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ABSTRACT

Earlier, the isochoric heat capacity of the cubic lattice for the Ising model
was calculated approximately. In the present paper, using the exact solu-
tion of the three-dimensional Ising model, this heat capacity is calculated

exactly. © 2015 Trade SciencelInc. - INDIA

INTRODUCTION

In Referenced, the specificisochoric heat ca-
pacity of thelsing model on the simple-cubic lattice
was obtai ned by approximate methodsfor various| at-
ticeszesusng MonteCarlosmulations. Thesesmula-
tions contain amistake, because redundant members
of the partition functionweretakeninto account inthem.
InReference, thethree-dimensiona Ising model was
solved exactly and in References®7, additiona proofs
of the correctness of the solution were given. It was
shownthat therewasaflaw in the previous sol utions of
thismodel. From the exact solution onecan derivethe
exact expression for the specific heat capacity.

THEORY

Let usconsider theone-dimensiona uniformising
model. The nearest-neighbour correlation function for
thismodd is.

r(1)=tanh(J) @
where =1/ KT , kisthe Boltzmann constant, T is
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temperature, and Jistheinteraction energy between
neighbour sping®. Suppose that for g, and J,

I'(1) = 0.99. Thismeansthat two casesare possible.

Inthefirst, about 99% of the spinsareturned up and
about 1% of them areturned down. Inthe second, the
chain consists of domains and each one contains an
averageof 50spins. About hdf of thedomainsareturned
up, and therest areturned down. Thetotal magnetisation
iszero. Mathematically, theone-dimensiona modd is
solved. Only configurations of thesetwo types may be
included inthe partition function. Theearlier solutions
of theone-dimensond problem used the partition func-
tionwhereall poss ble configurationsof thespinswere
included®. Thiscongtitutesamistake, because, for , a
configuration with 20% of the spinsturned up and 80%
of them turned down corresponds to other J and f.
For two-, and three-dimensional models one has an
anal ogoussituation: earlier solutionsincluded al pos-
sbleconfigurationsin thepartition function, whichwas
amistake®,

Thepartition function of thethree-dimensiond Ising
model intheexact solutionis:
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Figurel: Isochoricheat capacity C, / K of thesimple-cubic
latticefor thelsingmodel per particlein dimensionlessunits
versustemperaturefor J / k = 0.05K

2=2272,2,.. @)
where Z arethe partition functions of the el ementary
cdllg¥. According to Reference 5, the exact solution of
thelsing modd isthe exact solution of theelementary
cell of thelattice. Thepartition function of oneelemen-
tary cell of thesmple-cubiclatticeintheexact solution
[
Z, = 4cosh (3BJ)+ 32cosh (1.58J) + 60cosh (BJ) +
96c0sh (0.58J) + 64
Thereisoneatom per cell inthislatticeand there-
fore, theisochoric heat capacity per atominthislattice
[
C, =kp*8°’Inz, / 6B’ 4
Indimensionlessunits, (4) can beexpressed as

b oz,
C,/k=K?InZ,/oK*=K? L7 - L 122
v 0°In 16 |:3K2 1 (BK)] 1 (5)

where K =BJ . One can seethat the specific heat ca-
pacity doesnot depend on thelattice size, contrary to
theresults of the previoustheories-4,

RESULTSAND DISCUSSION

In Reference 1 thefollowing temperaturesare con-
Sdered: 0.3<T <4, andtheinteraction energy isinthe
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Figure2: Isochoricheat capacity C, / K of thesmple-cubic
latticefor thelsingmodel per particlein dimensionlessunits
versustemperaturefor J/ k = 0.4K

interval 0.15<BJ < 0.60. That meansthat j/k changes
agoproximatdy from0.05t0 2.4 K. Equation (5) issolved
numerically for bothvauesof j/k andplottedin Fig-
ures1and 2. Atfirst glance, it ssemsthat heat capacity
must tend toinfinity when temperaturetendsto zero be-
cause K tendstoinfinity. However, one can show that
thefractionin (5) tendsto zero morequickly inthiscase.
Themaximum vaueof thehesat capacitiesisthesamein
both figures, and theformsof thecurvesaresmilar.

One should mention the paper of Das® whotried
to solvethe one-, two-, and three-dimensional I1sing
model sexactly and to determinethe heat capacity. His
gpproach was sound: he understood that magnetisation
of thelsing modéd isthat of itselementary cell, but he
did not determinetheed ementary cdll of thelsingmodel
correctly.

CONCLUSIONS

Using the exact solution of thethree-dimensional
Ising model, the specific heat capacity of thesmple-
cubic Isingmodel can be calculated very easily. The
result differsdrastically from those obtained in Refer-
ences*# what should be expected. The specific heat
cgpacity doesnot depend onthelatticesizewhich agrees
with experiment and contradictsto theresults of the
previoustheoried™.
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