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Micro-canonical Monte Carlo simulation of
spin wave in 2D classical XY-model
Abstract
We have carried out micro-canonical Monte Carlo simulations of the two dimensional (2D)
XY-model in a 30×30 lattice using periodic boundary conditions. The energy distribution of
the spins in the lattice has been studied. The temperature dependence of the spin wave
energy is determined from the average and the most probable energies of the spins; which is
found to be in good agreement with that predicted from the spin wave theory. The vortex
unbinding transition takes place, when the frequency of the most probable spin-wave
energy reduces by one order of magnitude.
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Statistical simulations have been powerful alternative
to theoretical and experimental research.[1] It is known
that the XY model shows several important properties[212]
; such as lack of long range order, the presence of topological defects called vortices, the vortex unbinding transition called Berezinskii-Kosterlitz-Thouless (BKT) transition, which is topological in nature. The behavior of the
system is known to be accurately described at sufficiently
low temperatures by the ‘spin-wave’ theories. Various theoretical techniques have ben used to study the spin waves
and vortices. Several canonical Monte Carlo (MC) simulations have been carried out. There are also studies with
canonical MC simulations based on improved techniques
and the micro-canonical molecular dynamics algorithms.
Being of a topological nature, no specific heat anomaly is
observed at the KT transition temperature TKT. But the
temperature dependence of the specific heat shows a peak
at a temperature, which is about 15% higher than TKT.
Recently, the topological phase transition in 2D spin model
with rotational symmetry (XY model) has been the focus
of physics research[13]. The classical micro-canonical Monte
Carlo simulations have quantum counterpart, which is
useful for the study of finite quantum systems[14].

In this article, we describe how the spin wave and
vortex excitations appear in the context of most probable energy of the spins in micro-canonical ensemble
which has not been reported so far in the literature[15,16].
The Hamiltonian of the XY model is given by:
H=-J<i,j> cos(i-j)

(1)

J in Eq.1 denotes the interaction strength (>0 for the ferromagnetic case) and the sum is over all the nearest neighbors. The Hamiltonian of the XY model with modified
potential is given by[17]:
H=2J <i,j>{1-cos2q[( i- j)/2]}

(2)

In Eq.2, q=p2 is the controlling parameter and q>0. As q
is raised, it has an increasingly narrow well of width /
q and for >/q it is essentially constant at V()=2J.
For q=1, the Hamiltonian gives rise to the BerezinskiiKosterlitz-Thouless (BKT) transition and for large value
of q, the transition is of first order in nature.
We performed micro-canonical Monte Carlo (MC)
simulations on a 30×30 spin system using the Hamiltonian given in Eq.1[18-20]. There are also other simulation
methods which have been reported recently. We used
periodic boundar y conditions. It is known from
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renormalization group theory that fluctuations at all wave
lengths are equally important around the phase transition.
For a 30×30 system, the boundary to area ratio is nearly 8
and therefore, one expects to see features of a large system. For simplicity and faster computational speed, the
continuous  is discretized. We used 300 discrete states;
i=2n/300, where n=1,2,3,...,300. Some specific features
of this simulation program in FORTRAN is the use of
intrinsic random number generator. We use the RAN function in the FORTRAN compiler with ISSED=425001 to
generate the random numbers. The orientation of the spins
is discretized and an integer 2D array is used to store the
configuration of the spins. During the Monte Carlo updating, the involved energy is calculated using the integer
configurations with a tabulated value of the corresponding energy of the spins. Finally, using this simulation it is
easy to see the determination of thermodynamic quantities from a statistical simulation.
In the simulation there is an extra degree of freedom
which exchanges energy with the spin system. The temperature is directly related to the average energy of the
extra degree of freedom <ED>:
<ED>=kBT

(3)

where kB is the Boltzmann constant. (Hereafter we replace kBT/J by T and E/J by E for simplicity). In case of
discrete spin model, such as the Potts model, the ED takes
energy values that are integral multiples of J. Therefore,
one finds the following equation, valid for the Potts model,
to determine the system temperature from the average
demon energy:
kT=1/ln(1+<ED>-1)

(4)

In these simulations the total energy (E) is an input parameter and the temperature (T) is determined from the
simulations. The system was heated in steps across the
first order transition during which energy was added to
the spin system through the demon. We studied the system for various energy values with 5×106 Monte Carlo
step per spin (MCSS) for equilibration and 5×106 MCSS
for averaging. The standard deviation of the estimated
temperature was less than about 0.5 percent.
We studied the energy distribution of a spin with its
four nearest neighbors in the 30x30 lattice after equilibration. Figure 1 shows the energy distribution of the spin
for q=1, in the lattice for various values of total system
energy. It is seen that there is a broad peak, which shifts to
higher energy as the temperature is increased. We attribute
this as due to the spin wave excitations.
It is known that, the spin waves dominate at low temperatures. The broad peak at low temperatures (figure 1),
can be attributed as due to the spin wave excitations.
The energy of spin waves can be shown to be given
by:
Esw=-2+½T
FP 37

(5)

Figure 1 : The frequency distribution of a rotator in the lattice
for a range of system energies (temperatures) with q=1: E=100
(T=0.216) (lowest curve); 200 (0.417); 300 (0.602); 500 (0.896);
600 (0.996); 736 (1.097); 836 (1.177) (top most curve). The solid
lines through the data are guide to the eye. The successive
graphs are shifted along the ordinate by 1.6×106. The ordinate
represents the number of times out of the 5×106 MCSS that
the rotator is in the corresponding energy bin of width 0.1.

We have determined the average and the most probable
energies of the spins at low temperature for q=1. Figure
2 shows the temperature dependence of the spin wave
energy, determined from the average and the most probable energies of the spins. The full lines are the least-squares
fitted straight lines; y=ax. When the Esw vs T is determined from the most probable energy of the spin, we
obtain Esw=0.47T. The coefficient of determination (R2)
in the least squares fit, was found to be 0.94. Similarly, we
obtain, Esw=0.59T, when we consider the average energy
of the spin. In this case we obtain R2=0.99. It is seen that
the coefficients 0.47 and 0.59 are in good agreement with
the theoretical value ½. This indicates that the spin waves
are the dominant excitations at low temperatures.
The energy needed to create a vortex-anti-vortex pair
(2) can be estimated from the expected exponential temperature dependence of vortex density: V~e-2/T. We obtained a value of 2=7.3. The low temperature value of
2 corresponds to the energy associated with the closest
bound vortex-anti-vortex pair. This can be compared with
the vortex-anti-vortex pair in the absence of a spin wave
with lowest energy configuration. The corresponding energy is 8 in units of J. Recently, the vortices in the classical
planar rotator have been studied using canonical MC simulations based on an improved technique. The value of
2=7.55 obtained in the simulations are in good agreement with the present results. We note here that the analytical value estimated by the BKT theory is 9.9. Since the
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simulations. We have considered a 2D square lattice having
900 spins with periodic boundary conditions. The energy
distribution of the spin, shows features that can be associated with spin wave and vortex excitations. The temperature dependence of the spin wave energy is determined
from the average and the most probable energies of the
spins; which is found to be in good agreement with that
predicted from the spin wave theory. The vortex unbinding transition takes place, when the frequency of the most
spin-wave energy reduces by one order of magnitude.
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Figure 2 : The temperature dependence of spin wave energy,
determined from the average () and the most probable ()
energies of the spins. The full lines are the least-squares
fitted straight lines.
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any peak at large value of Es. In this context, we note that
the spin wave excitations, in equilibrium, obeys the following exponential dependence: ~e-E/kT. The frequency
of most probable spin wave energy is seen (figure 1) to
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seen that the vortex unbinding transition takes place, when
the frequency of the most probable spin-wave energy

The program for this simulation was developed at
the Max-Planck Institut für Festkörperforschung, Stuttgart,
and Max-Planck Institut für Metallforschung, Stuttgart,
Germany. One of the authors (SO) acknowledges the
financial support of the Department of Science and Technology, New Delhi. The author (SBO) gratefully acknowledges maintenance members of the Institute of Physics.
REFERENCES
[1]

[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]
Figure 3 : The frequency of most probable spin wave energy
as a function of temperature. The frequency is determined
from the number of times out of the 5x106 MCSS that the spin
is in the corresponding energy bin of width 0.1.

reduces by one order magnitude.
In conclusion, we have studied the spin waves in the
2D classical XY model using microcanonical Monte Carlo

[16]
[17]
[18]
[19]
[20]

STATPHYS19; Proc. 19th IUPAP international conference
on statistical physics, Xiamen, China, H.Bailin (Ed); World
Scientific, Hong Kong (1996).
M.N.Barber; Phys.Rep., 59, 376 (1980).
V.L.Berezinskii; Sov.Phys.JETP, 32, 493 (1970).
(a) J.M.Kosterlitz, D.J.Thouless; J.Phys.C, 5, L124 (1972);
(b) 16, 1181 (1973).
J.Tobochnik, G.V.Chester; Phys.Rev.B, 20, 3761 (1979).
(a) J.Zittartz; Z.Phys.B, 23, 55 (1976); (b) 23, 63 (1976).
J.V.Jose, L.P.Kadanoff, S.Kirkpatrick, D.J.Nelson;
Phys.Rev.B, 16, 1217 (1977).
C.Kawabata, K.Binder; Solid State Commun., 22, 705
(1977).
S.Miyashita, H.Nishimori, A.Kuroda, M.Suzuki;
Prog.Theor.Phys. 60, 1669 (1978).
W.J.Shugard et al.; Phys.Rev.B, 21, 5209 (1980).
H.Betsuyaku; Physica.A, 106, 311 (1981).
U.Wolff; Nucl.Phys.B, 322, 759 (1989).
APS March meeting, program and show guide, March 1014, Morial Convention Center, New Orleans, USA 224
(2008).
D.C.Mattis, M.Suzuki, S.Miyashita, A.Kuroda; Prog.
Theo.Phys., 58, 1377 (1977).
H.Gould, J.Tobochnik; An introduction to computer simulation methods, (Applications to physical system, part.2)
(New York: Addition-Wesley) ch.15 (1988).
M.Creutz; Phys.Rev.Lett., 50, 1411 (1983).
E.Domany, M.Schick, R.H.Swendsen; Phys.Rev.Lett., 52,
1535 (1984).
S.Ota, S.B.Ota, M.Fähnle; J.Phys.Condens.Matter, 4, 5411
(1992).
S.B.Ota, S.Ota; J.Phys.Condens.Matter, 12, 2233 (2000).
S.B.Ota, S.Ota; Phys.Lett.A, 206, 133 (1995).
FP 38

