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Introduction

| believe that the physical world will never be described in a fully satisfactory way, for us, as human beings. We
shall always feel the necessity to revise this description. In our times more and more authors put into discussion the physical

principles [1-10]. We perceive the physical world as a collection of objects in time , in a three-dimensional space of

coordinates r = xix + yiy + ziz where they move with velocities vV = 2—: . For a matter object we define an inertial property

called mass, M, and a dynamic quantity as the product of the mass with the velocity, called momentum p = Mv . We define

also a conservative quantity, called energy, as a sum of the kinetic energy, which depends on momentum, and the potential

energy, depending on the coordinates:
E=Hy(r.p)=T(p)+U(r) Q)
From the conservation condition,
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dE JHy d
= 0—F+

0Hp d
dt  oF dt  op dt

p=0 (2

we obtain the dynamic equations called Hamilton equations,

d aHo 0

= = T D

dtr op op (p)

d 6H0 0

—pP=- =——Ul(r 3
dt P or or (I‘) ®)

while the energy function of coordinates and momentum is called Hamiltonian,

=2

Ho(7,0) = +U(r) ()

However, this classical description tells us nothing about the structure of the physical world. Only Quantum
Mechanics tells us something about the structure of the physical world. Namely, that this world is composed of species of
identical quantum particles. On one hand, experimentally, it has been found that these particles are of a wavy nature. On the
other hand, one could find that the simplest way to define a quantum particle is a wave packet, with the momentum

conjugated to coordinates, and the energy conjugated to time, and a single quantum constant 7 :

pF—Et
e (7.1) = (1)3/21% (ﬁ,t)eh(pr )35
27h
1 pr_Et
¢’o(l3’t):(1)3/211//|5 (F.t)e lP" )dsf (5)
27h

we can define a momentum operator,

0 0
p=—in—=—in—yg (F,1)=pye (1) (6
p=—if— =i aFy/E(r t)=pyg (F.t)  (6)

and a Hamiltonianian operator,

Ho—inl = o
0~ " at

+U(F)=E (7)

acting on these wave functions. A Schrédinger equation is obtained for a particle wave function:
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however, when the group velocities are calculated for these wave packets,

ve (Ft) = Thl)?ﬁ g (pr)eit” 1T (PO

(
?0 (p.t)= (2;51)3/2”/'5 (r,t)e—h{ﬁf—[T( I5)+U(F)]t}

T

d3p

d3F  (9)

one obtains an erroneous equation, contradictory to the corresponding Hamilton equation (3) — a minus sign is missing:

d_oH o .

7= qO =— T ( p)

dt o  op

d oH 0

—p=—0_"y (F) - erroneous equation  (10)
dt or or

Relativistic Quantum Principle

We get back the minus sign only if we consider the Lagrangian instead of the Hamiltonian, originally considered in
these equations,

volrit)= (2 ;)3/2f§00(Iﬁa)-t)eh{lﬁr_[-r(IB)_U(F)]t}dsI6
(PO, 2 lvoll g # PP, o)

we notice that these equations, depending on the classical Lagrangian

=2
Lo (r.F) = B = Ho () =T (B)-U(F) - - (r) @2
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Avre still non-realistic, having an infinite spectrum of waves, as a function of the wave velocity. A realistic particle
has a finite spectrum as a function of the wave propagation velocity. A finite spectrum is obtained for a relativistic

Lagrangian

=2

B 2 T
Lo (F)dt=-Mgc 1—0—2dt:—MOCds (13)
with the momentum
oL, MoF :
p=—2 -0 __wmF (14)

and the mass

n 5 (5)

1—
2

As functions of the particle velocity Vv = F and the cut-off velocity ¢ from (13) we notice that the invariance of the scalar
time dependent phase variation of a wave function is equivalent to the invariance of the time-space interval. The invariance

of the time-space interval means that a change of coordinates is in fact a rotation of the time-space coordinates.

By a well-known calculation, the relativistic transform of the coordinate intervals is obtained for the

quantum particle waves (FIG. 1):

\%
dt’ + — dx’ , ,
R dx’+ Vdt

, X = ——
1 V2 1’1 V2
¢ ¢?

dy =dy’, dz=dz".

(16)

On this basis, we define a Relativistic quantum principle: The scalar time-dependent phase variation of a quantum particle
wave is an invariant for an arbitrary change of coordinates. This means the invariance of the time-space interval, i.e. the

relativistic kinematics of the particle waves.
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FIG. 1. Change of coordinates, as a rotation of time-space system (XO , X

)

. ) moving with a velocity V' in a system

Spin-Statistics Relation

For two-particle states <F1 F2 ‘il' i2> , we define the inversion operator | ,
(Boaliip) =1 {5 nli,) e
by two successive applications,

(B liyin) = 1 (R i ip) =17 (R By i) (18)

we get the two eigenvalues of this operator corresponding to the Fermi-Dirac statistics, and the Bose-Einstein statistics:

2 I1 =-1 - Fermions
1© =1 (29)
I2 =1 - Bosons
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we take into account that the inversion operation is equivalent to a double rotation of the two particles with an angle 7z (FIG.
2),

~rR (20)

T

(i)
FIG. 2. A two-particle inversion as a double rotation with an angle 7.

In our case, when no orbital motion is considered, the rotation operator with a differential angle F<507 , as a function

of the total angular momentum J , reduces to a function of the proper angular momentum S,

o
Rg&z//(r)zz//(mﬁ&xr)=y/(r)+5o7xr§w(r)

—p(F)roarx Sy ()= (r) (2

iJ=iS

for a rotation angle & , we obtain the rotation operator

R, =¢ (22)
which means
1 2 i
REZ) = RSZ ) _¢i (23)

from (20), we obtain the relation between the eigenvalue of the proper rotation operator, called spin, and the eigenvalue of the

inversion operator — the spin-statistics relation:

i2izS1 1 ]
275 I1 =e =-1 = S1 =— - Fermions
I =e 2 (24)
i272'52
I2:e :1:>SZ:1 - Bosons
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Quantum Particle in Electromagnetic Field

When the wave packets

O e g
o (P.1) = - 372 ft//('ﬂt)e_l[F#)F_L(F’F’t)t}d3F (25)

of a quantum particle with a charge € are in a field of a vector potential A(F,t) and a scalar potential U (F) a time

dependent phase variation arises, with terms proportional to variations of coordinates and time:

L(F,F,t)dt= —M002 /1—i§dt +€A(F,t)drF —eU (F)dt (26)

In this case, we get a canonical momentum P , which includes a mechanical component P as a function of the

particle mass and velocity, and an electromagnetic component as the product of the charge with the vector potential:

we obtain a time variation
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20 5

r_aﬁH(P,r,t)

B

p__EH(P,r,t)
;H(ﬁ,r,t)=—aL(r,r,t) (30)

It is interesting that the Hamiltonian of a particle in a constant scalar potential U (f) under the action of a time

varying vector potential A(F, t) , Is a conservative function,

MFe NN
- Or;2 +eA(F,t)F—| -Mc 1—0—2+eA(F,t)F—eU(F)
1—
;2
called energy:
2
M

E(r.#)=H(P,7.t)= OC.Z reU (i) (32)

1F
02

From (27), we obtain the first term of this expression as a function of the canonical momentum,
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22 2.2
MncC MAT 2
0o _ "0 22 5 7(+ 22
?2 = ?2 +Moc _[P—eA(r,t)] +Moc
1-—+ 1-—
02 c2

which leads to the canonical form of the Hamiltonian:

H(5,F,t):c\/Mgcz+|:I5—eA(F,t):|2 +eU () (33)

From (27), we also obtain the mechanical force acting on a quantum wave

Fo = ﬁ:iﬁ—ei/&(r,t) (34)

d
dt dt dt

which, with the Lagrange equation (28),

da E{L(r,rﬁt):e;[z\(r,t)f e lur) @
r

?x|:axA(F,t):|:;[?A(F,t):l—(?;jA(F,t) (@)

rDT”
Il
@
m
~~
=l
—+
A
+
@
-S|
X
[os])
~~
=
-
N—
~—~
w
\‘
A



www.tsijournals.com | April-2018

From equations (38) and (39) we obtain the Faraday-Maxwell law of the electromagnetic induction,

o - o -
Z xE(r,t)=-—B(r, 40
pe (F,t) po (F.t) (40)

and the Gauss-Maxwell law of the magnetic induction flow,

;E(F,t):— o’ u(r):p(r) (43)

with the charge density as source of the electric potential U (F) , While £y is a physical constant called permittivity. From

the time variation of the electric field,

which, acting on a charge density p(F) produces a current density in its direction,

i(F.t)=p(F.t)F =oE(F t), FxE(F,t)=0

with the vector formula

=r*'0(r’t)—(?;jﬁ(f,t)=0 (45)

10
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we obtain

gojtE(r,t):](r,t)+g0;|§(r,t) (46)

Considering for the two fields E and B an equation symmetric with (40),

which leads to a field propagation with a velocity

1

C=\m

we obtain the Ampére-Maxwell law

(47)

1 0 - - 0 -
— —xB(F,t)=](r)+gy—E(F.1) (48)
Hg oF ot
In this way, for the two fields (38) and (39), the Maxwell equations (40), (41), (43) and (48), and the Lorentz force (37), are
obtained only from the condition of interaction with a quantum particle. For the physical consistency of this theory, the field

propagation velocity (47) is equal to the cutoff velocity C of the quantum particle spectrum (FIG. 3).

Spectrum cut-off velocity ¢
= Light velocity

FIG. 3. Wave packet of a quantum particle with a cutoff velocity of the spectrum equal to the light velocity C .

11
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The Relativistic Quantum Principle and the Dynamic Equation
We consider the time dependent phase differential
ds = L(F,,t)dt = —Mcds +eA(F,t)dr —eU (F)adt (49)

with a term of interaction as the product of the field potential four-vector
i

(Ai):(AX,Ay,AZ,CUj (50)

with the coordinate four-vector

(xi):(x, y,z,ict) (51

and the time-space interval
(52)

We obtain the time dependent phase of a quantum particle in an electromagnetic field potential as an action
S =[L(F. 7, t)dt = | (-Mocds +eAds; ) (53)
According to the relativistic quantum principle the time dependent phase variation is null:

dx;

S = I[Mocds' Sdx; +eAsdx; +ed Adx; j =0 (54)
Integrating by parts, for the velocity four-vector
=1 (55)

and the field four-tensor
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N A

o 56)
ik (

we obtain the dynamic equations

dUi
Or
d dxj dxk
M |=eF, K (58)
dt( dtj K ds

as a function of the relativistic mass

M=My, y=r—s  (59)
\
C2

1—

With the elements of the field four-tensor

i
0 B -By —-—E
z y "X
[
() C
k)™ i
By By 0 - &
[ i [
“Ex ~Ey ~E, 0
c C C

the dynamic equation (58) takes the form of the Lorentz force:

(61)

(60)

13
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The Relativistic Quantum Principle and the Field Transformation

In the null variance of the time-dependent phase, we distinguish a mechanical term and an electromagnetic field

term:

8S =[| -Mgedujsx; +  Fyu, oxds (=0 (62)

mechanical  electromagnetic

From the invariance of the mechanical term for a change of coordinates,

Xi = O.’IJ X'j (63)

duiﬁxi = aijaikdu'-axl’( = a]l

J Loy dutox, =6 i QU8X = AU (64)

J J |
we deduce that also the electromagnetic term is an invariant,
FikU%i = o Uy 2ijox = Fjjujox; (65)

which means the field transformation

Fil = Fikaijan o Fig =aijoqFj) (66)

For a coordinate transformation (16),

Y,
y 0 0 —-iy—
C
0 10 0
(“ii): 0 01 0 (67)
Y
iy— 0 O 1
C

we obtain the field transformation

14
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E, +VB,, E, —VBy,
“x=Ex EBy="T—3 RT3
1Y 1-Y
02 02
B VE B,+ 2 E
yl _72 XI ZI +72 yl
B, =B By = c B, = c 5 (68)

z" y 2 ’
VL V J Vv
C C

The Spin, As a Characteristic of the Quantum Particle Dynamics

From (25) with the Hamiltonian (29), for a quantum particle in electromagnetic field at a rather low velocity, we
obtain a wave packet of the form

‘/’(“):(2 ;)3/2 To(P.t)e"
(5.

L T

~——3ple(Pt)e ( )

(Znh)

= (69)

which means a Schrédinger type equation
H(P.F)y(r.t)=Ey(r.t) (70)
with the Hamiltonian (33), with the Dirac operators
oot Yols Pl Des 3
1 2 3
is of the form
H (f), F) = c,fMgc2 + f)z +eU (F) = c(aOMoc +agpy+aypy +a3p3)+eu (F) (72)
We obtain the Schrédinger-Dirac equation
|:c(aOMOC+&f))+eU(F)]W(F,t)zEz//(F,t) (73)

15
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with the notation
a =(a1,a2,a3) (74)

The Dirac operators, with the anti-commutation relations

{ai,aj}:aiaj +ajai :25|J (75)

are functions of the Pauli spin operators

01 0 i 10
1701 0) 7271 o) |0 2 (7o)

with the anti-commutation relations

{UI,O'J}=O'IUJ+O'JUI =25IJ (77)

while the particle wave function is split into components

il

«//{le: 72 (78)
) ?3

P4

From (73) with (71) and (78), we obtain a two-dimensional Schrédinger equation

(i (ool )

with the notation

=l

52(01,0'2,03) (80)

16
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which for the two components is

In a non-relativistic approximation, small velocity, small potential, which means E ~ M002

£ Mge2—eU (F) || E-Mge? ~eu (7) | vy (F)=c2(6) vy (7)
I ]
2M 2 L B -

and the classical energy

2
Ec =E-Myc (82)

the two wave function components satisfy the Schrédinger-Dirac equations:

oM, +eU (F) g (F) = Ecyy ()

+eU () vy (F) = Ecwy (F) (83)

With the mechanical momentum from equation (27),

p=P—eA(r.t)=-inv-eA(r,t) (84)

for the last term of
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2
(6f))2 :(Glpl—i-azpz +03p3) = f)z +i&([3>< ﬁ) (85)
we find
(PxP)y =ien(Vx A+ AxV)y = ienBy (86)

and the Schrddinger-Dirac equations (83) take a form

-, B}
_;'\"o_ﬁSE +eU (r)_ w1 (F)=Ecyy ()

- 2 ] .

———pgB+eU (r) |w, (F) = Ecw, (7) (87)
ER |

depending on the spin magnetic momentum

~ he
is=——G  (89)

with the component
My =—— (89)
37 2m

in the direction of the magnetic field. This moment appears as an effect of a proper rotational motion with an angular
momentum Sg . We take into account that the total angular momentum J3, including also the orbital momentum |5, commutes

with the Hamiltonian,

[H,j3]:[H,|3+53]=o (90)

which means that

18
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|:H,83:|:—[H,|3] (1)

With the commutation relations

[pi'lj}:ihgijkpk (92)

from (91) with the Hamiltonian (72), we obtain the equations

=0 (93)

With the anti-commutation relations (75), we find the solution

Where
h

S=—i— (95)
2

With the expressions (71) of the Dirac operators, we find the proper angular momentum

oy oni nfos O (96)
=—i—oyo, =—
3 =10 a9 =

with the eigenvalues

s, =+

U (97)
2

From (89) and (97) we find the gyromagnetic ratio

19
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7 e
gg=">=—  (9)

s3 My

Dynamics of a Quantum Particle in a Gravitational Field

In the framework of the general theory of relativity [11], we consider a generalization of the quantum particle wave

functions (25) for a curvilinear system of time-space coordinates x0 =ct,x ,x",x7,

y/(xi,t):(zm:)?)/sz()'(i,t)e

(p(Xi,t)z%fy/(Xi,t)e

(o)

depending on the time-space interval

ds = fgaﬂdx“dxﬂ, @ B..=01,2,3 (100)

and the time-space velocities

d (04
& = % (101)

which satisfy the relation

gaﬂx“xﬂ _1 (102)

In a classical approximation, small particle, small velocity X' , we can consider a linearization of the wave particle phase,

i —_— ...i.j .
M cj[ g xx+1]ds ;
0 [ 2
h ) ) dxtdx i

i
-Im cj[—g--x'xhl]ds
0 i olx,y,z
h ) (xv.2) axtax@dx3, i, .. =1,2,3

20
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J( guxx ds+ds)=j( gux dx + Jc2dt? +g”dx dx )
A J

j( g”x |ix +Cdt1;l+g” )
]

j{ gux | +cdt(1+ guxx H

1
j( E xdx +c¢g ﬂx xﬁdtj
1
= 2 xx +C a,B

In this case, a quantum particle is described by two wave packets of the form

iMod ~Lgaxixdic g xaiP
hMOC[ 29ijxx)+c g, px % tJM3 3 0(%y.2) 1.5 3

i 1 i
l/I(X ,t)=7j(p(x ,t)e 0C — e dxTdx T dx
(27rh)3/2 a(xl, %2, >'<3)
_i 1y vy f B
(27n) a(x X5, X )

with a group velocity

. i g J
<v1>=<(2<t>=2 a(g?jxi)(c,/gaﬁx“xﬁ) =2¢ W =c<:>;> (104)

In a gravitational fieldV , the time-time metric element takes the form
ggg =1-2V (105)

while the particle gets an acceleration on a geodesic,

. . i 2.1 . U oV
d d d d d d
<aj>:7<v1>:c X% c X2 :—CZFLV & (106)
dt ds2 dt ds ds ds

Introducing the first kind Christoffel symbol, and taking into account the expression of this symbol as a function of the metric

tensor elements,

21



www.tsijournals.com | April-2018

<aj>=_02]"j ﬁﬁ =_ngjl]" ﬂﬁ
AV A\ ds  ds AV ds  ds

. J7a%
2 1,11( B ) dx™ dx
=97 Dy * v Y i )\ s g /) (107)

with the Schwarzschild solution for the time-space interval in spherical coordinates, x1 = r,x2 =6, x3 =¢,

-1
2m 2m
ds2 = (1—jdt2 —(1—] dr2 - r2d492 - rzsin2¢9d(p2
r r

we obtain
dt 2 20,0 " 910,0 " ¥00,4 ds  ds

0 0 1 1

2 jal 2 jal
=C gJ Egoo,ﬂ =C gJ

2 jAov 241 0
R S

-1
<al> . 2m m02 - Newtonian field with rwlativistic correction
(Scwarzschild metrics)

<a3> ~0 (108)
Quantum Particle Wave as a Distribution of Matter

We consider a quantum particle described by wave functions of the form (99) or (103) as a distribution of matter

with a normalized density p(X, Y, Z,t) in Cartesian coordinates,

22
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2
jp(x, Y, z,t)dxdydz = I‘y/(x, Y, z,t)‘ dxdydz =1 (109)

or p(Xi,t) in curvilinear coordinates,
] . 2 o(x,y,z
j,o(x',t)dxldxzdx3 = I‘w(xl t)‘ (1)/2)3dx1dx2dx3 =1 (110)
8(x , X7, X )

satisfying the relation

(o) o) LD

a(xl,x ,x3)

We define a velocity field of the matter motion

- d j d j .
v? & CL=C)'(J
dt ds

(112)

From the invariance of the time-space interval,

ds = afg de“dxv

which is

1=g,, "%

by covariant derivation,

JHLV ULV ) SV SV
Oz(guvx’ux ):o-:gﬂ" (x#x:6+xféx ):ZQﬂvxﬂx:a

we find that any covariant derivation of the velocity is perpendicular to this velocity, as a condition of the matter motion:

%, %0 =0 (113)

o

This means that, besides the geodesic acceleration, we suppose an additional acceleration component AH

23
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dx*! LV L V,o | M
—— =X, X =T X X7 +A
ds '
which is

A = (5 + Tl )
By the scalar multiplication with the velocity Xﬂ ,

)72 7 2 VAP
AT =X XXy,

from (113) we find that any possible additional acceleration A¥ of a particle wave is perpendicular to the velocity Xy of

this wave:
%, A =5 )8 %Y =0 (114)

In other words, the theory of general relativity describes a motion of the matter in planes, perpendicular to the geodesic

motion, according to the wavy description (99) or (103) of this motion, as it is illustrated in FIG. 4.

FIG. 4. Wave plane in the propagation of a quantum particle as a continuous matter motion, according to the general

theory of relativity.

At the same time, we notice that the transformation of the normalization condition of the matter density for an

arbitrary system of coordinates,

24
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jp(x” )dx0 ot dxZ dx® = jp(x”)gdxodxldxzdx3 (115)
includes the Jacobian

, 8(x0’, xl,, x2', x3,)
J= Det(xf(;) = (116)

6(x0, xl, x2,x3)
as a determinant of the tensor transformation elements. From the tensor transformation of the metric tensor,

7

_ ! VI
gaﬂ = X! x,ﬂg#,v, 117

the Jacobian is obtained as a ratio of the square roots of the metric tensor determinants
g =Det(gaﬂ) (118)

for the two systems of coordinates:

J= B (119)

With this expression, from the density normalization condition (115), we obtain a density invariant for an arbitrary change of
coordinates:

p(xa)ﬁz p(x”,)\/—_g' = Invariant (120)
For the matter flow vector

IH = pxt (121)

we consider a null covariant divergence:

Mo _gH M gV gV R gV
I =3k 4T, 3V =3 4Ty 0 =0 (122)

25
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From the expression

o HA _ il
Do = F/iva =9 E(giv,a + gﬂa,v - gav,/l) (123)

we obtain the Christoffel symbol in equation (122) as a function of the metric tensor determinant,

_ 1 ow 1
V#_EL gxlv,ergﬂ,y,v_gyv,/l _Eg gxl,u,v_gg 9y

rh, =—F" (124)

With this expression, equation (122) takes the form of a null divergence

34 \Fg =3 Fg +9¥ T g =(3Vg) -0

H_J

V=9),

which is
J#:NH:(J#Q)W:O (125)

In this way, we obtain a null integral of the matter flow divergence over a volume V of the space coordinates:

J (Jﬂﬁ)’ﬂ cx=0  (126)
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In this integral, we can separate the time derivative term from the space derivative terms, which means a matter

conservation relation,

(0] 3 3
(\; J —gd x)’o =—\£ (Jm«/—g ),m d>x

——f 3M/“gd®x, m=123 127)

as a time variation of the matter contained in a volume V by a matter flow through the surface 2y of this volume. We

notice that for the nonrelativistic case, M << ,

am = oM (128)

while the metric tensor determinant is g = —1. In this way, we obtain the classical expression of the conservation condition:

[ pd3F = — 1) Jd°r (129)
v

In this way, a quantum particle appears as a distribution of continuous conservative matter, moving on geodesics,
with possible accelerations only perpendicularly to these geodesics, in agreement with the wavy description of the quantum

mechanics.
Conclusion

We formulated a relativistic quantum principle, asserting that a quantum particle is described by a wave packet with a
finite spectrum, and invariant time dependent phases to an arbitrary change of coordinates. Based on this principle, we
derived a unitary relativistic quantum theory, including:

e The relativistic kinematics of a quantum particle

e The relativistic dynamics of a quantum particle

e The Maxwell equations of a field interacting with a quantum particle

e  The dynamics of a quantum particle in electromagnetic field

e The relativistic electrodynamics

e The spin of a quantum particle

e The relativistic dynamics of a particle in a gravitational field, as a deformation of the Time-space metrics.

27
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We essentially showed that a quantum particle can be described as a distribution of continuous conservative matter

moving according to the general theory of relativity.

10.

11.
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