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Constraining the Hubble parameter using dis-
tance modulus - Redshift relation

L\bstract

Using the relation between distance modulus (72 — M), redshift (z) and deceleration parameter
(g,), obtained using Friedman-Robertson-Walker (FRW) metric, we constrain the Hubble
parameter (b). Using the mean and the median values of our data obtained from NASA
Extragalactic Database (NED), the value of Hubble parameter we estimated is 0.66 £ 0.11
and 0.84 £0.11 for g, = -1 and g, = O respectively. In general, using the minimum and the
maximum values of the parameter in our data, the value of Hubble parameter we estimated
lies in the range 0.6 £ 0.2 </» <2.2 £ 0.7, with an average value of 5 = 0.67 £0.22-0.96 0.29,
giving an average age for the universe as 11.4 £2.4 - 14.3+£2.2 Gyr.
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INTRODUCTION

The universe is all of space, time, matter and energy
that exist. The ultimate fate of the universe is determined,
through its gravity, thus, the amount of matter/energy in
the universe is therefore a considerable importance in cos-
mology. The Wilkinson Microwave Anisotropy Probe
(WMAP) in collaboration with National Aeronautics and
Space Admiration (NASA) in one of their mission esti-
mated that the universe comprises of about 4.6% of vis-
ible matter, 24% of matter with gravity but do not emit
observable light (the dark matter) and about 71.4% was
attributed to dark energy (possibly anti-gravity) that may
be responsible for driving the acceleration of the observed
expansion of the universe®). The universe has been ob-
served to be expanding, first suggested by Einstein in his
general theory of relativity and observed by
Hubble[17,21,29,30].

Amongst the different models proposed to explain
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the evolution of the universe, the Big Bang Theory is pres-
ently the most acceptable model that described most of
the observational features in the evolution of the universe.
It explained the universe to have started from an extremely
hot dense phase called the Planck epoch (all fundamental
forces are unified - the period of Theory Of Everything
(TOE)) at the end of which gravitational force separated
from gauge forces, and passed through the Grand Unifi-
cation Epoch and Inflationary Epoch (at the end of which
strong forces separated from electroweak force) and the
Electroweak Epoch (unification of electromagnetism and
weak nuclear interaction). Other phases include -
Baryogenesis, Hadron Epoch, Lepton Era, Nucleosyn-
thesis, Photon Era, Recombination Epoch and presently
Matter Dominated Eral7:14232],

The generally acceptable mathematical theory for study-
ing the evolution of the universe is general relativity!.
General relativity is the theory of gravitation, in which
gravitational effects between masses results from warping
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of space-time by the masses. In a uniform universe, gen-
eral relativity has a simple solution for the evolution of the
geometry of the universe (contraction or expansion) which
depends on its content and past history??). In the presence
of enough matter, the expansion will slow or even be-
come a contraction. On the other hand, the dark energy

(cosmological constant (A)) drives the universe towards

increasing expansion'. The current rate of expansion is

usually expressed as Hubble constant (/7)) with an esti-
mated value of /, = 1005 kms* Mpc*, with the Hubble
parameter (b) having values of h = 0.5 - 1.0+,

One of the fundamental goals of cosmology is to
determine the expansion rate of the universe. Various
methods that have been applied include:

(1) The use of distant Type 1a supernovae (SN 1a) as
standard candles??»?$3U, The apparent peak magnitude
of these supernovae yields a relative luminosity dis-
tance d, as a function of redshift from which the
Hubble constant is estimated-%-32,

(2) Large galaxy surveys for mapping of cosmic distances
and expansion, by using the large scale clustering pat-
tern of galaxies which contains the signature of Baryon
Acoustic Oscillation (BAOs). BAO refers to the regu-
lar periodic fluctuations in the density of the visible
baryonic matter of the universe, caused by acoustic
waves which existed in the early universe. By looking
at large scale clustering of galaxies, a preferred length-
scale which was imprinted in the distribution of pho-
tons and baryons propagated by the sound waves in
the relativistic plasma of the early universe, can be
calibrated by the observation of Cosmic Background
Microwave Radiation (CMBR) and applied as cos-
mological standard rod (e.g.»>1)).

(3) Other test include the redshift-angular size test, galaxy
cluster gas mass fraction, strong gravitational lensing
test and structure formation test, these test generally
constrain cosmological parameters as a function of
redshift (see review by Samushia & Rastral®)).
Several decades have passed since Hubble published

the correlation between distances to galaxies and their ex-

pansion velocities, but establishing an accurate cosmologi-
cal distance scale and value for the Hubble constant (/7))
have proved challenging. The value of A, has evolved

from H, = 500 kms' Mps* recorded by Hubble") to a

well-known range of range of H, = 50 - 100 kms* Mps

131, The Hubble Space Telescope (HST) gave a more spe-

cific value of H, = 70 - 80 £ 10%!"Y, while the WAMP

data give H = 72+ 5 kms' Mps', Q = 0.3,and Q =

0.75%, where Q _is relative matter density (both luminous

and dark matter) and Q  is the relative dark energy den-

In this article, we which to use the dependence of
observed distance modulus (7 - M) on redshift (z) and

deceleration parameter (g,) of the universe to constrain
the Hubble constant for a large database obtained from
NED and possibly trace the evolution of the Hubble pa-
rameter as a function of redshift (H(2)).

THEORETICAL RELATIONSHIPS

The evolutionary trend of the universe has been mod-
eled by using the density parameter (Q2), determine by the
density of the universe, the deceleration parameter (g,)
and the Hubble constant (/7). The Hubble constant is an
important parameter in cosmology as it not only deter-
mines its expansion rate, it also set limit to the possible
age, critical density and size of the observable universe.
The velocity (v) of the expansion of the universe has been
defined by Hubble[**! as
o(t) = Ht)d M)
where d is the radius of the expanding universe. The size
of the universe is unknown, yet it undergoes expansion or
contraction, thus, the evolution of the universe can be ex-
press in terms of cosmic scale factor (a(?)) as

R(t.)
alt) = Ry (to) @

In terms of the cosmic expansion factor (R ), at the

time (¢,), the Hubble constant is given by (e.g.”*)

_R® _ a®
RO~ a® &)

H(t)

where R, (¢) is the first time derivative of R . The cosmic
scale factor affect all distances, thus, the wavelength (1)
of a photon emitted at time of emission (¢ ) and observed
at another time (z,), will be (e.g.?")

Ao _ Ro(to)
A R(t.)
where A is the wavelength of the observed photon at
time (t,). The cosmological redshift (z) is usually given by
(e.g?)

_ AO - /Ie
==
where d is radius of the universe centered on the observer
at time t,, and c is the speed of photons. Allowing for
some form of time evolution of the expansion factor
(R(t)), we expand it using Taylor series. Following Roos?*
we can for ¢ in general write

= [a()]? (4)

z =[a(®O]™ =1 = Hy(t, — t.) (5)

) 1.
R(t) = Ry + Ry(t —tg) + ERO(t —ty)?2 (6)

Making use of the definition of equation (3), equa-
tion (6) implies that to a second order expansion, the cos-
mic scale factor can be written as

a(t) =1-ay(ty —t) + %do(to —t)? =
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1.
1— Hy(tg — 1) +§Ho(to —t)2 ?)

From equation (3), we can write

Ro(to - te) = HORO(tO - te) (8)
The deceleration parameter (g) which measure the rate
of slowing down of the expansion factor is defined

(e-g*) by
ad d
=@ Tar ®

Makin use of equations (3), (4), (7) and (9) in equation
(5), the cosmological redshift can be expressed as
-1

z(t)+1= [1 - {Ho(to —t,)+ %qoﬂg(to - te)z}] (10)

the
(1—x)""' ~ 1+ x + x2, equation (10) can be approxi-

making use of series  expansion

mated to

1
z(t) = Ho(to — ) + (1 + E%)Hg(to —t.)? (11)

In obtaining equation (11), we made use of terms
only to the second order in ¢. Inverting equation (11),
making use of equation (3), we have A in terms of red-

shift (z) as

1
Hy(ty—t,) =z — (1 + §q°> z? (12)

For an isotropic and homogeneous universe, the
Robertson-Walker metric in Minkowiski space-time best
describe the geometry of space given by (e.g.**))

2

do
ds? = c2dt? — R(t)? <1 o

+ 02d0? + o2sin 2dg02> (13)

where ds is the invariant line element, ois the dimension-
less comoving coordinate, £ is the curvature parameter, 6
and @are spherical coordinate points (polar and azimuthal
angle respectively). In such homogenous isotropic universe,
photons propagates along null geodesic given by ds* = 0,
and along the line of sight of an observer, @ and ¢ are
kept constant. Thus, the observed proper distance (d ) to
a galaxy for a flat universe with &£ = Ois given by (e.g.?*))

1
dp = C(to - te) [1 + EHo(to - te)]

Using equation (12) in equation (14), the proper dis-
tance in terms of redshift (z) to the lowest order in (z,- )
isgiven by

p _cz[1 1(1+ )]
PTH, I 2 T2

(14)

(15)

The first term on the right of equation (15) gives the
Hubble linear law, while the second term measures the
deviation from linearity to lowest order depending on the
value of g,.

The luminosity distance (d,) to a galaxy of absolute
luminosity (L) with observed brightness (B ) is given by

(c.g)

d, = \[4nB,L (16)
For an expanding universe parameterized by the cos-

mic scale factor (a(z)), in which photons are redshifted and

suffer from energy effect, if the apparent brightness of a

galaxy is B , then its proper distance is given by (e.g.?*)

d, = (1 +2)/AnB,L (17)
Equating B, = B, impliesthatd, = (1 + 2)d . Thus, the
luminosity distance in terms of redshift is given by

(18)

In terms of distance modulus (72 - M), the luminosity
distance to a source is given by (e.g.['"))

d —CZ[1+1(1 )]
L_HO 2 qOZ

dy,
m—M = 510g<10(pc)> (19)

Substituting equation (18) into equation (19), we have
m—M = 423852 —5logh + f(2) (20)

1
where f(z) = 5logz + 510g[1 +E(1 — qo)z], and H, =

100h kms* Mpc* (e.g2") and in S.Lis given by H, = 3.241h
x 10" §*. For g, = 0 (e.g.l"¥ - matter dominated uni-
verse)
z
f(z) =5logz + 510g(1 + E)
For g, = -1 (e.g." - vacuum energy dominated uni-
verse)
flz) = 5logz + 5log(1 + 2) (21b)
Equation (20) provides a way to constrain the Hubble

parameter (b) for a given sample of sources with ob-
served redshift and distance modulus.

(21a)

ANALYSIS AND RESULTS

The data used in this analysis were sourced from the
NASA Extragalactic Database (NED). We selected sources
with observed distance modulus (72 - M) and redshift (2).
The sample consists of 11 585 sources which is spread
over 0.00016 <z < 8.26. Due to large volume of data, we
binned the sources into various redshift bin widths to en-
able fair representation of sources in each bin.

The binning ranges, the mean, median values of each
bin size and the estimated Hubble parameter and esti-
mated age of the universe from Hubble parameter based
on equation (21) are shown in Table 1. The plot of 72 - M
against f{z) for all the sources are shown in figures 1 and 2
for g, = 0and g, = 1 respectively, the error bars are errors
associated with the distance modulus. A linear fit to the
plot gives: for g, = 0, we have m - M = (1.02£0.07) fiz) +
43.23£0.25, which gives h = 0.93+0.1; for g, = -1, we
have m - M = (0.95+0.07) f{z) + 42.76 £0.20, which gives
h = 0.75+£0.07. In general, using the minimum and the
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maximum values of the parameter in our data, the value
of Hubble parameter we estimated lies in the range 0.6 +
0.2<h<2.2+0.7, with an average value of h = 0.67 +
0.22-0.96 £0.29, giving an average age for the universe
as11.4£2.4-14342.2 Gyr.

We also plotted the estimated Hubble parameter (h)

55 —

-y
o
|

35

30

against different redshift (2) bins to check the dependence
of the Hubble parameter on different epoch (shown in
figure 3). The plot showed an exponential dependence of
h on z, with the best fit being b = (0.71 + 0.36)e®21£0)
and b = (0.65 £ 0.27)e11+%%= for g = - 1and g, = O
respectively.
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Figure 1 : Plot of m - M against f{z) for g, = 0
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Figure 2 : Plot of m - M against f{z) for g, = -1
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Figure 3 : The plot of estimated hubble parameter (b) against redshift (z)
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DISCUSSION AND CONCLUSION

The value of Hubble constant (/7)) we estimated (i.e.
converting the Hubble parameter (b) to Hubble constant)
lies in the range of 60 £ 20 kms' Mpc' < H, <220+ 70
kms' Mpc! with an average value of H, = 67 £22-96 +
29 kms* Mpc'. The mean value of H we estimated is in
reasonable agreement with the HST value of H, = 70-
82 £ 10% kms* Mpc' recorded by Freedman!'!. Our re-
sult in general is also in agreement with results obtained
from other works in literature e.g. H, = 50 - 100 ks
Mpc'by Assisetal P, H, = 7245 kms' Mpc' from WMAP
data by Spergel et al.?%, Hy = 74.1%73 kms™*Mpc™ by
Aviles et al. ¥, H = 79 £ 30% kms* Mpc' by Blinnikov et
all¥l, H = 74+2.5 kms* Mpc'by Lima et al."® similar to
H, = 74%2.5kms' Mpc'by Freedman et al.' and /, =
68.9 £7.1 kms' Mpc'by Reid et al.®\. The limit of the
range 60 kms' Mpc' < H <220 kms* Mpc'is also in agree-
ment with / = 60 - 220 kms" Mpc' obtained by Farooq
& Rastral'®l,

Our plot of Hubble parameter (b) against redshift (2)
indicates that » depends stronger on z for g, = -1 than for
g, = 0, with an exponential dependence on redshift, an
indication that the Hubble constant (/7)) is a function of
time an indication that the earlier universe expanded faster
(assuming redshift indicates the time evolution of the uni-
verse). The generally acceptable standard theory of the
early universe - inflationary theory!™, incorporates an ex-
ponential increase in the very early evolution of the uni-
verse.

In conclusion, using the observed distance modulus
and redshift, we estimated Hubble parameter, for differ-
ent assumed energy densities of the universe represented
by the deceleration parameter (g.). The age of the uni-
verse estimated from the Hubble parameter suggests that
the universeis ~11.4+2.4-14.3 +2.2 Gyr old with the
possible limit to the edge of the observable universe of d

~ 5000 Mp.
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