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ABSTRACT

Magnesium diboride with T, = 39 K is a record breaking compound among s-p metals and alloys.
Many experiments performed on magnesium diboride suggest that there are two superconducting gaps.
Considering a multiband model Hamiltonian with intra- and inter band pair transfer interactions, we have
derived the normal and anomalous one-particle green’s function and self consistent equations for
superconducting order parameter (A) using green’s function technique and equation of motion method.
The study of electronic specific heat is also presented. The agreement between theoretical and
experimental results for electronic specific heat is quite satisfactory.

Key words: Two band superconductivity, Hamiltonian, Green’s functions, Superconducting order parameter,
Electronic specific heat.

INTRODUCTION

Magneisum diboride is an old material, known since early 1950’s but it was
discovered to be a superconductor by Nagamatsu et al.' at a remarkably high temperature
about 39 K. This discovery certainly received the attention of many researchers in the field
of superconductivity especially in non oxides and initiated a search for superconductivity in
related boron compounds®.

Magnesium diboride is receiving attention due to exceptionally high values of
critical temperature and critical field. This material may be suitable contender to replace
Nb;Sn or NbTi as the choice for practical large scale application in the range of 20-30 K
operating with cryogenic refrigerators.

*Author for correspondence; E-mail: pchaudhary45@gmail.com, sct_123@rediff.com
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MgB, possesses the simple hexagonal AlB; type structure. It contains graphite type
boron layers, which are separated by closed packed layers of magnesium. Magnesium atoms
are located at the centre of hexagons formed by borons. Band structure calculation of MgB,
reveals that there are two types of bands with two superconducting gaps in the excitation
spectrum at the Fermi surface. The first one is a heavy hole band built up of ¢ band orbital
and the second one is the broader band built up mainly of & band orbital®”".

It is an established fact that MgB, is an anisotropic two gap superconductor®. Both
the energy gaps have s-wave symmetries; the larger gap is highly anisotropic while the
smaller one is slightly anisotropic. It is natural to describe a two gap superconductor by
means of a two band model with inter band coupling®’. Malik and Malik'® have presented a
detailed study of the thermal conductivity of MgB; in the superconducting state. Nik-Jaafar
et al.'! calculated the electron-phonon coupling constant within the BCS framework and the
two dimensional van Hove scenario. They concluded that MgB, is a moderately-strong
coupled superconductor.

For MgB,, an approach of such kind is also directly proposed by the nature of
electron spectrum mentioned. There is a number of two band type approaches for
superconductivity in magnesium diboride'>. Two band models have been exploited in
various realisations for cuprate superconductivity. Liu et al.* pointed out the role of electron-
phonon interaction between ¢ and  bands in magnesium diboride.

Using two band model, we have studied the superconducting order parameter and
electronic specific heat of magnesium diboride and compared the theoretical results with
available experimental data.

Model Hamiltonian

We start with two band Hamiltonian with intra- and inter-band pair transfer
interactions'.

H= Zéx(l)a:;lsaals _%ZZWM‘/(I’ m)a';l Ta;—_l \La(l/ —m »La(x/m T . (1)

als ao/ Im

Where € =€, — pn is the electron energy in the bands a = 1,2; p is the chemical

potential; V is the volume of the superconductor and w,/(I, m) are the matrix elements of
intra-band or inter-band interactions, if o = o or a # o, respectively.

Final Hamiltonian can be written as —
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H=H,+H,,+H,+H, ...(2)

where

Hi =2 & (e - vZ Mk pa 3 s

Is
Hyy =3 & (eays —y szz('m 118143 m Lo 1
— 1\t 1 + .+
Hip =X & (e ‘\T%le(lm)au A1l omm
— + 1 +  +
Ho :E 62(')‘f"zls""zls‘\T%Wzl('m A1 118 -m L%m 1 +(3)

On solving, one obtain

B H1=5 (e =g 2B 3 = ZWR 2 iy )
[, H]=8 (KR —VlZman(k, B, 418 ot —ViZm:Wn(k, MR 8Bt -+ (5)
[altki’ H]= -5 (k' _VLIZ\NII(I’ I NTE: _VLZI:WZI(I’ KJea 8y --(6)

+ — + 1 + At 1 + At
[aszw H ] =- 8 (_ k)asz _VZWZZ(L k)imazfuazm —vZWu(L k)allTal—liaZK? (1)
Green’s functions

In order to study the physical properties, we define following normal & anomalous
Green’s functions as follows'*?*:

Gll(l’ k,1)= <<a1k N aﬁ( T>>
Cplek)- <<a2k ray T>>
G, 1k 1) <<azk 125 T>>
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{115 )
ek t)={(& e o))
Fal2icD)=((a, | 125 4))
Fyleakt)={{at_, | la 4))

Rl N=((a 4135 1)

On solving, one get
0= (K)|Gyy =1-W571,6,; -

o- €, (k) Gyy =1-Wp,r 21612

o-&, (k)] Gy) =1-W, 7, /G| -

7S (k)] G2 =1 W271262,

F

o+ & 11=W51721%

22 =WrRn

F

(-K)
@+ €, € k)J F
R,

.“’+e -k Wior10F -

J Fo=Wo1701Fpn -

E1 (k) =g (k)_Wllnl—k\L

g2 (k) =5 (k)_sznz-ki

W1 1211 +W12A22 A

WA+WAF

WA+WAF

11711 "'12722

WA +WA}12

l 11 11 21 22JG

W12A1 1 22 22J G

12711 22722

11711 21722

N = Vl<a1+—k¢a1—k¢>

Ny ki ZVL< 8 8 k¢>

12711 722722 22

| 12711 227227 21

~|w At +w a6,

~|w At w86,

...(8)

.9
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~ _ 1/ +
& (-k)=5 (-k)-W,n,, Myr = V<amam>

E2 (_ k) =8 (_ k)_sznsz Myt = Vi<az+kTasz>

Vo= Vl<a1+—k¢a2—k¢> Y= Vi<a2+—k¢a1—k¢>
A= Vl<a1—k¢a1kT> Ay = Vl<a1T<Ta1+*ki>
Ay = Vl<asziazm> Ay = Vl<a2+kTa2+*k¢>

Solving Gj; and F;; from Eq. (9) and using equation of motion method, we obtain
Green’s functions as follows. In obtaining Green’s functions, we have assumed

Wi =Wy,

Wi =Wy

YR2=Y21=%

A=A, =M &A= A, = A ...(10)

G —=— l(a"" E1){(0)2_ €22)_ QNIZAI "‘WnAz)2 - (w"' EZ)NIZ}/}_ (a)— Ez)Né}’zJ 2 ...(11)
! 2”'_(072_ 512102_ E22)_ (wz_ € WA + W, A, ) - (wz_ & WA, + WA, ) - ZWé}’z(szL E152)]

On further simplification, one obtain

} ..(12)

G = 1 {xw L XY } W,y [xlwl L X
"dnallal-al) (0-a) (@0+e)]| 4ra (o} -al) (0-a,) (@+a,)

Where

X = aqje; —aa; — e\, € —aaW,,p €, +aa\Wiy?

Y =@ - a2)2 &2 HWuA, +W, A F |- a2 B8, W,y + @l & W22 — 20
&~ )& & TWRA +W,A,) =& §& WY + &) & Wy — 2oy Wy

+2a € W3y® - af & Wiy —aWi,y (W A, + WA, )

X, = aZ(El +6 _W127)

Y, = az2 _W127(E2 +2 g1)'F &6,
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a = \/Elz +(W1 A "'leAz)z

a, = \/Ez2 +(\N12A1 +W11A2)2 + 2W1§72

Similiarly
[((’3+ €2X\Nl A+ leAz)(w— i 12Y) (03 el)\MzY:|
F“:— (Vvlel"'VVnAz) _”(13)
o ((’32_ 512)(032— gz)_ (‘92_ E12XV\]12A1 + VVMAZ)Z - (032_ E%XVVI A+ Vvlez)2
-2W, 272(c02+ S ez)
On further simplification, one obtains
E o—_ 1 P+Q . Q |_ 1 R+Q . R-Q (14)
" dna(al-ad)| 0-a) wra)| dnalat-a3)|0-a) (@+a)

Where
P = —aW, 7 {W, A, +W,A,)— WA, +W,A,)}
Q=W A, + WA, - & WA, + WA, ) -Wip (W, A, +WA,) €, +iNA, + W, A,) E
P = a W, {W,A, +W,,A, ) — (WA, +W,A,)}

WA, + WA, b & WA+ WA, + Wor (W A, +W,A,) E, +W,A, + W, A,) E
@ = \/’éf WA, + WA, Y

a, = \/Ez2 +6N12A1 +W, 1A2)2 + 2W1§72

Correlation functions

Using the following relation'***

<c;cK> = %T Io(a )expl-ioft -t Jda, ..(15)

Substituting t =t we get

<+C> L jl (o Mao, ..(16)
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Where

Ie(a’n)zﬁ[en(wﬂ‘i €)-G (@, ~i €] --(17)

and employing the following identity

- 1 1 sl
l’i‘z[w+ie_EK—w_ie_EJ-2ﬂ'5(w E) ..(18)

We obtain the correlation function for the Green’s function given by Eq. (12) as —

+ 1 1 ﬂa ﬂa
CiC.)=|-— Y tanh| £ YW, ¥ tanh| £2 ...(19
< K K> {4”+4ﬂala22(alz_a22){ an ( 5 ]+ala21 1Y tan ( 3 ]H (19)
where
Y _ L& Wpy -~ aWyy .20
47rala22(a12—a22) 4z {0«' alel-a?) " (ol -dl) 20)
and
2

YW,y _ W127I§22 +W "+ ele2l (21)

4 ( 2 2) 4 ( 2 2)
ra,lal - a, ra,le’ - a,

Similarly, we obtain the correlation function for the Green’s function given by
Eq. (14) as —

Walz - {N E22 +W127(W = +W’ El)}tanh(ﬂgl)

Q,

<C c >_ 1 ...(22)
KT anla? - &)
I ’ _sz2 - {N E22 +W1276N ) +W’ El)}tanh(ﬂazj
a, 2

Where

W/:le A1+W11A2 (23)

W:W11A1+W12 Az (24)
Physical properties

Superconducting order parameter

Superconducting order parameter (A) is given by —
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A=lg > (CCy) -..(25)
K

Now using Eq. (22) we obtain

e v &7 Wl g w &) (pa) ]
A=l A 2
K m _ Wa; - {N §22 +le}/(W & W gl)}tanh(ﬂazj
a, 2 )]
[ W 5“1] [ﬂazj} |
— @, tanh| —* | — a, tanh| —=
4”(a12—a§j{ 1 [ 2 2 2 (26)
A=[g[z _ 2 = /=
K _ {W ) +W12}'(W €2 W EJ} {ltanh[ﬂalj_ltanh[ﬂaz ]}
47r(a12 —a%j % 2 %2 2
Applying identity,
hep
Z:2N(0) J'd e, ...(27)
K 0
We get
W o pe
j{[]( 2 - 28)
A=2N0)g | <
o {/\/ g’ +W|27'6N g, tW 51)}{1 tanh[ﬁ;l}—ltanh[ﬂzz]}
47| alz— %) “ “

Where W, W/, o, and o, are defined in previous section and
2 2 _~2 ~2 2,2
Q -, =§ —§ +M1 A, "'leAz)2 - (\NIZAI +W, 1A2)2 -2y

e=¢g, — _Wy
=S —H

2

ey
&=, U

2
Case 1:

For A, applying €,=0 and A,=0 in Eq. (28), we get,
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4”(W”: j{“ ”‘“{ﬂzl} "’fa““[ﬂ?]} (29

A, =2N(0)g| j

d e
0| _WpA, El Wy,r Ba 1 B
et )Ll 1)

W 2
—%] + WA

hep [E\ 2
1 = W, j - tanh 72k1T [El —%j +W,fA2|d =N
0 Wy ) ( 2,2 B
S5 ) * Wi -w; ’2W127

e W
Y J‘ 2 tanh — 1

2 2 2
‘ {[Ex _%j * (Wlf ’Wé)Azx 72W\§72}\/[6| ’%j *Wwazy

R W W
W”W‘Z A+ 27 tanh LU A3 +2p%| tan ™! Mo - 2” —tan " _ %
\/Mll -W; - 2w 3y’ 2keT \/(W -W;) - 2w,z \/(an -w;3 )Azl -2Wiy?

WY e
sz [ —2“]+W“A1deI

W
ho - 2|+ W2 —w2 AT - w2y
W,y 1 Wi a4 2y7 ( i ZJ v -
+ . tanh A +2y7 | log, 3
4 2k T
w82 W -w e - awy ..(30)
Case 2:

For A,, applying €=0 and A;=0 in Eq. (28), we get

A = 2N(O)‘g‘ J' {W‘ZAZJ {al tanh(@] ) tanh[ﬁzz J} j%%} {al tanh[ﬁ‘2 } - aLz tanh(ﬂjz J}]d <, tee (3 1 )
2 2

47:(0! - f

1

hep {[EZ V\gl] VVIZ}/( W“] _V\/éAzz}
1 _ 1 I tanh'BleAzde
ONO 2, ) [ w oy 2
S~ 6N11 le)A + 127
W,
hep {Wé?' (ez _2j} 12W121A2 127 (32)

] 2
’ 2”{(62 _V\gl) + (Wl% _Wé)&z +2W1§72}\/( S WH) +W1?A2 + 2W1 7’

tanhg\/(ez Wy ) WA+ WA e,

2

We have solved Egs. (30) and (32) numerically with parameters shown in Table 1.
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Table 1: Values of various parameters for magnesium diboride (MgB,) system

Parameter Value Reference
Superconducting transition temperature 39K 1
Phonon energy (€,) 0.06 eV 25
Phonon energy (€>) 0.05eV 25
Density of states at the Fermi surface 3.093 / eV.atom 25
Pairing interaction W, = W5, intra-band 0.3 eV.cell 13
Pairing interaction W, = W5, inter-band 0.0001 eV.cell 13
No. of atoms per unit volume 5 x 10%/ m’ 31
Cell parameter a=3.086 A

b=3.524 A 20
Boltzmann constant 1.38 x 107> J/K -
Mass of electron 9.1x 10%' Kg -

Electronic specific heat

The electronic specific heat per atom of a superconductor is given by™'*%*—

C,, =ai{ﬁ22eK <C,zCK>} ..(33)
K
Using Eq. (19) and choosing summation over K into an integration using
D= N(O)Id S ..(34)
K
One obtain

{(al2 - azz) § _W127(a12+ E152)}560 h2 % +
C

he
- 2NN(O) ID kT " 0 <
es 8 2, a2 _a2
0 o1 @ 2){W127(a22+ Eléz)secm—ﬂgz

...(35)
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Case 1:
ForCl, applying €,=0 and A,=0 in Eq. (35) we get,
_ﬁwD 2
_!. g (e] —%}sechzg [e] —%j +W,’A’d €
2
S [(el ) +W£Af] : .(36)
NGO -Weor 2 SeChzg [El _%J +W,'A’d g
1 W,
Ci :% 47k T 2 ’ [(E‘ _%) + <WHZ _lez)Alz _zwlzz?'zj
hep
+W123;/(A12 + 272)sec h2 nglAlz +2p2 j 5 S de
‘ [[El *%j + 61\/112 7W122)A12 2W1227’ZJ
Case 2:
ForC2, applying €=0 and A; =0 in Eq. (35), we get
- or -
W2A,) sechzvzvlsz_l_2 I > S d e,
B % W (\N 2 Z)AZZ 2
&5 +W W, +20, 7 (37)
> _NO) Wy WY
N 4M(BT2 hap 2 ([ez *%j "'Vvllezz"’2\/\/12272 ] 2
- J. 5 sechzg\/([ez —V\glj +W112A22+2W12272]d 5,
‘ [[Ez _%j "'(Wn2 _lez)Az2 +2W12272]

We have solved Egs. (36) and (37) numerically with parameters shown in Table 1.

Numerical calculations

We now evaluate numerically A and C using the parameters given in Table 1 for
MgB2

Superconducting order parameter (A)

For the study of superconducting order parameter for MgB, system within two band
model, one finds the following situations:

Superconducting order parameter 1 (A1)
Choosing
Wii=Wy»=03eV.cell=9.6x 107']
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Wi=W,y=zeV.cell=zx32x 10?'] y=(-)0.01753
€=006yeV=96x102"yJ kg=1.38x 102 J/K
hO)D =0.06eV Al =X

Now putting in Eq. (30) and solving, we obtain

i (y-05F +x 347.82 :
O 1.528X10-21 tanh = J(y —0.5) + xedy
y

1 ( r
g L [y —0.5) +(1-11.1122)x2 - 0.0068322

y=1
+0.2978X10-212: | y=0.5) ]ltanh 782 [y -0.5F +xedy

oy —0.57 +x2 |ky —0.5F +(1-11.1122)x2 — 0.00683z2

t[ 1 ]
—5.096X10-217 VX2 +0.000614 tanh 1594 7 /52 70.000614 21 -1 11z2he - 0.0068322
J=11.11z22)x2 = 0.0068322 T 1 ]

_t ~I| —
o 2,l-11.1122)x2 - 0.0068322

Superconducting order parameter 2 (A;)
Choosing

W= Wy=03eV.cell=9.6 x 102

Wi=Wa=zeV.cell=zx 32x 102'] y=(-)0.01753
€=005yeV=8x10""y]J kg=1.38 x 10 J/K
hop =0.05 eV A =X

Now putting in Eq. (32) and solving, we obtain

1024 + x2(92.16 —10242% )+ 0.6292°
23.04 + x2(92.16 — 102427 )+ 0.6297

1-0.03506zlog,

L 1273X107 /x tanh 1224 5 tan”! !
lgN@O) T X +0.006822 3/l-11.1127 )¢ — 0.006822°

-12
Ve (l=11.1122)+ 0.006822> ][ , J
2

—tan”
1—11.112° ) - 0.006822

+0.3573X107%'2* *

y=1
(y-06) tanh 28285 [(y — 0.6) +1.44x* + 0.0098322dy
oy — 0.6 + 1445 +0.009832° (y — 0.6)° +1.44(1— 111122 > + 00098322 T

+0.7643X10 ' 2(x? + 0.006822° ) *
y=1
|

tanh 282'85\/(y Z0.6)° +1.44X> + 0.009832>dy
oy - 0.6) +1.445* +0.000832%[(y - 0.6) +1.44(1 ~11.112° )¢ + 0.009832°

...(38)

.(39)
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Solving numerically Eq. (38) and (39), we obtain variations of superconducting
order parameters (A;, A, and A) with temperature as shown in Figs. 1, 2 and 3, respectively
for Wi, =0.0001 eV. cell (Tables 2, 3 and 4).

Table 2: Superconducting order parameter (A;) for magnesium diboride (MgB,) system

Temp. (K) A1 (Theoretical) (meV) A; (Experimental) (meV)
5 0.6241 2.90
10 0.6236 2.86
15 0.6164 2.82
20 0.5941 2.70
25 0.5487 2.20
30 0.4702 1.70
32 0.4251 1.35
35 0.3331 0.88
36 0.2922 0.72
37 0.2414 0.45
38 0.1725 0.20
39 0.0056 0.00

Table 3: Superconducting order parameter (A;) for magnesium diboride (MgB,) system

Temp. (K) A; (Theoretical) (meV) A; (Experimental) (meV)
5 6.1169 7.20
10 5.7075 7.16
15 4.5750 6.93
20 2.8313 6.40
25 1.8225 5.70
30 1.0531 4.15
32 0.7638 343
35 0.3116 2.30
36 0.1971 1.90
37 0.1142 1.20
38 0.0513 0.60

39 0.0006 0.00
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Table 4: Superconducting order parameter (A = A;+A;) for magnesium diboride (MgB,)

system
Temp. (K) (Theﬁr;t?cla_'l_)A(lzneV) (EXpe?i;leAli;SZ(meV)
5 6.7410 10.10
10 6.3311 10.02
15 5.1914 9.75
20 3.4254 9.10
25 2.3712 791
30 1.5233 5.85
32 1.1889 4.78
35 0.6447 3.18
36 0.4893 2.65
37 0.3556 1.65
38 0.2238 0.80
39 0.00620 0.00

|mev)

tmev) |

Super conducting order
parameter A, (meV)

5 10 15 20 25 30 35 40 45
Temp. (K)

Fig. 1: Variations of superconducting order parameter (A,) with temperature for
magnesium diboride (MgB,) system
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Fig. 2: Variations of superconducting order parameter (A;) with temperature for
magnesium diboride (MgB,) system
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—— A th [
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(=]
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Super conducting order

parameter A
(V)

Fig. 3: Variations of superconducting order parameter (A = A+ A;) with temperature
for magnesium diboride (MgB;) system.

Electronic specific heat

Substituting following values in Eq. (36) for C

W, =Wx»n=03eV.cell=9.6x 1021

W12: W21 =zeV.cell=zx32x 10_21.]

€,=0.06yeV=9.6x102"y]J

v=(-)0.01753

kg=1.38x 10> J/K
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hop =0.06 eV Al=Xx
N (0) =3.093 / eV.atom N=5x 10%/m’
We obtain

32.8x107%

y=1
Ch==522"" 1154
T y‘[u(y—o.s)sechzM?I.i‘gz{/(y—o.s)z +xz}1y

+009z_[ y{(y 0.5) +x scch 34782{, (y—0.5) +x }iy

e (Y 1111z)x ~0.006832%

-7 000061 4sect? A2+ 04000614)? | i ydy

2o [y =057 + (111122 )¢~ 0.006832° | (40)

Substituting following values in Eq. (37) for C2

W, =Wyu=0.3eV.cell=9.6 x 102

Wi=Wy =zeV.cell=zx 32 x 10?'] y=(-)0.01753
€=005yeV=8x10%yJ kg=1.38x 107 J/K
hop = 0.05eV Ar=X
N (0) =3.093 / eV.atom N=5x 10%/m’
We obtain
cﬁsz%}o% 162 sech? 11394 xy ey i"I’VHZ)X —
72 y{y = 0.6 +1.44x 00068322 sec h? 282:85 289 85 Jly = 0.6} +1.44x" —0.006832dy
+y:0 (y—0.6) +1.44(1—11. llz 2 —0.006832° I 41y
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Solving numerically Eq. (40) and (41), we obtain variations of C. with temperature
for Wi, =0.0001 eV. cell as shown in Fig. 4 (Table 5).

Table S: Electronic specific heat (Ces) for magnesium diboride (MgB,) system

Temp. C.s (Theoretical) = Cl .+ C%, C.s (Experimental)

(K) in J/mole-K in J/mole-K
5 0.00006 1.9

10 0.2792 10.1

15 3.6511 29.1

20 12.8391 453

25 27.9675 64.0

30 48.4162 91.8

32 57.9393 99.2

35 73.5297 113.9

36 79.0362 112.1

37 84.7204 110.7

38 90.5759 105.3

39 96.5675 101.2

140

0 5 10 15 20 25, 30 35 40 45

Electronic specific (J/mole-K)

Temp. (K)

Fig. 4: Variations of electronic specific heat C,, with temperature for magnesium
diboride (MgB,) system
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CONCLUSION

In the previous sections, we have presented the study of superconductivity in
magnesium diboride based on multi band Hamiltonian with intra- and inter-band pair
transfer interactions. Following the Green’s function technique and equation of motion
method, we have obtained the expressions for superconducting order parameters A;, A, and
A=A, + Ayas well as for electronic specific heat Ces.

Making use of various parameters given in Table 1 for the system MgB,, we have
studied the above cited physical properties and compared our results with the available
experimental data. Our results and conclusions are as follows:

(i)  The transition temperature for our system MgB; is found to be 39 K'.

(1) The temperature dependent two superconducting order parameter A;, A, and
A = Ay + A, with temperature for value of matrix element of inter-band
interaction W1, =0.0001 eV.cell have been studied. The two gap structure is in
agreement with experimental observations®’.

(ii1)) The variation of electronic specific heat (Cc) with temperature obtained from
our model is studied for value of matrix element of inter-band interaction
Wi,=0.0001 eV.cell.

The results obtained are in good agreement with experimental results.

Our model shows reasonable agreement with available experimental data. Two band
mechanisms emerges as a strong contender for an acceptable model for MgB, — inter
metallic binary compounds. The efforts to understand the pairing mechanism in MgB, and
other similar systems should be continued, for such efforts has to go hand-in-hand with
enhancing future prospects for new superconducting materials and novel applications.”°
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