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ABSTRACT

Thenotion of BCK-algebraswasformulated firstin 1966 by K. 1s¢ki Japanese
Mathematician. In this paper we will discuss Homomorphism and
Isomorphism Hilbert Algebrasin BCK-algebras and its proposition.
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INTRODUCTION

BCK-agebraisoriginaed fromtwo different ways.
Oneof themotivation isbased on set theory, another
motivationisfrom classical and non-classical propos-
tiond caculi. Herewewill discussHomomorphismand
Isomorphism Hilbert Algebrasin BCK-agebrasand its

proposition.

DEFINITION OFHOMOMORPHISM AND
ISOMORPHISM

Definition

Suppose(H; —,1) and(H'; —'1') aretwo Hilbert
AlgebrasinBCK-agebras. Amapping f : H — H'is
called a homomorphism frompy intoH’, if for
ayx,yeH,
fly > x)=1f(y)>f(x).
Definition

Suppose(H; —,1)and(H'; —'1') aretwo Hilbert
Algebrasin BCK-agebras. Amapping f : H — H'is
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called a homomorphism frompH intoH’, if for
any xyeH , f(y->x)=1(y)> f(x) ,
and f(H)=H',F(H)={f(X):xeH}, thenfis
called an epimorphism. If f both epimorphism and one-

to-one, then f is called isomorphism.

IncaseH = H'ahomomorphismiscalled anen-
domorphism and anisomorphismisreferred asan au-
tomorphism.

Theset of dl homomorphismfromH intoH ' isde-

noted by Hom(H,H") ,usually Hom(H,H") = ¢,
because it contains the one homomor-
phismi1i:H —» H'.
For any f e Hom(H,H"), and any empty sub-
SetH, c H ,theset
f2(Hy)={xeH: :f(x)eH,}
Calledtheinverseimageof H,under f .
In particular, f *({1})is called the kernel of f .

Note f *({1}) ={xe H : f(x)=1}.
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Theorem
Suppose f : H — H'isahomomorphism, then
D f@O=1,
(2) fisisotone

Pr oof
B e C a u S e

fO=fA->)=fQ)>f@Q=1r->21=1, (1)
holds.

Ifx,ye H,andx<y,theny —» x=1, by(2)
fly >x)=f(y) >f)=f(1)=1,
hence f (x) < f (y) ,proving(2).
Theorem

Suppose(H; —,1)and(H'; —'1') aretwo Hilbert
Algebrasin BCK-algebras. Let H, beanideal of 4,
then for any f e Hom(H,H'), f *(H,)is an ideal
ofH.
Proof

By theorem1.1(1),1¢ f*(H]). Assume
thaty — xe f *(H}),andy e f*(H/),then
f) = 1) =1fly > x) e fH(HY) . f(y)ef H(H) -

It follows that f (x) e H,, sox e f *(H;). This
saythat f *(H,)isanided of 4 .

Since{1} isanided of 4’ , wehave
Theorem

Ker(f)isanidea of 4 .
Definition

SupposeH isaHilbert Algebrasin BCK-algebras,
a proper ideal H,of 4 is called obstinate, if for
anyx,yeH, xyeH,, implies y—xeH,,
X—>YyeH,.
Theorem

SupposeH isaHilbert Algebrasin BCK-algebras,
H,isanided of H , thefollowing areequivalent:
(1) H,isobgtinate,

BioTechnology —

(2) H,ispostiveimplicativeand maxima,
(3) H, isimplicativeand maximal.
Theorem

SupposeH isaHilbert Algebrasin BCK -algebras,
H,isanided of H , thefollowing areequivalent:
(1) H,isobstinate,
(2) H,ismaximd,
(3) H,isPrime
(4) H,isirreducible.
Theorem

SupposeH and H, are two Hilbert Algebras in
BCK-agebras, H,isaproper idedl of 4 , thenfor any
Hilbert Algebras in BCK-algebrasH’there
exists f e Hom(H,H') suchthat Ker (f) = H,if and
onlyif H, isobstinate.
Proof

Suppose H, isobstinate, wedefine

L A
whereaisany fixedelementof H,,anda = 1', Inorder
tof e Hom(H,H").

Ifx,yeH,, theny—xeH,asy—>x<x,
hence f (y —» x) =1'. Ontheother hand
fly)=>'f(x)=1->'1"=1,

Therefore f (y » x) = f(y) o' f(X).

Ifx,y ¢ H,,theny — x e H,, becauseH, isobsti-
nate, and o f (y —» X) =1’ . Ontheother hand
fly)>'f)=a—>'a=1,

Itfollowsthat f (y — x) = f(y) > f(X).

Ifxg H,,yeH,,theny » x¢ H,,andso
flyo>x)=a=1-5"a=f(y)> f(x).

lfxeH,, yeH,,theny > xe H,asy - x<x,
hence
fly=>x)=1T=a->"1=f(y) > f(x).
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Summarizing all the above we
know f € Hom(H,H') ,andKer (f) = f (1) = H;,.
Conversdly, supposethat for any Hilbert Algebras
in BCK-algebras(H";—'1), there exists
f e Hom(H,H") suchthat Ker (f) =H,.
AssumeH' ={1,a},inwhich— isgivenby
l'>a=a,a—va=a—>1=1->1=1.
then(H";— 1) is a Hilbert Algebras in implicative

BCK-algebras.

By the hypothesis there
exists f e Hom(H,H") suchthat Ker (f) = H,, then
f*a)=H-H".

For anyx,yeH -H", we
have f (x) = f(y) =a.

S0

fly > x)=f(y)>'f(x)=a>"a=1,
fx>y)=f(x)>'f(y)=a—>"'a=1

This shows thaty—» xeH,,x—>yeH,,
henceH, isobstinate.
Theorem

Suppose X,Y, Z are three Hilbert Algebras in
BCK-algebras, leth: X — Y be an epimorphism
andg e Hom(X,Z2).If Ker (h) < Ker(g) , thenthere
exists a unique homomorphism f : Y — Z such
that f eh=g.
Proof

ForanyyeY ,thereisx e X ,suchthaty = h(x) .

For x, put z=9(x),
y = h(x) = h(x,),x,X, € X ,then
h(x, = x;)=h(x,)—>h(x;)=1,
sox, > X € Ker(h) .

S I n ¢ e Ke(h)cKer(g)
thenl=g(x, = %) = 9(x) = 9(x)-

Similarly, we obtaing(x,) — g(x,) =1, there-

foreg(x) = g(x,) , thisshow that f iswell-defined,

————, FyurL PAPER

and y=h(x),z=g(x)and f :yr—>z, im-
plyg(x) = f (h(x))-
Lety,y,eY, for anyx,x,e X, such

thaty, = f (x)andy, = f(x,) . Wehave
fly2 = y1) =f(h(xz) = h(x,))
=f(h(x; = x,))
=9g(X, > Xy)
=9(X2) > 9(x)
=f(h(x3)) > f(h(xy))
=f(yz) > f(y1)
Hence f € Hom(Y,Z) .

HOMOMORPHISM THEOREM
Definition
SupposeH and H, are two Hilbert Algebras in

BCK-algebras, then there exists an
epimorphism f : H — H', thenwecal H tobehomo-

morphictoH,, writtenH ~ H'; if thereexistsaniso-
morphism f : H — H', thenwecall H to beisomor-
phictoH,,written 4 ~ H'.
Propositions
(1) H=H.,
(2 IfH =H' thenH' = H,
(@) IfH, = H,andH, = H,,thenH, = H,.
Theorem

SupposeH isaHilbert Algebrasin BCK-algebras,
if H,isanided of 4 , thenthequotient algebraH /H' is
ahomomorphicimageof.
Proof

Let f:H —»>H/H', becauseH/H'= f(H).
thenH ~H/H'.
Theorem

(Homomorphism Theorem)SupposeH and H, are
two Hilbert AlgebrasinBCK-dgebras if f : H — H'is

s LBioTechnology
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anepimorphisnthenH /Ker (f) = H,.
Proof

BecauseKer (f)isanided of H ,thenH / Ker ()
is a Hilbert Algebras in BCK-algebras, and
C,=Ker(f).

Assumep:H /Ker(f) > Handu(C,) = f(x).
Inthefollowing weproof that 1 isanisomorphism.

IfC,=C, ,theny » x,x > y e Ker(f),s0
fly >x)=f(x—>y)=1,
fly) > f(x)=f(x) > f(y)=1.

By BCl-4we

have f (x) = f (y)and #(C,) = u(C,). This shows

that 1 isamappingfromH / Ker (f)toH’.
For anyyeH', there isxeH, such
thaty = f (x),s0

rC) =)=y,
hencey:H /Ker(f) > H.

IfC, # C,, thenx, y do not belong to the same

equivalent class. Thusx — y ¢ Ker(f)
ory— x¢ Ker(f).
Supposey — x ¢ Ker(f), then
f(y)y—- f(x)=f(y>x)=1.
So f(x)# f(y). This says that uis one-to-
one.Since
HCy > C,)=n(Cy x)=f(y>x)
=f(y)>f(x)=n(Cy)>n(C,)
so 1 isahomomorphism, putting the abovefactsto-
gether we know thatis an isomorphism

fromH /Ker(f)toH'.
Theorem
If f : H — H'isanepimorphism, thenthefollow-
ingareequivaent:
(1) Ker (f) isacommutative(positiveimplicative, im-
plicative) ided,
(2) {1} isacommutative (positiveimplicative, implica-

BioTechnology —

tive) ided of H,
(3) H' isaHilbert Algebrasin commutative(positive

implicative, implicative) BCK-agebras.
Proof

(2) < (3) BecauseKer (f) isacommutativeided
of H isequivaenttoH / Ker (f ) beingaHilbert Alge-
brasin commutative BCK-a gebras. Suing Homomor-
phism Theorem we obtainH /Ker(f)=H’, and
0@ =(3).
Theorem

If f :H — H'isanepimorphism,if H isbounded
(commutative, postiveimplicative, implicative), thenso
iISH'.
Proof

If H isbounded (commutetive, postiveimplicative,
implicative), then  so isH/Ker(f).
SinceH /Ker(f)= H', by Homomorphism Theo-
rem, H' isbounded (commutative, pogtiveimplicative,
implicetive).
Theorem

If f :H — H'isanepimorphism,andH ,isanided
of H',then H/H, = H'/H,and H, = f *(H,).
Proof

Thenatura homomorphismfrompy'toH'/H, is
denoted by v, then z =ve f isan

Epimorphism fromytoH’/H,, we now
proveKer (u) = f *(H,).

For any xeH ,

thenu(x) = (ve T)(X) = v(f (X)) = Cy(,.

whereC;, is the equivalent class

containing f (x)iNH'/H,, . Supposey e f *(H,),
then f(y)eH,, This

saysu(y) =H,, hencey e Ker (u) , thusweobtain

f(H,) < Ker(u).

soCq,, =H,.

Hn Tudian Jounual
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Let xe Ker(u), thenu(x)=H,. Combin-

ing u(x) =C;, , we haveC;, =H,.It follows

that f (x) e H,,andsox e f *(H,) . Thismeansthat
f(H,) o Ker ().

Therefore f *(H,) = Ker (u)

by Homomorphism
H/Ker(u)=H'/H,

Hence H/H, = H'/H,.
Theorem

Theorem

If f :H — H'isanepimorphismandRe R(H).
If Ker(f) < R,then f *(f(R)) = R.
Proof

OviodyR < f *(f (R)) Asumexc f (f(R)),
then f(x) e f(R).Thus there isyeR, such
that f (x) = f(y),so
fly > x)=f(y) >f(x)=1

Hencey —» xe Ker(f)cR.

Noticing that Re R(H), thenx e R. There-
foref *(f (R)) c R, hence f *(f(R)) = R.
Theorem

SupposeH is a Hilbert Algebras in BCK-
algebras, H,,H, are two ideal of y andH, c H,,
letv:H - H/H,
w:HIH, > (H/H,)/(H,/H,) benatura homo-

morphism, then
H/H, = (H/H,)I(H/H,).
Proof

Letf =puef, thenfis an epimorphism
fromyto(H /H,)/(H,/H,).Hence
H/Ker(f)(H/H,)/I(H,/H,).

Since
Ker(f)={xeH:f(x)=H,;/H,},
soKer(f)=f(f(Hy))=H,.

and
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