

Again by lemma 2 equation (2.5) converges to < f (u),H(u)> asr— oo.

This completes the proof of the theorem.

Application of fractional mellin transform

Scale transform is a powerful mathematical tool for processing images (for detecting) that are
arbitrarily scaled. Hence it is used in the class of linear streach invariant systems. Xiaohong Hu® developed
Mellin transform technique of probability modeling for accurate solution of problems in some industrial
statistic.

Fractional Mellin transform given by Akay adds one more parameter (angle) to scale transform and
hence it is also used in pattern recognition problems, industrial statistic. Moreover fractional Mellin based
correlators are used to obtain time to impact and controlling moments in the navigation task’.

The generalized fractional Mellin transform we have introduced in this paper is the extension of
fractional Mellin transform given by Akay and can be used in all above cases. The advantage of our
generalized fractional Mellin transform is it can be used even when the signals (functions) are singular
functions.

CONCLUSION

We have given the inversion theorem for the generalized fractional complex Melin transform with
two lemmas. Given some applications in various fields of this generalized fractional complex Mellin
transform.

REFERENCES
1. T. Alieva and A. M. Barbe, Fractals in Engineering : Fractional Fourier Analysis of Objects with
Scaling Symmetry, CRC Press Florida, 252 (1996).

2. V.N. Mahalle, A. S. Gudadhe and R. D. Taywade, An Introduction to the Fractional Generalization of
Complex Mellin Transform (Communicated).

3. B. N. Bhosale and M. S. Chaudhary, Fractional Fourier Transform of Distributions of Compact
Support, Bull. Cal. Math. Soc., 94(5), 349-358 (2002).



304

4.

V. N. Mahalle et al.: Angular Complex Mellin....

H. M. Ozaktas, Z. Zalvesky, Kuntay M. Alper, The fractional Fourier Transform with Applications in
Optics and Signal Processing, Pub. John Wiley and Sons, Ltd. (2001)

V. N. Mahalle, A. S. Gudadhe and R. D. Taywade, On Generalized Fractional Mellin Transform,
Amsa, 19(1), Japan (2009).

A. H. Zemanian, Generalized Integral Transform, Inter Science Publishers, New York (1968).

Sazbon, Zalevsky, Mendolvic : Using Fourier/Mellin Based Correlations and their Fractional Version
in Navigational Tasks, Pattern Recognition, 35, (2000) pp. 2993-2999.

Xiaohong Hu, (Ph. D. Thesis) Probability Modeling of Industrial Situations using Transform
Technique (1995).



