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ABSTRACT

The boundary value problemin basic enzyme reactions isformulated and
approximate expressionsfor mediator and substrate concentration are pre-
sented. Thisinvestigation containsanon-linear termrelated to Michaelis-
Menten kinetics. In this paper, we obtain the approximate analytical solu-
tions for the non-linear reaction diffusion equations that describe the
diffusion and the reaction within a uniform film containing immobilized
enzyme and mediator at an electrode surface. Analytical expression per-
taining to the mediator and substrate concentration profiles and current
response were reported for all possible values of dimensionless parameter
K, v, n and p. An approximate expression of flux is also derived. The
obtained concentration results are compared with the numerical solution
acquired using Scilab program and found to bein satisfactory agreement.
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INTRODUCTION

In recent times, amperometricimmobilized enzyme
electrodesarefindingincreasing gpplicationin ana yti-
cd chemistry andin e ectrochemical sensors'. These
electrodesincorporatethe specificity of theenzymeto-
gether with thergpid analysistimeof thee ectrochemi-
cd detection. Rahamathunissaand Rgendran’® acquired
theanaytica solutionsfor substrate concentration and
transient current for both steady-state and non-steady-
state amperometric polymer-modified el ectrodes by
means of Danckwerts’ relation. Andrieux et d.¥ and
Albery and Hillman® andyzed thekinetics of reactions
at polymer-modified el ectrodes.

During thesereactions, speciesfrom the solution

react with amediator that wasboundin afilm at the
electrodesurface. Theapproximateanalytical solutions
can be acquired by linearizing the non-linear termi®. In
thecase of animmobilized enzyme, the problemisfur-
ther intricate by the non-linear enzymekinetics. For the
enzymekineticsproblem, approximateanaytica solu-
tionshave been developed by Blaedd et d.I", Kulyset
a . and Bartlett and Prett® for thelimiting cases (satu-
rated and unsaturated). Thereevance of numerica and
approximate analytical methods can be perceived by
Flexer et al [,

Recently, Senthamarai and Rajendrani™ derived
thegpproximateana ytica expressionsfor thesubgirate,
mediator concentrationsand current for the non-linear
Michaelis-Menten kinetic scheme in a system of
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coupled non-linear reaction-diffusion processesat con-
ducting polymer-modified ultramicroel ectrodesusing
the variational iteration method. Morerecently, for
steady state conditions, Loghambal and Ragjendrani*4
obtained the gpproximate analytical solutionsfor the
non-linear equationsthat describe diffusion and the
reaction within thefilm by employing the Homotopy
perturbation method. However, for non steady state
conditions, therewereno anaytical resultsavailable
till date that corresponds to the mediator concentra-
tion and substrate concentration for al likely values of
dimensionless parametersi, y, n and . Inthis paper,
we present the approximate ana ytica expressionsfor
the concentrations of the mediator and substrate. The
flux isdetermined correspondingto al possiblevalues
of the parametersi, v, and u. These parametersare
explained below in EQ. 10. Moreover, herein we em-
ploy “Homotopy Perturbation Method” (HPM) to
solvethe non-linear reaction equationi*34,

MATHEMATICAL FORMULATION OF
THE PROBLEM ANDANALYSIS

Fgurelillusratesthecommonkineticdesignfor an
enzyme-membrane/electrode. A and B arethe oxidized
and reduced forms of themediator. E, and E, arethe
oxidized and reduced formsof theenzyme. Sand P are
the substrateand the product of the enzymatic reaction,
respectively. Diffusion of mediator A and substrate S
aisewithinthefilmwithdiffusoncoefficientsD, and D,
respectively. Partition of the substrate betweenthefilm
and the bulk solutionisdepicted by the partition coeffi-
cient K. The mediator partition is expressed by K.
Thereactionsthat occur withinthefilm (Figurel) inthe
kinetic scheme can bewritten asfollows®:

A+E,—A5B+E, @
E,+S—E»E,+P )

and the reaction at the electrodeisB — A. Here, k_
andk, are second-order rate constantsthat describe
the reaction between the enzyme and the substrate and
between the enzyme and the mediator, respectively.
Accordingto Michaelis-Menten kinetics, thefollowing
istrue:

Ken
e =K, 41 ©
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wherek_ standfor the catalytic rate constant, and K|,
denotesthe Michaelis-Menten constant. The homog-
enous enzymekineticsisel ucidated by Eqgs. 1-3 occur
throughout thefilmfromx=0to x =1, wherel isthe
thickness of the membrane. Weconsider asituationin
which themediator isentrapped withinthefilm. This
Situation does not include aseparate sol ubleredox me-
diator that isre-oxidized on aconducting entrapment
matrix. Here, therate constantsfor aheterogeneousre-
actiononthesupporting matrix must beconsidered. The
differentid equationsthat quantify thediffusonandre-
actionwithinthefilmmay bewritten asfollows®9:

aAl_, oAl

ot DA ox2 _kA[Ez][A] (4)
oSl _ , 9°[S] _KealE,lIS]
Bt S Ky, +[S] ©)
AlE,]  KelE,lIS]
T—kA[A][Ez] K, +[S] (6)

Assuming that theenzymeisbound withinthefilm, is
not freetodiffuseandisin thesteady- state d[E,] / dt =
0, Eq. 6 leadstothefollowing:
_ KealEs][S]

=1 TR +(S) K S ®
where[E,] =[E] +[E,] denotesthetotal concentra-
tion of theimmohilized enzyme. Then, inthenon steady-
state, Eq. 4 and Eq. 5 arereduced to thefollowing:

oAl SUAl__ KiKuIAISIE,]

ot " e KAAIK, +[S)+Ku[S] ®
oS _ | Sl KaKalAIISIE,]

ot %o KAAIK, +[S)+K L[S ©)

Eq. 8and Eq. 9 are solved for thefollowing boundary
conditions.

t=0,[A] =[A],, [S] =[S]ooK g (%)
x=0,[A] =[A],, 0[] /x=0 (%)
and

x=1,8[A]/8x=0,[S] =[SJooK ;=0 (%)

We make the non-linear differential Eg. 8 and EQ. 9
dimensionlessby definingthefollowing parameters.

a=[Al/K ,[Bs],, s=[SI/K[S],, x=x/I,

k=10, [E,1/ D)2, =22
’ (1)
_KaKAB LKy _KdlSl. Dt
KIS, T
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Wecanassumethat D =D, = D_. Hereaisthedimen-
sionless concentration of the mediator and sisthedi-
mens onlessconcentration of thesubgirate. y isthenor-
malized distance from the el ectrode/membraneinter-
face. k describesthe equilibrium constant betweenthe
diffusion of Bwithinthefilm anditsreaction with the
enzyme. | isthefilmthickness. n denotestherelative
quantity of depletion of the substrate and oxidized me-
diator withinthefilm. The parameter y representsthe
equilibrium constant between thetwo formsof theen-
zyme. Theratio of the substrate concentration within
thefilm to the Michaelis constant is described by p.
The subscript co denotesthe concentration in the bulk
solution. a and s are normalized with respect to the
total concentrations K ,[B] and K [S] of the two
species within the film, where [B,] = [A] + [B],
K, [B,Joo=[B,],and K [S]eo =[§] +[P]. Whenk <<
1, B candiffuseacrossthefilm beforeit reactswith the
enzyme. For n << 1, consumption of the substrateis
greater than mediator reduction, and for n >> 1, the
mediator reductionisgreater than consumption of the
substrate. Fory << 1, al of theenzymesareintheE,
form. For unsaturated Michaelis-Mentenkinetics, p <<
1. For saturated kinetics, u >> 1, Eq. 8 and Eq. 9
reduceto thefollowing dimensionlessformg®:
da_d%a x’as

ot 9y’ ya(l+ps)+s

(1)

ds_0°s  m x’as
ot 0y’ ya(l+ps)+s
Theinitial and boundary conditionsfor Eq. 11 and Eq.
12 areasfollows:

(12)

t=0,a=3,s=1 (129)
x=0,a=a,0s/0y=0 (12b)
and

x=1s=10al/oy=0 (12c)

The parameter ¢ isthedimens onlesspotentia, which
can bedefined as

e=(E-E9)nF/RT (13)
where Eisthe potentia of an electrode, E° isthe stan-
dard potentia of an electrode, nisthenumber of elec-
trons, Fisthe Faraday constant, Ristheuniversal gas
constant and T istheabsol utetemperature. Combining
the Nernst equation E=E°+ (RT/nF) In ([A],/[B],)
and Eq. 13 givesthedimens onless oxidized mediator

= Pyl Paper

concentration a at theelectrode surface:
a,=1/[1+exp(-€)] (14)
Here[A], and [B],, denotethe concentration of thetwo
formsof themediator at the electrode surface. EQ. 14
givestheboundary condition for aat the el ectrode sur-
face. Thedimensionlessflux of substrate (J,) consumed
at theelectrodeis considered asthefollowing:

N k7 Wt it

S D,Bsl . Ka 7v\0x - oy, - oy, £=0 (15)
and that of the mediator (J,,) measured at the elec-
trodeisasfollows:

J _ lJ obs _ %
*"p,BsLK.  lox re0
With respect to the boundary condition, theflux of the

ubgratereactingwithinthefilmisequa totheobserved
flux:J = J.

(16)

SOLUTION OF BOUNDARY VALUE
PROBLEM USING THE HPM

Recently, many authors have applied the HPM to
various problems and demonstrated the efficiency of
theHPM for handling non-linear structuresand solving
various physicsand engineering problemd®>8, This
processisacombination of homotopy in topology and
classi ¢ perturbation techniques. Ji-Huan He used the
HPM to solvetheLighthill equation™¥, the Duffing equa
tion” and the Blasius equation?. Theideahasbeen
used to solve non-linear boundary val ue problems??,
integral equations®?, Klein-Gordon and Sine-Gor-
don equation(?, Emden-F ower type equationd? and
various other problems. Thiswide variety of applica-
tionsshowsthe power of the HPM to solvefunctional
equations.

TheHPM isuniqueinitsapplicability, accuracy and
efficiency. Morerecently, M eenaand Raj endrani?&-31
presented an anadysisof system of coupled non-linear
reaction diffusionswithin an dectroactive polymer film
deposited onaninlaid microdisc e ectrodeusing HPM
which usestheimbedding parameter p asasmall pa-
rameter, and only afew iterationsare needed to search
for an asymptotic solution. Using this method (see
Appendix B), we can obtain thefollowing solution to
Eg. 11 and Eq. 12

Hn Tndéan g%wumé



194

Non-linear reaction diffusion equations in an amperometric immobilized enzyme electrode

PCAIJ, 6(4), 2011

Full Paper ==

2 2 2
a=a,+ k“a,y _ k“agy .
2ya, @+ w+1] [ra, 1+ +1]

. (—1)”co{(2”+1)27°(x—1)]e'(2'“;1)2*2, (17)

16k %a,
mlya (1+w)+1]5 (2n+1)°
vk%a,y® vk’a,

=1+ - +
onlya,(1+p)+1]  2nya,(1+p)+1]
(1" co { (2n +21)Tcx Je*“j) (18)

(2n+1)°

16yk’a, ud
7'53n[ya.g Q+p)+ 1] n=0

Eq. 17 and EQ. 18 representstheanalytical expression
of the mediator concentration and the substrate con-
centrationfor al valuesof theparametersk, y, nand u
and satisfiesthe boundary conditions Egs. 12a-c. We
can obtainthedimengonlessflux, whichisasfollows:

BT | B 1.5 N
** "y | nlya, (1+p)+1]

—(n1)?e?
8yk’a, o 4
nPnlya, (L+w) + 1S (2n+1)2

(19)

Eq. 19isthe new approximate expression of theflux.
NUMERICAL SIMULATION

Thenonlinear differentid equationsEq. 11 and Eq.
12 ared s0 0l ved by using numerica methods. Thefunc-
tion pdex4inMatlab softwarewhichisafunction of
solving two-point boundary value problems (BVPs) is
used to solvethose equations. Itsnumerica solutionis
compared withthe sol ution obta ned by us ng Homotopy
perturbation method and it gives asatisfactory resullt.
The ScilabprogramisasogiveninAppendix C.

RESULTSAND DISCUSSION

Eg. 17 and Eq. 18 arethe new and smpleanalyti-
cal expressionsof concentrations of themediator and
thesubstratefor all valuesof parametersk, y, n and p.
Thedimens onlessanaytical expressionsof concentra-
tionaand sfor variousva uesof dimengonlessreaction
parametersversusthe dimensionlesstimet compared

Physical CHEMISTRY o

with numerical solution. From Figure 2aitisinferred
that when p increasesthe val ue of the concentration of
the mediator increases for the fixed vaues of k = 10
andy = 100. Figure 2b representstheincrease of me-
diator for thefixed valuesof k =1 and u=10wheny
isvaried. Figure 2cindicatesthegradua declineof the
mediator whenk increasefor thefixedvauesn =1, u
=5andy = 100. Figure 3arepresents the decrease of
the substrate concentration when n increasesfor the
fixed valuesof n =1, u =5andy = 100. Figure 3b
representstheincrease of the substrate concentration
whenn increasefor thefixed valuesp=0.01, k=1
andy = 100. Figure 3c representstherise of the sub-
strate concentration when pincreasesfor thefixed va-
uesk =1, =1andy=100. Figure 3d representsthe
declineof the substrate concentration wheny increases
for thefixed valuesp =0.01, k =1andn = 1. Figures
da-c represents the flux and it abruptly reaches the
steady statevaluewhen t =1 for all valuesof y, pand
k.Also, thevaueof flux increaseswhen thediffusion
parameter y and p decreaseswhilex increases. From
theFgure4g, itisinferred that theflux mainly depends
upon theequilibrium constant k.
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Figurel: Schematicrepresentation of atypical enzyme-mem-
brane electr ode showing the processes considered in the
model®. The homogenous enzyme kinetics that occurs
throughout thefilmisdescribed by Egs. 1-3.
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APPENDIX

AppendixA
Basic concepts of the HPM

TheHPM method hasovercomethelimitations of
traditiona perturbation methods. It can takefull advan-
tage of thetraditiona perturbation techniques, soacon-
siderablededl of research hasbeen conducted to apply
the homotopy techniqueto solve various strong non-
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linear equations. To explainthismethod, let usconsider
thefollowingfunction:

D,(u)-f(r)=0, reQ (A2)
with the boundary conditions of

0
Bo(u,a—ﬁ)=0, rel A2)

whereD_isagenerd differentid operator, B isabound-
ary operator, f(r) isaknown andytica functionandI' is
theboundary of thedomain Q. Ingenerd, the operator
D, canbedividedinto alinear part L and anonlinear
part N. Eq. Al canthereforebewritten as
L(u)+N(u)-f(r)=0 (A3)
By the homotopy technique, we construct ahomotopy
v(r,p): Q2 x[0,1] — R that satisfies

H(v,p) =(1-p)[L(v)-L(u)] +p[D (v)-f(")]=0  (A4)
H(v,p)=L(v)-L(u)+pL(u)+p[N(v)-f(r)]=0  (A5)
wherepe [0, 1] isan embedding parameter, and u, is
aninitial approximation of Eq. Al that satisfiesthe
boundary conditions. From Eg. A4 and Eqg. A5, we
have

H(v,00=L(v)-L(u)=0 (A6)
H(v,1)=D (v)-f(r)=0 (A7)
When p=0, Eq. A4 and Eqg. A5 becomelinear equa-
tions. When p =1, they become non-linear equations.
The processof changing p from zero to unity isthat of
L(v)-L(u)=0to D (v) —f(r) = 0. Wefirst use the
embedding parameter p asa“small parameter” and
assumethat the solutionsof Eq. A4 and Eq. A5 canbe
written asapower seriesin p:

V=V, +pv, +pAv,F... (A8)
Setting p = 1 resultsin the approximate sol ution of
Eq.AL

v=Ilimv=vy+Vv, +V,+..
p—1

(A9)
Thisisthebasi cideaof theHPM.
Appendix B

Approximateanalytical solutionsof themediator
and substrate

UsingtheHPM, we construct ahomotopy for Eq.
11 and Eq. 12 asfollows:

da 62a]+ (aa 0% k’as

““’)[—‘ P a%[«wﬂ(’ ®Y

o ot
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2 12
0°s YN Kasj=o (B2)

1-p)f o285y B2,
o oy ot oy’ [ya(l+ps)+s)

Theapproximatesolutionof B1is

a=a +pa +pa,+... (B3)
and the approximatesolution of B2is
S=S§,+PS, + P, + ... (B4)

Substituting Eq. B3into Eq. B1 and arranging the coef-
ficientsof p powers, wehave

0. 08, 0%a,
T %% 0
% (B9
1.0 o’a, K’a,S, (6)

- =0

o o’ [bra+ps)+s]
Substituting Eq. B4 into Eq. B2 and arranging the coef-
ficientsof p powers, wehave

2
0.08 _0°s, _

: 0
1,08, 9%, YN 'K’as,

- - =0 B8
"o Tor e, +s)] ®9)
Theinitia gpproximationsareasfollows:
a(0)=a, a,(1)=0, a(1)=0 foralli=123,... (B9)
s(1)=1,5,(0)=0, s(0)=0 foralli=1,23,...  (B10)
From Eg. BSwe get

a8
8 = ? (BL)
From Eqg. B7 we get

1
Sy == (812)

S
Substituting Eg. B11and Eq. B12into Eq. B6, weob-
tainthesolutionto Eq. B6:

k%a, [ cos(/s(x=1))
a, = -
(ra,@+w+1)(  *cosn(yfs)

k’a,
lya, (1+p)+1]
Substituting Eq. B11 and Eq. B12 in Eq. B8 and then
solvingweget
M 'k, cosh(v'sy) mka,
e cosh(Vs)[ya,(1+p)+1] S[ya, (L+p)+1]

(B13)

(B14)

—= Pyl Peper

Adding Eq. B11 and Eq. B13, weget Eq. 17 (the con-
centration of themediator, a) inthetext. Similarly, by
adding Eqg. B12 and Eq. B14 weget Eg. 18 (the con-
centration of thesubstrate, s) inthetext.

Appendix C

function pdex4

m=_0;

x =lingpace(0,1);

t =linspace(0,100);

sol = pdepe(m, @pdex4pde, @pdexdic,@pdex4bc,x,t)
ul=sol(:,:,1);

u2=sol(:,:,2);

figure

plot(x,ul(end,))

title(‘ul(x,t)”)

figure

plot(x,u2(end,’))

title(‘u2(x,t)")

function[c,f,5] = pdex4pde(x,t,u,DuDXx)
k=1,

v=0.1;

n=0.01;

n=1

c=[1; 1];

f=[1; 1].* DuDx;
F1=-(k"2*u(1)*u(2))/(y* u(1)* (1+p*u(2))+u(2));
F2 = -(y*k"2*u(1)*u(2))/(n* (v*u(1)* (1+u*u(2))
+u(2)));

s=[F1; F2];

function u0 = pdex4ic(x);

uo=[1; 1];

function[pl,ql,pr,qr] = pdex4bc(xI,ul ,xr,ur,t)
pl =[ul(1)-1,0];

ql =[0;1];

pr=[0;ur(2)-1];

ar=[101;

CONCLUSIONS

This paper presentsamathematical treatment for
analyzing amperometric enzymatic reactions. We have
obtained atheoretica model describing the concentra
tion of the mediator and the substrate. We have de-
rived theflux whichisdescribed intermsof thedimen-
sonlessparametersk, y, n and . Asmpleclosed form

ey, Phygsical CHEMISTRY
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of anaytical expressionsof non steady -state substrate
concentration profileto al possiblevaluesof thereac-
tion/diffusion parameter «, vy, and p arederived using
Homotopy Perturbation Method. Furthermore, wehave
also presented an analytica expressionfor thefluxin
non steady state. Thismethod isan extremely smple
method anditisa so apromising method to solve other
non-linear equations. The solution procedure can be
eadly extended todl kindsof non-linear equationswith
various complex boundary conditionsin enzyme-sub-
strate reaction diffusion processes.
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